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HOPF HYPERSURFACES IN COMPLEX TWO-PLANE
GRASSMANNIANS WITH LIE PARALLEL
NORMAL JACOBI OPERATOR

IMsooN JEONG, HYUNJIN LEE, AND YOUNG JIN SUH

ABSTRACT. In this paper we give some non-existence theorems for Hopf
hypersurfaces in the complex two-plane Grassmannian Ga2(C™12) with
Lie parallel normal Jacobi operator Ry and totally geodesic ® and D+
components of the Reeb flow.

0. Introduction

The Jacobi fields along geodesics of a given Riemannian manifold (M, g)
play an important role in the study of differential geometry. It satisfies a very
well-known differential equation. This classical differential equation naturally
inspires the so-called Jacobi operators. That is, if R is the curvature operator
of M and X is any vector field tangent to M, the Jacobi operator with respect
to X at z € M, Rx € End(T,, M), is defined as Rx (Y)(z) = (R(Y, X)X)(z) for
allY € T, M, being a self-adjoint endomorphism of the tangent bundle T'M of
M. Clearly, each vector field X tangent to M provides a Jacobi operator with
respect to X (See [7] and [9]).

If the structure vector field £ = —JN of a real hypersurface M in complex
projective space P,(C) is invariant under the shape operator, ¢ is said to be
Hopf, where J denotes a Kéhler structure of P,(C), and N is a unit normal
vector field of M in P,(C).

In the quaternionic projective space HP™ Pérez and Suh [10] classified the
real hypersurfaces in HP™ with ®1-parallel curvature tensor V¢ R = 0 for
v = 1,2,3, where R denotes the curvature tensor of M in HP™ and D= is a
distribution defined by ®+ = Span {¢1, &2, &3}, In this case they are congruent
to a tube of radius T over a totally geodesic quaternionic submanifold HP* in

4
HP™, 2 <k <m—2.
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The vector fields {&1, &2, &3} mentioned above, which are said to be almost
contact structure, are defined by &, = —J,N, v = 1,2,3, where {J1, J2, J3}
denote a local basis of a quaternionic Kéhler structure of HP™ and N is a unit
normal vector field of M in HP™.

In quaternionic space forms, Berndt [1] introduced the notion of normal
Jacobi operator

RyX = R(X,N)N €End (T, M), ze€M

for real hypersurfaces M in a quaternionic projective space HP™ or in a quater-
nionic hyperbolic space HH™, where R denotes the curvature tensor of HP™
and HH™ respectively. Berndt [1] also showed that “the curvature adapted-
ness”, when the normal Jacobi operator Ry commutes with the shape operator
A, is equivalent to the fact that the distributions ® and ®+ = Span{¢y, &, &3}
are invariant under the shape operator A of M, where T,M = D@D+, zeM.

Now let us consider a complex two-plane Grassmannian Go(C™*2) which
consists of all complex 2-dimensional linear subspaces in C™*+2. The situation
for Hopf hypersurfaces in Go(C™*!) with parallel normal Jacobi operator Ry
is not so simple and will be quite different from the cases in HP™.

In this paper the present authors consider a real hypersurface M in the
complex two-plane Grassmannian Go(C™%2) with Lie parallel normal Jacobi
operator, that is, LxRy = 0 for any X € T, M, v € M, where R and N
respectively denote the curvature tensor of the ambient space Ga(C™%?) and
a unit normal vector field of M in Go(C™*2). The curvature tensor R(X,Y)Z
for any vector fields X,Y and Z on G5(C™*2) is explicitly defined in Section
1. Then the normal Jacobi operator Ry for the unit normal vector field N can
be defined from the curvature tensor R(X, N)N by putting Y = Z = N.

