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Sobolev Estimates for Certain Singular Curves

Sunggeum Hong†

Abstract

In this paper we obtain some Sobolev estimates for the integral operator over singular curves (t, t
m) on  R 2  for

m ≥ 2.
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1. Introduction

For m ≥ 2 we consider the integral operator

,

where σ is a smooth function with a compact support

near the origin with σ(0) ≠ 0.

For σ ≥ 0 and 1 < p < ∞ let Lα

p (R2) denote the Lp

Sobolev space with the norm

(R2)
 = 

(R2)

It is well known that T maps Lp(R2) to Lq(R2) if 1/

p-1/q = 1/1+m and (1/p, 1/q) only if and belongs to the

closed triangle belongs with vertices (0,0), (1,1) and

(2/1+m, 1/1+m) (m/1+m, m−1/1+m), (see [1,3,4]). The

localized operator of T maps Lp(R2) to (R2) if m/

m−1 < p < m in view of M. Christ in [2].

The purpose of this paper is to determine the exact

range of (1/p, 1/q, α) for which T maps Lp(R2) to

Lα

q(R2) when 0 < α < 1/m and p < q. We shall prove

the following :

Theorem 1. Let 0 < α < 1/m. The operator T maps

Lp(R2) to Lα

q(R2) if and only if (1/p, 1/q, α) lies on or

in the interior of the closed trapezoid with vertices 

,

except the edge AA', where A' and  are the sym-

metries of A and Bα with respect to the non principal

diagonal, respectively.

For an even function (R) such that supp χ ⊂

{t ∈ R : 21/m ≤ t ≤ 24/m}, 0 ≤ χ ≤ 1 and 

for t ≠ 0.

We may decompose the operator 

where 

< dσl,f > = .

Following the approach in M. Christ in [1], we intro-

duce C∞ partition of unity {ηl} in R2 minus the coor-

dinate axes, with ηl homogeneous of degree zero (with

respect to the Euclidean dilation R2) such that 

and the support of is a subset of 

.

Let Ql be the operator with multiplier ηl and C0 be

a constant such that  ηl is identically one

on the support of ηl. We define  Qi and
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denote by  its multiplier.

Let hl ∈ C∞ (R) be identically one in a neighborhood

of the origin, and let Pl be the Fourier multiplier oper-

ator with symbol

.

For the estimates we split the operator into

(1.1)

 

To treat the first and the third integrals in (1.1), we

prove the following Lemmas 1 and 2. 

Lemma 1. The kernel K1 of the convolution opera-

tors 

satisfies 

.

Proof. Denote Kl by the kernel of the operators (I−∆)α/2

Pl dσl × f. A computation shows that the kernel Kl is

(1.2)

 

 

 

Since 2l is more contributive than 2l/m in the kernel

estimate (1.2), we have

where Gl ∈ S (R2) and Gl = ∨.

We integrate by parts to obtain

.

Thus, we have 

 

 

Lemma 2. The kernel K3 of the convolution opera-

tors

satisfies

.

Proof. As in Lemma 1 the kernel of 

is bounded by

,

where ∨.

Since Gl ∈ S(R2), we apply the same argument as

above to obtain the desired bound. 

2. Proof of Theorem1

We begin with the sufficiency. We introduce the Lit-

tlewood-Paley decomposition. Let φ ∈ C0
∞(R2) be sup-

ported in {ξ:1/8 ≤ |ξ| ≤ 8} such that φ(ξ) = 1, if 1/2

≤ |ξ| ≤ 2. Then Littlewood-Paley operator Lk is given by

and denote by φ (2-k| • |) = φk(| • |).

For fixed k the operator LkT does not map 

and . However, it holds 

and the following estimate:

Lemma 3. For fixed k the operator LkT is of restricted

weak type (m, m).

Proof. Let χ ∈ C0
∞(R2) be supported in (-1,1) and

χ(s) = 1 if |s| ≤ 1/2. Fix k. We decompose LkT into

, 

where
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and K is the Gaussian curvature of the surface (t,tm).

