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AzdGANA o 3t 229 AlFS AT 5 IET Fold 448 5417 8" 82
SRR fASD 2SR A2 ohe FRFT 3852 process capability) o] 2 AL Tl A3
o) AATHNN AR A2 Aoh} FLR AFL AN 5 YEAE WY TH) 2R
TAS Andtt. Az FokolE Aulag] FopolE w43 ddst] 5449 A% ETH =4
Fol om FAGAL FOT Wo, FAWFo) T8 Aol FA i YA oA &
A FASHolzk FA o] FAe|A e Q& ujf SE

5“‘ a4 rﬂ

o?; e

u
, L FRANA B = AR FANMES 7IRE 38
TH(process performance) S 3 7}517] 9 @' Z8sMdolgta & 4 Qi
2R WED AR FADA o2 AL WSk 28 TAS R0} 3, o) % A
FHog %3 Ao] FAHSH Z]—.—(process capability index; PCDo|t}. Rt} &3t 549 1758
2 W7ha7) 1A Theket B A5 AR50 Al o] grov), BAA 24 BAlsh BAE A7) o
5] &-sl A ot} (Pearn 5, 1992; Franklin} Wasserman, 1992; Kotz 2} Johnson, 1993; Cho <, 1999;
Niverthi 2} Dey, 2000; Pearn 5, 2007).
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St 7ol HH4S 7HE%te] 4 FAEAAAES 7122 ©<ed] shvbe] 9 385 EA SR S}
I FAshE Ao 2 e SR & 5 glg Aol o] w] WE] FAHFHATE ARSsHE 2 o] 1l
S AAAHT v S Zojth. T3 2Hs AAF Al~EY 5] ofE EAAES Fh s HFA &4
T e Lol this 229 F84LS B vk & 4 Aok Alt} Smith (1988)+= &
o4& 7test il 34 7IHES 25 Bl AFsdth H2ole oy EE4EE 1R )
o FAHE 22 %7}5}% EA 7} 83 o]9r7F 5 9t} Kocherlakota®} Kocherlakota (1991)+=
ol AFEE BN(Hx,lly, ,p) Sho A 7H sl A S B X409 A HEQ Cpxg]. pr_,] A
4 SERETTE ALteta 5 73“31 52 W3S AAIsHATE Hubele 5 (1991)2 X th2 P W)
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& A9, A+t Taam 5 (1 993)3 A4 Cpp e B4, I E 329 A (modified
tolerance region)2 &3t TP FASH R TE A<k, AFSIATE Niverthi®l Dey (2000)= ] 0]
21t S S83te] o 7HA oilE FA45Y Z]—’F‘é A, Attt =3 Pearn 5 (2007)-
Taam 5 (1993)°] 93] A G thA™ 3 HHXFY FEH JAEH TAD FETAE A3
t}. 18] 3 of Shahriari®} Abdollahzadeh (2009)= AEHEE &3 22 TS F A5 dly
£ A, AT

%‘ _t'_—‘—E'_oﬂ ‘]“E‘ %7@%@.}(}—’}: Cpmk% 272]-%2_; éjf §_ ‘:H]Ei :g—;g%gl ] Cpmkoﬂ —é_l' %7:“&}
22 99 2979 2497 BAste] F2 9 Bxol 2ol sl AT FAEIAS
Come BBSHAT Cp, Cp, Cppe Al Mot B-52Q A3 2= ABAIY 345 A5l
o}

WA 2-8oM = WA 5HAT Come = (Cpmis 1,,,,ky)4 Z1 2Rl Ad Ze1-0 2A
Comeoll thto] LRBATE 3FAINE =8 72 WAL 2HF Cput BAS] T8 I8
B2 ocaodrt. 181 480 oF Ao AYst 23t BB EIE o] &ate] HlE ZALHX
Com®l TNE 2AFH A AR G ANE A DRG FRA BV, 2 FAHCE ARG 3, o]
o] et AR 7,2 vH, A7k