The ambient space G2 (C™*2) is known to be the unique compact irreducible
Riemannian symmetric space equipped with both a Kahler structure J and
a quaternionic Kéhler structure J not containing J (See Berndt [2]). From
these two structures J and J, we have geometric conditions naturally induced
on a real hypersurface M in G5(C™*2) such that [¢] = Span {¢} or D+ =
Span {&1, &2, &3} is invariant under the shape operator. By these two conditions,
Berndt and Suh [3] proved the following:

Theorem A. Let M be a connected real hypersurface in Go(C™+2), m > 3.
Then both [£] and D+ are invariant under the shape operator of M if and only

if

(A) M is an open part of a tube around a totally geodesic Go(C™1) in
G2 (C™+2), or

(B) m is even, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in Go(C™*2).

The structure vector field ¢ of a real hypersurface M in Go(C™%2) is said to
be a Reeb vector field. Moreover, the Reeb vector field £ is said to be Hopf if it
is invariant under the shape operator A. The 1-dimensional foliation of M by
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the integral manifolds of the Reeb vector field £ is said to be a Hopf foliation
of M. We say that M is a Hopf hypersurface in Go(C™*?2) if and only if the
Hopf foliation of M is totally geodesic. By the formulas in section 2 it can be
easily checked that M is Hopf if and only if the Reeb vector field £ is Hopf.
The flow generated by the integral curves of the Reeb vector field is said to be
a geodesic Reeb flow if M becomes a Hopf hypersurface in G5 (C™*2).

We say that the Reeb vector field is Killing if the Lie derivative of the Rie-
mannian metric g for M in G5(C™%2) along the Reeb direction vanishes, that
is, L¢g = 0. This means that the Reeb flow is isometric. Using such a notion,
Berndt and Suh [4] proved that a connected orientable real hypersurface in
G2(C™*+?) with isometric Reeb flow becomes an open part of a tube over a
totally geodesic Go(C™T1) in Go(C™*2). In [15], Suh also gave a characteriza-
tion for this kind of hypersurfaces in terms of another geometric Lie invariant.
Namely, he characterized them as the hypersurfaces in G2(C™*?) such that the
shape operator A is invariant under the Reeb flow.

Now by putting a unit normal vector field N into the curvature tensor R of
the ambient space G2(C™%2), the normal Jacobi operator Ry can be defined
in such a way that

RyX = R(X,N)N

for any tangent vector field X on M in Go(C™*+?).

In the paper [8] due to Jeong, Pérez and Suh, we classified real hypersurfaces
in Go(C™*2) with commuting normal Jacobi operator, that is, Ryo¢ = ¢o Ry
or Ry oA = Ao Ry. The fact that the normal Jacobi operator Ry commutes
with the shape operator A (or the structure tensor ¢) of M in Go(C™*2) means
that the eigenspaces of the normal Jacobi operator are invariant under the
shape operator A (or the structure tensor ¢). Also, in [5], Jeong, Kim and Suh
introduced the notion of parallel normal Jacobi operator for real hypersurfaces
M in G5(C™*2). Such an operator is said to be parallel if Vx Ry = 0 for any
tangent vector field X on M. This means that the eigenspaces of the normal
Jacobi operator Ry are parallel along any curve 7 in M. Here the eigenspaces
of the normal Jacobi operator Ry are said to be parallel along ~ if they are
invariant with respect to any parallel displacement along . Using this notion,
they gave a non-existence theorem for Hopf hypersurfaces in G(C™*+?) with
parallel normal Jacobi operator.

Related to such a parallel normal Jacobi operator, in this paper the authors
give a theorem for real hypersurfaces M in Go(C™*2) with Lie parallel normal
Jacobi operator, that is, LxRy = 0 for any X € T, M, x € M. This means

that all the eigenspaces of the normal Jacobi operator Ry are invariant under
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any parallel displacement ¢; generated from the flow ¢; such that ¢ (x) = v(¢)
and v(0) = x for the integral curve v of X in T, M, x € M.