From K(t) =  , we have . Write LkTl = Tk,l

and f = χE, where E is a measurable set of finite measure

in R2. We want to show that for β > 0

.

The left-hand side of the above is bounded by 

In view of , 

we may assume . Then

.

 

 

If we take , then

 
is an empty set. We proceed to

the case 2l
 ≤ δ. By van der Corput lemma, the multiplier

corresponding to Tk,l is bounded by

and so by Plancherel's theorem 

.

Therefore by Chebyshev's inequality and L2 bound-

edness, we obtain

where |E| denotes the Lebesgue measure of E. Since

, this completes the proof.
 

By duality the operator LkT is of restricted weak type

m−1/m, m−1/m. We also note that
 .

We interpolate between the points (C=(1/2,1/2,1/m))

and O = (1,0,0) to obtain  boundedness of T.

We thus obtain that on the open line segment CO the

operator T maps Lp to Lα

q  such that 

(2.1)

where for θ = 1 − 1/p + 1/q for 0 < θ < 1.

The last term in (2.1) is convergent when

, which is equivalent to the condi-

tion

 

Similarly, if we interpolate between

the points A=(1/m,1/m,1/m) and O, we also obtain the

condition . Thus (1/p,1/q,α) must lie on or above the

line joining AO and CO with , except the point A. By

duality (1/p,1/q,α) must also lie on or above the line

joining A'O with  without the point A'. The intersec-

tion points of the line segments AO, A'O with  are

Bα = (α(1−m)+2/1+m, α+1/1+m, α) and  Bα

' = (m−α/1+m,

m−α+αm−1/1+m, α).

Consequently, if we let  be the closed trapezoid

with vertices A, Bα, Bα' and A', then T maps Lp to Lα

q

in the interior of  union the open line segments ABα

and A'Bα'. Thus there is only remained the case of the

edge BαBα', which is on the line 1/p−1/q=1−mα/1+m.

Therefore, we shall show that

on the line 1/p−1/q=1−mα/1+m.

We consider the first integral in (1.1). In view of

Lemma 1, we write 

.

For the estimates
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we shall show that . 

Let λ be a positive number and set . Using

Lemma 1, we have

.

Since now the kernel belongs to , from

Young's inequality it follows that convolution with K1

maps Lp to Lw, where

.

The same goes for the third integral in (1.1), because

the kernel K3 of the convolution operators 

also belongs to . Thus we have 

(2.2)

Therefore, it remains to estimate the second term in

(1.1). By replacing C0 by a large constant in the defi-

nition of , we may define  with the same prop-

erties such that  for all l. Then by

Littlewood-Paley inequalities

(2.3)

where . Now the kernel of 

is not positive. Thus we cannot directly apply the

method of M. Christ in [1]. We decompose the operator

I−Pl by telescoping series 

Set (Pk+l − Pk+l-1) = Rk+l. Likewise Ql we define oper-

ators such that  for all . Then Lit-

tlewood-Paley inequalities acting on Lp(l2(Z2)), the last

term in (2.3) is bounded by

(2.4)

 

where fl,n = Rnfl.

For and p ≤ 2 by 0 < θ < 1, observing 1/2 = θ/p + 1-θ/

∞ = θ/p, we shall use complex interpolation to estimate

(2.4).

Let us denote MHL by nonisotropic Hardy-Littlewood

maximal function and MC by the maximal function of

f, respectively. 

We note that and 

.

By Minkowski's inequality, Lq boundedness of MHL

and Lp
→Lq boundedness of MC we obtain we obtain
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Consequently, combining (2.1) through (2.4) and

(2.7), we obtain the desired bound.

We turn to the proof of the necessity. Let δ > 0 be

small and fδ be the characteristic function of the rectan-

gle with dimensions δ 1/m× δ centered at the origin.

Since away from the parabola the kernel of (I−∆)α/2T

looks like ,  looks like

on the set

.

Therefore,

 

.

Since , letting δ → 0, and compar-

ing the exponent, no inequality of the form 

is possible when 

,

which is equal to . 

This finishes the proof of Theorem 1.
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