r
P .m.
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™

2. M| ESAXIS C,u®t B2 -0 FHY
Aol A UH—Or &8t o] 8=+ AAY FABFHAT C, E ARAW F85HAT Cust

Com=8] FHES B3], Pearn 5 (1992)2 E£T] H5451A vk Koy 383 v 22 A3A &

A5 HAT ComE B3I

min(USL — g1, u—LSL) _ d—|u— M|

SWEX-TP 3o+ Gi-17

o, F 45 d9F M2 ZYZF d = (USL - LSL)/2°]31, M = (USL + LSL)/2°]t}.
Yot 2ot BEA BASEAS Cou S 0.2 40 e B A5 Cou® A3
H 23} 2t} (Kotz2} Johnson, 1993).
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a8 1 o)W G B FEISYA X vl e 7 AH HEG

2, HE (X, 1) S BEHE (1, 1) 2
T2 thaat 2ol BHEHS X9} Yol theh Zhzhe] B4k 3 E4tez 4= of 3t

o )
Ty o-% '
28]31 USL, %} LSL,> FA SRS S8k gEWa Xoll thdt 242k 24 8Hupper specification
limit) ¥} 4 8} 3H(lower specification limit)-& UER I, USL, 9} LSL,2 &5 ¥4 Yol of st Z+zke]
Ayt A4 skghs vepdth =3, 4 do= d, = (USL, — LSL,)/20] 11, &5 dy+= dy = (USL, —
LSL,)/20]t}h. 28] 3 A4 M= M, = (USL, + LSL,)/20] 31, A= M,= M, = (USL, + LSL,)/2E &
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_( Var(X)  Cov(X,Y)
“|Cov(X,Y)  Var(Y)

C _ dx - I/Jx B Mxl _ dx - |/'tx - Mx|
pmkx — 5 > = 3 >
32+ (uy — Ty T
dy - |,uy - Myl dy - |ﬂy - Myl
Comiy = = .

3
3 \Jo? + (uy — T))? Ty

Golrk olelat el BASEASE 2202 Fsol MEl BASUAS Cpu TFS3} 2
o) Bt

dy = lux — My d)’ B |/1y B My|
3 ‘/O—E + (= To)? 3 \/0'3 + (uy — Ty)2

[ dx = e = My dy — |y — M, !
37, ’ 37,

Cpmk = (Cpmkx’ Cpmky)t =




380 ZRIRY, b A

ot e A = o+ (ue - TP ok 1y = 0y + (1, - Ty)* ] th

olgj st ME] FH5HAF Cpuoll et A2 A 35 Aol vl3l o] ¥ = 57 FF(bivari-
ate statistics)9] 2PE3}H A =S 2A 2 Aot

EE X, 1), (X, Y2), o, (X, V) S BEHE (ue,py) 2 324 3E 28 Z
HEje] FEFEo|gta xf | S8 1-< Wy g3l 22l e 3ASHASE Cpueoll o
o o2} 2 323 Cpud 1T 5 98 Aotk

R . . de—|X - M, dy—|Y - M,
Cpmk = (Cpmkxv Cpmky)t = | | s - | }|

382+ (X-T.) 3ys2+(P-1,)
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A el sl 75 = ST+ (X - T)*9k 45 = S5+ (Y - T))* |tk

3. WE 3HSAKIS C, 2t BYUE 32T A
B—’I}Ei :g—]é%a—lﬂzzli Cpmkoﬂ EH

=

=

(Cpmk - Cpmk)'g] :’%;ﬂ' Q’%‘E‘i—'i—
3} 2t} (Park 5, 2002).

HAME| 1. SEWS X9} voll B 42 SARE 1y = EX - p)* 9 pay = E(Y — )t o) 2R84 7
Aol thate] BB 7] nol n — coo| W, TS| F3 B (ChAF AFEE) A7} 4 Pk

Zins Zan Zons Zan) = (V0 (X = 1), Vi (¥ = pry), V(82 = 02). V(82 - 02))

4 (Z1,2,,Z5,Z4)

(21,72, 73, Z4) £ MN(0, £44) 131, 371 A Eyes = TR} 2T}

O';Zc Hixly HM3x Hix2y
2
o 2xly 3y
Zuxa = (0ij)axa = . 'uH4 Ho 2 2|
SYymm.  flay — Oy fly — 030y
4
MHday — y
pi=E|[X -], my=E[(-p)], i=34,

Hixjy = E [(X—/lx)i(Y—yy)-’], ij=12.