Then the authors prove the following for real hypersurfaces in Go(C™*2)
with Lie parallel normal Jacobi operators:

Theorem 1. Let M be a Hopf real hypersurface in Go(C™*2) with Lie parallel
normal Jacobi operator. If the integral curves of ® and D+ components of the
Reeb vector field & are totally geodesic, then & belongs to either the distribution
D or the distribution D+,

On the other hand, in the paper [6] of Jeong and Suh, we gave non-existence
theorems for real hypersurfaces M in G2 (C™*+2) with Lie &-parallel normal
Jacobi operator, that is, Lc Ry = 0 as follows:

Theorem B. There does not exist any real hypersurface in Go(C™+2) with
LeRy =0 if the Reeb vector field & € D+.

Theorem C. There does not exist any real hypersurface in Go(C™*2) with
LeRn = 0 if the Reeb vector field £ € D.

Then as an application of Theorem 1 to Theorems B and C' the authors can
assert the following:

Theorem 2. There does not exist any Hopf real hypersurface in Go(C™12)
with Lie parallel normal Jacobi operator if the integral curves of ® and ®+
components of the Reeb vector field are totally geodesic.

1. Riemannian geometry of G2 (C™12)

In this section we summarize basic material about Go(C™%2), for details
refer to [2], [3], and [4]. By G2(C™*?) we denote the set of all complex
two-dimensional linear subspaces in C™*2. The special unitary group G =
SU(m + 2) acts transitively on Go(C™*2) with stabilizer isomorphic to K =
S(U(2)xU(m)) C G. The space G2(C™*2) can be identified with the homoge-
neous space G/ K, which we equip with the unique analytic structure for which
the natural action of G on G5(C™%2) becomes analytic. Denote by g and £
the Lie algebra of G and K, respectively, and by m the orthogonal complement
of ¢ in g with respect to the Cartan-Killing form B of g. Then g = ¢t @ m is
an Ad(K)-invariant reductive decomposition of g. We put o = eK and iden-
tify T,G2(C™*2) with m in the usual manner. Since B is negative definite
on g, negative B restricted to m x m yields a positive definite inner product
on m. By Ad(K)-invariance of B this inner product can be extended to a
G-invariant Riemannian metric g on Go(C™*2). In this way G2(C™*2) be-
comes a Riemannian homogeneous space, even a Riemannian symmetric space.
For computational reasons we normalize g such that the maximum sectional
curvature of (Go(C™*2), g) is eight.

When m = 1, Go(C3?) is isometric to the two-dimensional complex projective
space CP? with constant holomorphic sectional curvature eight. When m = 2,
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we note that the isomorphism Spin(6) ~ SU(4) yields an isometry between
G2(C*) and the real Grassmann manifold G5 (R®) of oriented two-dimensional
linear subspaces in R®. From now on, in this paper we will assume m > 3.
The Lie algebra £ has the direct sum decomposition, that is, a Cartan de-
composition
t = su(m) su(2) R,

where R is the center of €. Viewing £ as the holonomy algebra of G5(C™*+2),
the center R induces a Kahler structure J and the su(2)-part a quaternionic
Kihler structure J on Go(C™*+2). If J,, v = 1,2,3, is any almost Hermitian
structure in J, then JJ, = J,J, and JJ, is a symmetric endomorphism with
(JJ,)? =1 and tr(JJ,) = 0.

A canonical local basis Ji, Jo, J3 of J consists of three local almost Hermit-
ian structures J, in J such that J,J, 11 = Jy42 = —Jy4+1J,, where the index v
is taken modulo three. Since J is parallel with respect to the Riemannian con-
nection V of (Go(C™*2), g), there exist for any canonical local basis Ji, Jo, J3
of J three local one-forms ¢1, g2, g3 such that

(1.1) Vxdy = quia(X) i1 — i1 (X) Joso

for all vector fields X on Go(C™*2).
The Riemannian curvature tensor R of Go(C™%2) is locally given by

RX.Y)VZ =gV, 2)X —g(X,2)Y + g(JY,Z)JX
—g(JX,Z2)JY —29(JX,Y)JZ
3
(1.2) + Y {9(LY. 2) 1, X — g(1,X, Z)],Y —2g(J,X,Y)J,Z}
v=1
3
+ Z{g(J,,JY, ), JJX —g(J,JX,Z)],JY},

v=1

where Ji, Jo, J3 is any canonical local basis of J.

