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Statistical Precoder Design for Spatial Multiplexing Systems in
Correlated MIMO Fading Channels
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ABSTRACT

It has been shown that the performance of multiple-input multiple-output (MIMO) spatial multiplexing systems
is significantly degraded when spatial correlation exists between transmit and receive antenna pairs. In this paper,
we investigate designs of a new statistical precoder for spatial multiplexing systems with maximum likelihood
(ML) receiver which requires only correlation statistics at the transmitter. Two kinds of closed-form solution
precoders based on rotation and power allocation are proposed by means of maximizing the minimum E tlidean
distance of joint symbol constellations. In addition, we extend our results to linear receivers for correlated
channels. We provide a method which yields the same profits from the proposed precoders based on a simple
zero-forcing (ZF) receiver. The simulation shows that 2dB and 8dB gains are achieved for ML and ZF systems

with two transmit antennas, respectively, compared to the conventional systems.

I. Introduction reliable communications and higher data rates in
downlink cellular networks, the design of practical

Considering the rapid increase in demand for systems which can achieve huge capacity is of great
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importance. In recemt years, multiple-input
multiple-output  (MIMO) systems have been
intensively studied and proved that they can
dramatically improve the system capacitymm.
However, this outstanding performance is realized
only when the fading between transmit and receive
antenma pairs is independently distributed. In a real
propagation environment, the capacity degrades
significantly in the presence of fading correla-
tions™". The worst situation drastically deteriorates
the MIMO capacity, which falls back to that of a
single antenna system.

One of the most promising MIMO applications is
a spatial multiplexing (SM) scheme" such as Bell
Labs layered space-time (BLAST) systems[ﬂ.
Despite their high capacity gain, the performance of
the SM systems is also shown to be quite sensitive
to the correlation properties. To illustrate this, the bit
error rate (BER) performance over correlated MIMO
channels has been analyzed using a union bound
approach with maximum- likelihood (ML) receiver'”!
and zero-forcing (ZF) linear receiver™”.

In future standards such as 3GPP-LTE"” and
IEEE 802.16m"", it is agreed that long-term channel
statistics such as covariance matrix information can
be acquired at the transmitter, from which more
reliable transmission can be expected. Transmit
antenna selection has been proposed as a means to
enhance the error performance of correlated fading

channels™”

. However, in this cran, we may lose
some s to enha. On the other hand, a precoding
method was introduced in [13] a se2x2 ML
receiver based on transmit power allocation and
symbol rotation, which minimizes the averaec mBER
by ainding the best setting by a numerical search. In
a similar context, the authors in [14] proposed a
power allocation scheme in a closed-form solution
using their hybrid ZF and successive interference
cancellation (SIC) receiver structure.

In this paper, we propose new statistical
precoders to combat the effects of correlation for the
ML receiver by using long-term average channel
information. Unlike typical closed loop systems, the
transmitter is mot aware of all the fading
coefficients. We present two precoding methods, i.e.,
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rotation and power allocation, by means of
maximizing the minimum squared Euclidean
distance. Both schemes are derived in a closed-form
as a function of the correlation coefficient. After
that, we extend our results to simple linear receivers
and provide a method which yields the same profits
with a simple ZF receiver. From simulations, we
show that the proposed schemes achieve about 2dB
and 8dB gains over the conventional system with
the ML and the ZF receiver, respectively.

The following notations are used throughout the
paper. Normal letters represent scalar quantities,
bold face letters indicate vectors, and boldface
uppercase letters designate matrices. The superscripts
(), ()7 and ()7 denote the complex conjugate,
transpose and Hermitian transpose, respectively. For
a matrix A4, det(4), r(4) and 7r(A4) indicate the
determinant, rank and trace of 4. Alce C((A) and
MAT) denote the colum depace and left nullspace
of A, respectively. 7, and 0 indicate an identity
matrix of size d and a zero matrix, respectively.
Lastly, we use a bar to account for real variables
and denote the real and imaginary part of a complex
vector ¢ by Relc] and Im[c], respectively.