A, Hoh @AAA oY At Ee aelste] RAMdWstd o 2ok 28 (X1, 1),
(X27 Yz)s ey (an Yn)% O] %‘:LO}: XE,]%“‘!‘:_I—E BN(/v‘xyﬂy, O-i, O-g,p)‘i“?“Ei-o/] Q‘%}__\,‘_%o] a——]—l 7]’@ 6}X} 1
2w oA Qe HEAE 12 NE thesh g BALBRA WL Tued WO PAACE ALY
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% Z(Condition) A F Z 7 (Detailed Condition)
casel: Ux = My and Hy = M, Ux = My and ty = M,
. _ P Hx = M, and Hy < MV
case2: Uy = My and Hy # M,y e = M, and > M,
My < My and My = M,
S : ¢ M d =M,
case3 Hx # My an Hy y e > M, and wy =M,
Ux < My and My < M,
) Hx < M, and y > M,
cased: My # M, and Hy # M,y 1> M, and 1y < M,
Hx < My and Uy < M,
& 98 Aot
ol po.oy 0 0
2
o 0 0
Zaxa = (O ij)axs = 7
. I symm. 20%  (1+ 2p2)0'§a'$
204

y
1B SR B La 2 W SSEAS Cpecl AT T Fehe] 24 WA o4
sk vl vl g 8 24 Aok,

n (Cpmk - Cpmk)t (mek)il (Cpmk - Cpmk) < /\/2(2; Q')

S AAA 2o AFE 29 Aol AF BEo] Ta 100(1 - )RS Felch. 12T 4P
D& FEA B Ty Hhgol ool  wEol 508 el 4P 120E 2 sk vk

=
ojof] gt K} A A g2 4HoA A, AFE Aot

oo BEHSE Vi(Cpm — Cp) e STEEE G317 YJ5t0], T 1A H 4714 49 =
2 97k A2 o] Aitetd Aot AT AA Ao ue = MYy, = M7 183
casel ~ case3 HTF= cased ] A7 dubAo)g) & 4~ Q).

o HxAe 13 7|34 FAsHATEY FATH #AdE SEE A7 2 (Chan 5,
1990)E E45to] 2201 WEFASHAE Cpu ) FAF Cpe BHE FJIRZ AHE {FE 3}
Aeletd o33 2t
Hel 1. 43 SAEE e = EX — ) S pgy = EY — py)to] 2R3 ol H & 34 (X, YV)oll thste] &
O] 7] nol n - coo]H, th2-9] 3 Bz (o] HE2)AA7 A F st
\/E(Cpmk - Cpmk) = \/ﬁ(épmkx — Comins Comiy = Cpmky)r

i (lMx_/JJC'_dx)(Z:i+2(/Jx_Tx)Zl) + p(anllx’Zl) (|Mv_ﬂy|_dy)(z4+2(/~‘y_Ty)ZZ) + p(M'a,uy’ZZ) '
67—; 3Tx ’ 6‘1'3 3‘1'),

L BN, V)

&, B p(Mop, 2 p(M,p,Z) = { 507 e 013, BB (2,20, 23, 23 & (21,20, 23, 24)' ~
MN(0, Zyxq) ©] T

39 FERE VACou — Cp)®) FVREE FE5] oto] BolA AFT F 19] 4701 92
LReo] A7) B,
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A A A t
\/Z Cpmk - Cpmk) = \/Z(Cpmkx - Cpmkxs Cpmky - Cpmky)

(
() )

3%, 37,

Vi (#2 - 72 i f
}’ 3‘?'1Ty {_dy %E +Ty ) _Ty|\/E(Y_ My))H

(42~ TZ) |2l T2 —TVZ) |2
673 37, 6‘1')3, 37,

(%)