2. Some fundamental formulas for real hypersurfaces in G5 (C™12)

Now in this section we want to derive some fundamental formulas which
will be used in the proof of our theorems and the equation of Codazzi for real
hypersurfaces in Go(C™*2) (See [3], [4], [12], [13], and [14]).

Let M be a real hypersurface of Go(C™*2), that is, a submanifold of G5 (C™*2)
with real codimension one. The induced Riemannian metric on M will also be
denoted by g, and V denotes the Riemannian connection of (M, g). Let N be
a local unit normal field of M and A the shape operator of M with respect
to N. The Kihler structure J of Go(C™%2) induces on M an almost contact
metric structure (¢,&,7,g). More explicitly, we can define a tensor field ¢ of
type (1,1), a vector field £ and its dual 1-form 1 on M by g(¢X,Y) = g(JX,Y)
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and n(X) = g(X,€) for any tangent vector fields X and Y on M. Then they
satisfy the following
P°X =-X+n(X)E, ¢¢=0, n(@X)=0 and n() =1

for any tangent vector field X.

Furthermore, let Jy,.Js, J3 be a canonical local basis of J. Then each J,
induces an almost contact metric structure (¢,,&,,1,,9) on M in such a way
that a tensor filed ¢, of type (1,1), a vector field &, and its dual 1-form 7, on
M defined by ¢g(¢,X,Y) = ¢g(J,X,Y) and 0, (X) = g(&,, X) for any tangent
vector fields X and Y on M. Then they also satisfy the following

¢12/X =-X+ nV(X)§> (bugu =0, "7V<¢VX) =0 and "71/(51/) =1

for any vector field X tangent to M and v = 1,2, 3. -
Using the above expression (1.2) for the curvature tensor R of the ambient
space G2(C™*2), the equation of Codazzi becomes

(VxA)Y = (Vy A)X = n(X)pY —n(Y)¢X —29(¢X,Y)¢

3
+) A (X))o Y =0, (V) X —29(, X, V)&, }

+ 3 {m(6X)$, Y — (V)6 X }

+ 5 X )m (6Y) — (V) (6X) }, -

The following identities can be proved in a straightforward method and will be
used frequently in subsequent calculations:

G118 = —Evr2,  Guur1 = g2,
o6 = & m(9X) = n(guX),
v b1 X = P2 X + Mu1(X)Ey,
Pur100 X = =2 X + 0 (X)Ep11.

Now let us note that

(2:2) JX =X + (XN, J,X = 6, X +n,(X)N

(2.1)

for any vector field X tangent to M in Go(C™*?2), where N denotes a unit
normal vector field of M in G2(C™*2). Then from this and the formulas (1.1)
and (2.1) we have that

(2.3) (Vx9)Y =n(Y)AX — g(AX,Y)§, Vx&=9AX,

(2.4) Vx& = qui2(X)&t1 — 1 (X))o + 0L AX,
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(Vx)Y = = qu1(X)dui2Y + qui2(X)pp1Y + 1, (Y)AX
—9(AX,Y)¢E,.
Summing up these formulas, we find the following
Vx(9u€) = Vx (&)
= (Vx9)& + ¢(VxE,)
= qu+2(X) w418 — @1 (X)Pr26 + P dAX
—9(AX, & +n(&)AX.
Moreover, from JJ, = J,J, v =1, 2,3, it follows that

3. Lie parallel normal Jacobi operator

(2.5)

(2.6)