II. System Description

2.1 System Model

We consider a single-user MIMO system with &,
transmit and N receive antenna arrays. Assuming
flat-fading channels, the discrete-time baseband
signal model is given by

[P
y= :{{H’E“}‘ﬂ (1)

N, > 1

where z€C is the vector of transmitted

' is the received signal vector and

symbols, y=C"
HeO N

perfectly at the receiver through ideal channel

is the channel matrix which is known

estimation. The additive white Gaussian noise
(AWGN) at the receiver is denoted by nsC™ ™!
with iid. entries from CM0,¢2). By assuming
T (Elex®) < N,, the total power available at the
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transmitter becomes P. Then, the average received
signal-to-noise ratio (SNR) is defined as = F/o>.

In ideal situation, the entries of H follow ii.d.
Gaussian distribution. However, this assumption
does not hold in real fading environments due to the
lack of enough antenna spacing or rich scattering.
One widely used MIMO correlation model is the
““Kronecker model” of the form"’

H= erszthl/z

where R, and R, stand for the covariance matrices
among the transmit and receive antennas,
respectively, and H,=C"""V consists of iid.
complex Gaussian entries with CN0,1). In this
paper, we adopt an exponential correlation model for
R and R™ where the (ij)-th component of R,
and R, is defined as p'"/ with p denoting the
correlation coefficient. We will assume that p is
known at the transmitter.

2.2 Union Bound of BER

A tight upper bound on the BER of the MIMO
SM  system was derived in [15] under the
uncorrelated fading assumption. The pairwise-error
probability (PEP) that the ML receiver decides z;
erroneously when «; is transmitted is written as

PEP —E{Q( nsy }
i ‘H 2
20

woc

where d, = |H(z—z)I’ denotes the squared
Euclidean distance between z; and z; at the receiver
and Q() indicates the Gaussian Q-function. Then,
the BER P, can be approximated by summing up all
weighted PEPs as

AT

1 N,
P < — — " _ ppp 2
b A[\’,Z:u:;;m ]\ff log 211{ i.j ( )

where M represents the constellation size and M,
denotes the number of bit errors between z; and z,

which depends on the mapping rule.

At high SNR regions, the PEP over joint transmit

and receive correlated fading channels can be

approximated bym

PEP, | = (}m(@) r(R)-1/\7 2 @)

1vij

1 }{%(};)—1 L’l N,

where we define o= IR/?(z, —z)I’ as the
Euclidean distance at the transmitter side before
passing through the channel H. The PEP expression
(3) shows that the diversity order is determined by
r(R) <N and also an SNR loss is caused
independently by R and R. It is obvious that the

worst case of & should be maximized to

Ry

minimize the PEP.
Il. Statistical Precoder Design

In this section, we will discuss how to design a
precoding matrix for correlated MIMO systems
under the assumption that only R, is available at the
transmitter, which is a practical scenatio in current
system designs. In 802.16m standard, for example,
the quantized information of R, is considered to be
fed back regularly in order to perform codebook
transformation'". Note that the effect of R is
irrelevant to the transmitter design.

One of the most desired design goal is to
minimize the BER performance which is
approximated in (2). However, this problem cannot
be solved in a closed-form solution and numerical
calculation is required”. To come up with an
implementable solution, we note from the PEP
analysis of (3) that the BER is inversely related to
.., over all possible (i) pairs. Since d7;; is not
a function of the whole channel matrix H but only
R, we can handle o, only in a statistical way
using the precoder. We define a complex precoding

. AUD S
matrix Fe o

which precodes the data symbol
vector s € C’\V'Xl, ie., ¢ = Fs.
Now our main purpose is to find a simple

closed-form solution precoder F which satisfies
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F = arg Inaxplllini%j dziﬁij’ 1 <i’j<]”-\'r (4)

under the power constraint of 7+(FF¥) = N, and the

use of ML detection. We will use the notation

d;

T,min

to indicate min, ;d%,; for simplicity.