9 o] FARE Z - el e A7 = S+ (X - T)*eb 4] =57 + (Y - T))* eItk 2

23 AR ol A f-2lE T AFdS AR ST
Vi (2 =72) = Vi ((82 = 02) + (X = ) (X + e - 212)) S 23 + 21, - T2,
V(22 = 72) = Vi (82 - 02) + (T~ ) (T +y —21)) 5 Zi + 20, ~ T,)2s.
TeO®, B WA AP cased: gy = M,Shpy # Mol T3kl AL, =5 T3} 2T

‘/ﬁ(épmk - Cpmk) = \/ﬁ(épmkx - Cpmkx’ CA‘pmky - Cpmky)r

:(%(dx—z—/wxi_ﬁ]’ \/ﬁ[dy—|)_’—My|_dy—|,uy—My|))[

371, 37, 37,
t
= (3_;/11 {-d. (2, -t -7 |X - M}, 3;1?} {-dy(ty—1y) = 7 [V = M| + 2, |y - Myi})

i d@r2p-Toz) i (B-Ml-d)z 420 -T)2) sen(My-m) %)
B 67',3r - 31, 67'3 " 37'y ’

o) 3 Al A B cased: e # M Sty = Mol thto] A4, b et k.
A N N t
\/Z(Cpmk - Cpmk) = \/;l(cpmkx - Cpmkxs Cpmky - Cpmky)

:[ [dx—|X-Mx|_dx—|yx—Mx|) \/,-l[dy—ly—MJ_i]]t

3%, 3, 3%, 3,
t
R DRI T S

5

37,71y

ﬁ) (l,ux - Mxl - d}u) {ZS + z(ﬂx - Tx)Zl} + Sgn(Mx _llx)Zl _ dy(Z4 + 2(/1\ - T)')Zz) _ @ '
613 37, ’ 673 37,

npAlete 2, v WA 7 cased: g # M S} py # Mol HiSto] Ak, RS vt 2k
A, A A t
\/E(Cpmk - Cpmk) = \/E(Cpmkx - Cpmkxa Cpmky - Cpmky)

= (\/ﬁ[d"_ 'X_Mx| _ dx—|ﬂx_Mx|]’ \/E[dy_ly_M)J _ dy - |/~‘)"My|))l

3%, 37, 3%, 37,
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t
{-de e =1 =7 |X = M| + 2ol — M}, % {=dy (ty—7y) = 7 [V = M| + 2y |y - My|})
yry

:(W

T Ty

w

t
| Qe M=d)iZs+ 20~ T Z1} | sen(M—p)Zy (ty =My |=d)|Zu+2(1,~ 7)) 20 | senMy—p)Z>
S 613 3o, 673 3y

O

AEAOR, A p(Mpu, 2)E p(M,p, Z) = | 507, Wk o= Belsa, o)A As WeEe

Z3shd, FEHS Vi(Cpm — Cpm) = THE2] FE WS E 257 (convergence in distribution) 317
o}

t
(e =Ml =d N Zs+ 21~ T 21} | pMs s 21)Z) (ty =My~ d){Zs+2(u, = T,)22) | PMyo . )2
673 3r, 613 37, '

FE (XL Y1), (X0, Y2), o, (X, Vo) S 1R BTEE BN(uy, pty, 07, 05, p) ZHE] 9] BHERE o]}
3 7P EAE 2w 247be] 4 FAAEL e = EX — )t = 3019} pay = EY —py)' = 30702

A= A e gro e E2AgE & 5 itk

webA 3ZoA FE-FHE B =52 5% AAd A 127 2AHEA 3244 FE Vs
TFAHLR Astste] v AR 4L F, Pl W FASHAT Cpuoll e &4
100(1 = )% 24t 35 A2 D A2 v 22 Fel = Al A starx} et

n (Cpmk - Cpmk)t (‘A/pmk)il (Cpmk - Cpmk) < XZ(Z; a)

@ AR P20 AHTE 29 Fhol Al B2 thet 100(1 - o) HEAFO1I, FLD Ve S
-1 ol of 3 TARA Q1 A A B> Vi = | o) gﬁ;)g} 2o},

o2 ZARQ w24t B” Vs TAIH R Ands] Bal e o Ao & 1914 w9t
My, py St My 9] Al whet A 4742 3-8 SRR, A A M= cased ] B¢7t 4
BFolBnE EAt-g A E Vs FAHLZ AL cased: py # My, py # My9] 7392k 11243}
A et evketd, AnbA o AR o pye PIAY Byl A Mook My B3] 7)
A (known) 2] gko]7] wj# o] KM, = (USL, + LSL,)/2, M, = (USL, + LSL,)/2).