Let M be a real hypersurface in G2 (C™*2) with Lie parallel normal Jacobi
operator, that is, Lx Ry = 0 for any vector field X tangent to M. Then first
of all, we write the normal Jacobi operator Ry, which is given by
(3.1)

Ry(X) = RX,N)N = X +30(X)6 +35°_ n(X)&
=3 {OIOX +n(XON) ~ m(8X) (6,6 + mAEN) }
= X +3(X)E+3Y_ m(XE,

3
= {m©6eX —n(X)6) — m(9X)6.¢ |
where we have used the following
g(JVJN’ N) = —g(JN, JVN) = —9(6,&/) = —771/('5)7
9(JuJX,N) =g(X,JJ,N) = —g(X, J&)
= 7g(X7 QSEV + 77(51/)]\7) = 7g(X7 ¢§V)7
and
JVJN = _Juf = _¢V€ - nu(g)N
Of course, by (2.7) we know that the normal Jacobi operator Ry is a symmetric
endomorphism of T, M, xeM.

Now let us consider the Lie derivative of the normal Jacobi operator along
any direction. Then for any vector fields X and Y tangent to M it is given by

(ﬁxRN)Y = ﬁx(RNY) — RN([,X}/)
(3.2) = [X,RnY] - Ry[X,Y]
= (VxéN)Y — VéNyX + RN(VyX)

where the terms in the right side can be given respectively as follows:

(VxRn)Y = 3(Van)(Y)E +3n(Y)Vx€ +35_ (Van)(V)E,
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3 mVxe - (X0 @) (@Y — ()
+ m(ﬁ){(Vx(buqﬁ) — (Vxn)(Y)&, —n(Y)Vx&}
— (Vxm)(@Y)606 = ((Vx9)Y )bt — 1 (67 ) Vx (98],

ViawyX = Vy X +3n(Y)VeX + 32 Y)Ve, X — Z (E)V ey X
+ Zi W(EN(Y)Ve, X +Z (BY)V,eX
and
Ry(VyX) = VyX +3n(VyX)E + 32 m(Vy X)E,

fZ An(©)(@dVy X —n(Vy X)E) = m(¢Vy X)dué}.

Then by the formulas given in section 2, (3.2) gives the following for a real
hypersurface M in Go(C™*2) with Lie parallel normal Jacobi operator Ry:

(LxRN)Y = 39(0AX,Y)E +3n(Y)pAX + 32 g(p, AX,Y)E,

+3Z Y)p,AX
-3 1[ )(@u0Y —n(Y)E)

+ (6] = 41 (X)Br420Y + gur2(X)dys16Y
+ (Y )AX — g(AX, ¢Y)E,
+n(Y)p, AX — g(AX,Y)d,§ — g(pAX,Y)E,
=) (@r2(X)s1 = a1 (X)sa + 0, AX) |
(3.3) = 9(9,AX, 9Y )& — (Y ), (AX) 9§ + g(AX, Y ), (€)¢u

— (V) {m(EAX — g(AX, )¢, + 6,0AX |

—3n(Y)VeX — 3Zi:1”~(y)vi X
3 (O (Varor X —n(Y)Ve, X) =0, (6Y) Vo, X}
+3n(Vy X)¢ + 32 ., (Vy X)E,

=3 OV X 0Ty X)6) — m(6y X)ou€ |
=0,
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where in the first equality we have used the following formulas

3Zi:1g(qy+2 (X)SV""l - qV—‘rl(X)gu-l-Qa Y)El/
3
+ Szyzan(Y){qVJr?(X)fqul - qy+1(X)§l,+2} =0

and

S et OV )2 (X) 606 — ua(BY Vs (X)E
= (DY) 41 (X) P26 + 1 (BY ) qu42(X) By 41€} = 0.
In particular by putting X = £ in (3.3) we have the following
(LeRN)Y = 3g($AE,Y)E + SZ 9(¢v A&, Y)E,
- 32 Y)p, A€

fZ l )(6u6Y —n(Y)E,)