2

With no spatial correlation, d,,, is simply
determined by the single symbol-error case. In this
case, there is no need for the transmitter
optimization and the conventional ML detection (i.e.,

F=1I,) is optimal. However, if A becomes rank
deficient, it makes the specific symbol vectors get
closer. For example, for BPSK constellation of
{1,—1} with ¥ =2, d},

min

=4 is guaranteed when
z,— ;= [2 0]” with no spatial correlation. However,
under the high correlation of p=039, the error vector
[2 —2]7 becomes dominant and &%, reduces to
0.8, which causes a severe performance loss.

In general, the precoding matrix F can be any
N, XN, complex matrix. However, with no
constraint, too many variables make it difficult to
solve the problem of (4). In this paper, we consider
two well-known shapes of precoder, i.e., rotation
and power allocation under the assumption of

N, =2,

3.1 Rotational Precoding
We consider the Jacobi rotation matrix #(8)
defined by"®

_ fcos® —sind
Flo)= {sin@ cosf }

where 6 denotes a rotation angle. By applying F(6)
at the transmitter, d7,,;(6) can be computed as

S

<

=
i

IRY2F (9)e, )

S S

pl sinf cos@
lle; I + pAcos 260 + pBsin26

€24

where the error vector e;=le, ¢, ;)7 =s,— s, is
defined between two different codewords s, and s; and
wehave A=e, ).+ e e, ad B=le, [~ le, .

Solving the problem (4) seems difficult even with
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this 2x2 rotation matrix case of (5), because
exhaustive calculations are required for d;;(6) for

15— — =) T T
j— d%{ 1= psin20) for e=[0d}

o i+ psin2e) for e=fd, 0]
—_— 2d2;(1 - pros28) for e={d, -d‘]

T ;V,i——b—za‘;(i«l-pcosze} for e=id, 4] |

N L
g e
0 ] i i s
4] 20 40 80 80 100 120 140 180 180
Bin degrees

37 1. 4-QAM AdelA 7 ofe e FRe| g
& ,,(6) (p=09)
Fig. 1. d%, j(ﬂ) for all candidate error vectors over
4-QAM (p=0.9)

every i,j and 6 combinations. However, the problem
becomes simpler by utilizing the symmetry property
in its objective function. Note that d%(6) is a
sinusoid with a period = and there always exists a
symmetric pair of two sinusoids whose phase
difference is w/2. Therefore, the search range of 6
can be reduced 1o 0 <6 <n/2.

For the case of N, =2, there are M*(M’—1)
possible error vector candidates for M-QAM
modulation. Utilizing symmetric properties of QAM
modulations, among all candidate error vectors, we
can consider only four error vectors e;; as

§=10d,]7, [d, 07, 14, —a,]%, ld, d]"

where d, = /6e,/(A~1) denotes the minimum
Euclidean distance of the M-QAM constellation with
average symbol energy e, ),

Now, the search range of the problem (4) can be

simplified and we have

0 = arg maxXy 4. ,/2 min dZTYi].(O)

= arg maX o g ¢ 5/ Min )
[df(l—psin%?),df(l—& psin26),

20 (1~ poos 26), 245 (1 + poos 260).
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In Figure 1, d}.,; for all possible error vectors are
depicted for 4-QAM modulation with p=0.9, where
dotted lines represent the cases of error vectors
which do not belong to 5. Here we can confirm that
it is sufficient to consider only four error vectors in
S to maximize the minimum value of &}, We also
leamn from simulations that the same relations hold
for higher modulation levels such as /=16 and 64.

Moreover, Figure 1 shows that one of the last
two candidates 2d (1 peos 20) and 24 {1+ pcos 26) in
(6) can be further removed because we need only
one single value for . Then, the optimum 6 which
maximizes the rest three sinusoidal functions is
determined at their intersections in 0<@ <=/4 as
shown in Figure 1. Accordingly, by solving the
following two equations

& (1—p:;in‘2§) = 2d {1— povs 2(5}, for p = 0.5
di (1—psin26) = d% {1 ersinQé), for p < 0.5,

we obtain § for the optimal rotational precoding as

2 5p
0, for p < 0.5.