whebA] Skl A AFEE & 19] vEXE B9l e # M9 py # Mol tiste] arejshd S8 2]
ok o] Aol o] St SEn He |

(=Ml =dZs+ 20 -TZ)) | senMo-p0zy (o= M|-d)Zi+2(w-T) 22} sen(¥,-1) 22 t

60 37, 673 37,

= (lle1 +b.Z3, 0,7, + byZ4)’

(=5

T

=(|Mx - ,uxl - dx)(;ux - Tx) + Sgn(Mx B ,u,\)
373 37,

— |MX _/lx| - dx
613

’ bx

X ’



384 =S, 2

B ('My _/lyi - dy) (ﬂy - Ty) Sgn( :uy) b = |My - ,Uy| —d,

(ZI s ZZ: Z3s Z4)t ~ MN(O, 24><4)

£ 1280 Y Vot = (Cpmip)e (0 j = 1,2)9] 2 JREL T3} gho] ALrET)
Tpmitt = Var (ayZy + b Z3) = @207 + 2asbyiz, + b (ay — o)
- 9—;[ (UM, — gl = d )~ T + 72 2
+{(UM = gl = d) e = T) + 72 sgn(My — )} (M = p1] = d s,
3 (M =l = ) (s~ ai)] ,
Tpmiz = Var (a2 + byZs) = aios + 2aybypsy + b (uay - o)
= 52| (1,1 ) =) 53
{(|M =i = dy) (= T) + 73 - sen (My = g ) (1M = | = ) sy
t (1, — ]~ ) (- crﬁ)] :
Tpmi12 = Cpmict = CoV (0,21 + boZs, ayZy + byZs) = a,ay0r1y + axby0ris + bty + bybyorsy

1
= X (M, = el = d)ue = T + 73 - sgn(M — )}

97373
<] =) 70—
t == ISTXT) {(|MX _/'tx| - dx)(ﬂx - T,\) + Ti : Sgn(Mx _ﬂx)} ('M /ly| )0—14
AT 13 3 X (IMy = ol = d) x { (|My = | - d) (y = Ty) + 73 - sgn(My, — )} orsa
‘I'XTy
1

+mx<|Mx—ux| d) x (|My = py| - dy) o34

@, 012, T4, 032, 0345 T3 2T
o1 = E(X — u)(Y — py), o1 = EX = )Y = )%,
7= EX =’ (Y =), 034 = EX = (Y =y = 0303,
EE, o|HF BFE8 BN(uw . 03,05, p) 3 M=, The3t o] & o] FAH R g4 34
Zixa = (0iaa] BEES AT 5 & Aol
o1 = E(X — u )Y — ) = pooy, o4 =EX - p)¥ - 1,)* =0
op=03=EX-u) Y -p)=0

g3 o]F 7|t x| 24 (doub]e expectation formula)ol] 231 A A& o34 034 = E(X — )2 (Y — ) —
0';250'3 =+ 2p2)0'i0'§ a? 0' =2p 0'20'23 A A=) o] AT}
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é%, O]%ao}: 457‘%7@_3}01]*‘1, _—'ol%/s_ Bllig mek = (U-pmktj)2><24 H]DH7]-6 é%?_]. Opmk12 =

Tpmia1 = Tt 2ol Ak

O pmk21 = T pmk12 = {(lM /Jxl - x)(ﬂx x) + Ti : Sgn(Mx - ,ux)}

97373

X {(|M il = dy)ay = Ty) + 77 - sgn(My — )} porsory

+ ——— X (M, = el = do) X (My, = py| = dy)p* oo
187375

whebd QuEA ol ol ¥lek B RE el A, ME FAS DAL Cpol AR 1001~ )% ZAH S 5

n (Cpmk - Cpmk)t (mek)_l (épmk - Cpmk) < X2(2; O/)

AT o e F28 324 B Vs BEA AL V0] T 2AFoR 0123} 2ol
sl 2 Aolth,

- o

B2, olA A S 10001 — )% AN FEAH AL F40] Coet Cpmry Q) BFIS] 1
2 F35 = vl B 92 42 28 AR EE offoll A AE BAY 6 i1 & G pias, LB
%‘E‘J_’é\'pmk]z«] ﬁ7]01] _/]OH/K‘] 7ﬂ7§9 7—]0]]‘;].