+ 6] = 011601207 +a12(€) By 110
+77u(¢>Y)A£ 9(AE, 9Y )&y
(Y )0s AL — (A, Y)6,€ — (DAL Y,
= 10)@s2(E)011 — @ri1(€)sz + 6,46)
(3.4) — 9(BUAE BY )0 — (Y )1, (AE) D€ + 9(AE Y 0 (€)1

- nu(¢>Y){77u(£)A£ — 9(A€,0)6, + 6,0A¢ )

- 32 Y)pAE, + 32 o (GAY)E,
3 [ {¢A¢U¢Y n(y )¢>A£y} —m(6Y)0AB, <]

+ Zu:l [77”(5){@143/ —(AY)¢,} — 1, (AY)$,€

+ n(AY)m(f)aﬁyé]
=0,

where in the first equality we have used the second formula of (2.3). From this,
by putting Y = ¢ in (3.4) we have the following

(LeRn)E = 62 (b A&, )6, + 42 £)bu AL
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(3.5) + Z [ )&+ (E){au2(§)& 41 — qy+1(§)£u+2}}

- 42 §)pAE,

=0.

4. Lie parallel normal Jacobi operator
In this section we want to prove the following:

Proposition 4.1. Let M be a Hopf real hypersurface in Go(C™2) with Lie
parallel normal Jacobi operator. If the integral curves of ® and D+ compo-
nents of the Reeb vector field £ are totally geodesic, then £ belongs to either the
distribution ® or the distribution D+.

Proof. When the function a = g(AE, €) identically vanishes, the proposition
was proved directly by Pérez and Suh [11]. Thus we consider only the case
that the function « is non-vanishing in this proof.

By putting A¢ = af into (3.5) we have

(4.1) S m(©)(ad,E — 0Ag,) =0,

where we have used the following formula

S €@ + m(@as2©s — i1 Oso}

Now let us put & = 7(Xo)Xo + 1(&1)€; for some unit X € D and & € DL
Then naturally we know that n(&2) = n(£3) = 0. Hereafter, unless otherwise
stated, let us assume 7(Xo)n(&1) # 0.
Then (4.1) reduces to

ap1§ — A& = 0.
From this, by taking the structure tensor ¢ and also using that £ is principal,
we have

(42) Agl = 0451 and AXO = O[Xo.
Then putting X = Xy and Y = ¢ into (3.3) and using (4.2) gives
0= (Lx,Rn)¢

= 306X, + 3aZ 9(60X0,€)&, + 3ami (£)¢1 Xo
+m(§ ){QB(XO)& — q2(X0)&} — 3VeXo — 4m(§) Ve, Xo

+3n(VeXo)é + 32 (VeXo)&y = m(€)$16VeXo
+m(E)n(VeXo)ér + Z M (PVeXo)do €,

where we have used

Xo(m ()& = 9(Vx,&1,)& + 9(&1, Vx )
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= 9(¢1AX0,&)&1 + 9(61, 9AX0)&1

= —ag(Xo, $1£)&1 — ag(¢1€, Xo)&1

= —2ag(Xo, ¢1(n(Xo)Xo + n(£1)¢1))

= —2an(Xo)g(Xo, $1Xo0)

=0.
From this, together with (2.3) and (2.4), and using ¢Xo € D, Ve Xy € ® and
n(VeXo) = 0, we have

0= (Lx,Rn)E
= 3a(pXo + m(§)$1Xo) +n1(§){a3(X0)&2 — q2(X0)E3}
(43) —3VeXo — 41 (§) Ve, Xo — m(§)916VeXo

30 VX0t
because we know the following
g(qungV) = _g(X(h(bgu) = _g(X07¢V§) =0,

N(VeXo) = 9(VeXo, &) = g(VeXo,n(Xo)Xo +n(&1)€1) =0
and

9(VeXo,6) = —9(Xo, V&)