U P o -
g_{“@ﬁ L‘7fori9_0.o s

This indicates that if the correlation i3 weaker
than p=0.5, d5,,,, is still determined by the single
error pattern, and the optimal precoding reduces to

the conventional ML detecion, ie., F(0) =1,

In
fact, it is shown that the BER performance of the
ML receiver is not much influenced until the
correlation exceed a certain level”’. Note that (7) is

a function of p only, not the constellation size M

3.2 Power Allocation
In this section, we employ another precoder in the
form of power allocation defined as

Fip) = l\/OzE \/2—(13_?}

where the parameter p{0<p<1) determines the

power ratio between two data symbols. Then, we
have

g
-
il

IRV F(ple, I
2ple, 4+ 20 ~ple,, F + pAVap(1—p). (8)

I

Assuming p > 0.5, we can express the problem by
substituting the same candidates in § into (8) as

p = arg max, o, min, g & (o)
= arg nlaxp =05 rﬁlnﬂije s
[2dp, 22 (1—p), 24 (1~ pv/Ap(1=p)),
24 (1 +p\/4;(1_-“;))}

)

Clearly, the fourth term can be eliminated again.
By solving the equations, the optimal factor p is

derived as

2

for p= 0.5

P=147+1 (10)

0.5, for p < 0.5.

Likewise, F(p) is valid for p=0.5. We have
noticed that the proposed power weight p is
analogous to the solution obtained in [14]. However,
the precoding approach of [14] is mainly based on
the analysis of their hybrid ZF and SIC detection,
while the proposed scheme optimizes the N,

-dimension signal constellations which is directly
connected to the mechanism of the ML detection.

IV. Extension to Linear Receiver

In the previous section, we have presented two
effective ways of precoding based on the ML
receiver. Although, numerous practical algorithms
for the ML detection have been proposed
U851 they still bear the burden of high
complexity especially with strong channel codes. To

recently

alleviate the complexity issue, we extend our results
to the case where a simple ZF linear receiver is
applied. In conventional ZF receiver systems, there
exists no known statistical precoding way which
would overcome the correlation effect. In this
section, we propose a modified ZF receive filter,
which can directly adopt the precoding schemes
shown in the previous section. The description will

be based on N, =2 case for simplicity.
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The real-valued equivalent representation of the

system model (1) is given as!"

y= [P -E+n (1)
=[Re[nT] FnlnT))",

where  z =[RelzT] In[zT)7
and

2l 1w

Here n represents the real Gaussian noise vector

with zero mean and covariance matrix (o>/2)Z, .

Denoting a 4x2N, real matrix B as the receive
filter, the output signal vector z is denoted by
z=Bly=B'Hx+ v
where v=DB"n is the output noise vector with the
covariance matrix (¢*/2)BB’.

Then, the ZF problem can now be generalized to
find B which forces the interference between the
two effective symbols Relz] and Znlz] to zero, The
necessary and sufficient condition is that the
subspace spanned by the h, and h, pair is
orthogonal to that spanned by h, and h,, which can
be achieved by projection. This was originally
introduced in a group detection (GD) problem™
which aims to perform subgroup ML detection. Here
we want to make separate detection for two
effective symbols Re[z] and Fnlzl.

We apply the QR decomposition to 2N, X2
effective channel matrices [k, h] and [, b,

represented by

S (1)
Rl - (G @)
— R(l)
Iy ol - [ )|
where @) € BV and Q@ e B % denote

the matrices whose columns form an orthonormal
basis for Ci[h, h,J] and N[ R,]l, respectively, and
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I—Z}g is an upper-triangular matrix. The same
definition follows for @V, Q¥ and RY. Here, the
notations Ae and Zn are employed to emphasize that
the matrices are intended for Relz] and Inlz],
respectively.

Now, the orthogonality conditions become
Cllfy Bl LAGY) and  Cllb; Bl 1@, By
choosing arbitrary two column vectors of @
the receive filter for Relz], we can eliminate the
interference from #nlz] completely and vice versa.

Without loss of generality, we have finally

B=(@, .0 @iyl (12)

where (A4), ., stands for a matrix composed of the
first and second column of 4.

As the effective channels combined with B is
constituted by two 2x2 real submatrices as

Fa = |Qeiambl 0
0 Qn.

we can achieve the precoding gain in the same way
as the ML receiver by applying F. Note that the
conventional ZF receiver H* = (HLE) 'H' tries to
eliminate the whole interference among all the
components to achieve H'H=1,.