&,,mk”_gm[{(w -X|-d )()’(—TX)+%§}2&§
{0 ) (- ) s o - ) ot 5]~
e (- x| ) (s -0 .
Fimi = 5| (M, =71 -a) (7 -1) + 8 02
el =1=a) (7 ) st~ ) ot - )
+Z (m, - 7]~ dY) (A - &3)]

O pmi21 = O pmki12

= ey < (- K= ) (%= 7) 2 som (01, )

{(lM_Y| )(Y T) sgn( Y)}O'lz
i (-0 (7)), 1)

1 _ _ _ _

+ R x (|Mx - X|- dx) x {(|My -7|- d,) (Y - T_‘,) +%2 - sgn (My - Y)} 6
1

! 361313

X (|My - X| - d.) x (|M, - ¥| - dy) 634
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o
1 < k 1 < k
iy = — Xi-X), iy = = Y,-Y), k=34,
Mk n ;( ) Mky n ;( )
1 & —\/ —\M
oy =5 2| (%= %) (=)' Lm=1.2,
n
i=1
012 = fixtys 013 = flax, 014 = 1y, 023 = 632 = floxly, 04 = flay
633 = fux — ST, 5’44=ﬁ4y—5;, &34=ﬂ2x2}’_SiS§-
EE, £3] Aol &8ss o)l FE BNy, 03, 07, p) BtellAl, 4 A Vomi =

FEA D V, 0] Ee11-2) 2O ML} PARO 2 the3) o] F5h B Aol
& ot = 9% [{(Wx K- d) (% -1+ 2 524 L (- X _dx)zsi},
= g [~ 71 ) (7= 1)+ £ 5305 (ot 7] - )" 53]
DI BEA G s = G & 2T o] AR o] G BT
1

r x{(|M, - X| - d.) (X = T,) + 23 - sgn (M, - X))

(4, ) (7)o, -

Y
1 - A\ A2 A
+MX(|MX—X|—01X)X(|M v = Y| - )(1+2p2) 6

G pmk21 = O pmk12 =

o, 43 SAAE a2t pay® FATFLE o|HF BHFRE BN,y 07, 07,p) BtOlA 421 SAAES
Aarslal Z2)1-25ke] zhz)

oz A AEjdny B AT o] FAAHL TRLBAS p2 AT 28 A9 Aol o
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On the Plug-in Estimator and its Asymptotic Distribution
Results for Vector-Valued Process Capability Index C,,«
Joong-Jae Cho'“, Byoung-Sun Park”
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Abstract

A higher quality level is generally perceived by customers as improved performance by assigning a corre-
spondingly higher satisfaction score. The third generation index C,,, is more powerful than two useful indices
C, and C that have been widely used in six sigma industries to assess process performance. In actual manufac-
turing industries, process capability analysis often entails characterizing or assessing processes or products based
on more than one engineering specification or quality characteristic. Since these characteristics are related, it is
a risky undertaking to represent the variation of even a univariate characteristic by a single index. Therefore, the
desirability of using vector-valued process capability index(PCI) arises quite naturally.

In this paper, we consider more powerful vector-valued process capability index Cpuk = (Cpmix, Cpmiy)' that
consider the univariate process capability index C,,,. First, we examine the process capability index C,,x and
plug-in estimator C,,,,,k. In addition, we derive its asymptotic distribution and variance-covariance matrix V,,x
for the vector valued process capability index Cp,x. Under the assumption of bivariate normal distribution, we
study asymptotic confidence regions of our vector-valued process capability index Cux = (Cpmicrs Cpmiy)'-

Keywords: Vector-valued process capability index, plug-in estimator, limiting distribution, variance
covariance matrix, asymptotic confidence region.
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