We mention that although our method is
described only for

to an arbitrary number of &, with a proper choice

N, =2, we can extend the results

of pairing. The corresponding precoder ¥ in real
domain is simply a 2NV, X2\, block diagonal matrix
whose all &, submatrices are equal to F. Also we
note that a single fixed precoder F(9) (or F(p)) can
be applied for both the ML and the proposed ZF

receiver structure.
IV. Simulation Results

This section demonstrates the efficacy of the
proposed precoding schemes through Monte-Carlo
simulations. We consider a 2x2 SM system with
p=09 at the transmitter. In Figure 2, the BER
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Fig. 2. Bit-error probability of 22 spatial multiplexing
systems with p=0.9

performance is plotted over a flat Rayleigh fading
using 4-QAM constellations for both the ML and
the proposed ZF receivers. By applying our
proposed rotation and power allocation, we achieve
about 2.5dB and 8dB gains over the conventional
ML and ZF receiver, respectively, at a BER of 107°,
The proposed rotation slightly performs better than
the power allocation. Also we draw the BER
performance of the precoder found by exhaustive
search in (2)”3]. The curves show that the proposed
rotation acquires the best performance by simply
optimizing 6. Moreover, the proposed ZF receiver
with rotation performs 4dB better than the system in
[14].

Next, we present the results for frequency-
selective channels with orthogonal frequency
division multiplexing (OFDM) technigues™’. A
convolutional code with polynomials (133,171) in
octal notation is utilized with a pseudorandom
bit-interleaver. Packet size is set to 256 bits with
4-QAM modulation. For a channel model, a five-tap
exponentially decaying profile is used. Figures 3 and
4 illustrate the packet error rate (PER) for the code
rate of 1/2 and 3/4, respectively. We can confirm in
both results that the tendency is similar to the
flat-fading channel case. The proposed rotation
achieves about 2dB and 7dB gains at a PER of 1077
for the ML and the ZF receiver, respectively, in

. *vf“ML Power-Loading
—+— ZF, Conventional
- ZF, Rotation
s 78, Power-Loading:
e Hybrvd ZF/SIC [14) |

PER

2 7 12 17 22 27

38 3. 12 =89 A $ES AP 2x2 3 9F
3 Ao H7lelelg A% (p=09)

Fig. 3. Packet-error probability of 2%x2 rate-1/2
convolutional coded spatial multiplexing systems  with
p=09

2x2 4QAM, rate—'“&i in 5 tap exponemla"y-decaymg channels {p=0.8)

e ML C;amenuonw
-~ AL, Rotation
—&—— ML, Power-Loading
- ZF, Conventional
—&~ZF, Rotation
~——ZF, Power—Loading.
e ybtid ZESIC [14] |

PER

SNR [dB]

a8l 4. y4 2ege] A w8 A 2x2 53 o
g Azde] AR g A (0=09)

Fig. 4. Packet-error probability of 2X2 rate-3/4
convolutional coded spatial multiplexing systems with
p=0.9

Figure 4. Note that the hybrid ZF and SIC detection
scheme in [14] performs even worse than the
conventional ZF scheme here due to error
propagation. One can see that the performance gap
of 4dB between the ML and the ZF receiver still
exists.

V. Conclusion

In this paper, we have presented new precoder
design schemes for correlated MIMO spatial
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multiplexing systems by making use of the channel
correlation information at the transmitter. Two
precoding strategies have been proposed in order to
minimize the BER performance of the ML receiver.
Instead of dealing with the BER equation directly,
we have derived the closed-form solutions which
maximize the minimum squared Euclidean distance.
In addition, we have extended our results to the case
of a linear ZF receiver. The simulation results are
presented to illustrate the validity of the proposed
precoding schemes in correlated channels with both
the ML and the proposed ZF receiver. We note that
the proposed scheme for ZF receiver can be
extended to the better criteria which give a good
balance between the desired signal power and the
noise power such as signal-to-interference-plus-noise

ratio (SINR) maximization®>.
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