= _ag(X07 ¢V§)
= —ag(Xo, ¢&,)
= ag(¢Xo, &)
=0
for any v =1,2,3.
On the other hand, we know that
(4.4) V& Xo €D,

because

g(v&Xvau) = *Q(Xo,V§1§y)
= —9(Xo0, @u12(§1)&+1 — @4+1(§1)E42 + DL ALL)
= —ag(Xo, pu&1)

=0.
Moreover, the following formulas hold
(4.5) 9(pVeXo,&2) =0 and g(¢VeXo,&3) =0.

In fact, differentiating g(¢Xo, &2) = 0 gives

0=9((Vep)Xo, &) + g(dVeXo,&2) + (¢ X0, Ve&a)
= g(¢VeXo,&2) + ag(dXo, p62)
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= 9(¢VeXo,&2)
and similarly the latter term comes from g(¢Xy,&3) = 0.
By taking the inner product (4.3) with &3, and using the facts that ¢X,
$1Xo, VeXo and V¢, X belong to the distribution ©, we have
0=—m(£)q2(Xo) — m(§)g($16VeXo,&3) + m(dVeXo)g(h1€,&3)
= —m(§)g2(Xo).

Similarly, by taking the inner product with &, to (4.3), we have the following
relations

(4.6) g2(Xo) =0 and g¢3(Xo) =0

under the assumption of 71 (§)#0. Then (4.4), (4.5) and (4.6) give
0= (Lx,Rn)E

(4.7 = 3a(pXo + 1 (§)$1X0) —3VeXo — 4n1(£) Ve, Xo

—m(§)P10VeXo +1m(pVeXo) €.

On the other hand, by the assumption of M being Hopf and using (4.2), we
have

Vel = ¢A¢
= pA(n(Xo)Xo + n(&1)&1)
= a(n(Xo)$Xo + n(&1)n(Xo)P1Xo)
= an(Xo)(¢Xo +n(&1)p1Xo)
=0.
Consequently, we see
(4.8) ¢Xo +n(&1)p1 X0 = 0.

from the assumption of o # 0 and n(Xy) # 0.
Substituting (4.8) into (4.7), we have

0= (Lx,Rn)E
= —3VeXo — 41 (§)Ve, Xo — m(§)916VeXo + 1m1(¢VeXo)h1§.
Now, by applying the operator ¢, to (4.8) we have
(4.9) $190Xo = 1(£1)Xo-

Then by differentiating (4.9) along the direction of the Reeb vector field ¢ and
using (2.1), (2.3), (2.4), (2.5) and (4.8), we have

(4.10) q2(&)N(&1)P2Xo + q3(§)n(&1)P3Xo + 910V Xo = n(£1) Ve Xo.

By taking the inner product (4.10) with & and &3 respectively and using the
fact that V¢ Xo, ¢, X0 € D, v =1,2,3, we have the following respectively

(4.11) 9(VeXo,93X0) =0 and g(VeXo, p2Xo) = 0.
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On the other hand, the assumption that ®-component of £ is totally geo-
desic and (4.2) give

(4.12) q2(§1) = g3(&1) = 0.

Let us differentiate the formula (4.9) along the direction of &. Then by virtue
of the formulas (2.3), (2.4), (2.5) and (4.12), we have

(4.13) P16Ve, Xo = n(61)Ve, Xo -

On the other hand, by taking the inner product (4.10) with ¢2Xo, ¢3Xo
respectively and using (2.1), (2.7) and (4.11) respectively we have

(4.14) ©(6) =0 and  g(¢) = 0.
Then (4.10) implies that
(4.15) $196VeXo = (1) Ve Xo.

Moreover, by differentiating (4.8) along the direction of £ and using (2.3), (2.4),
(2.5) and (4.14), we have

¢VeXo = an (§)n(Xo)&r — m(§)d1 Ve Xo.
From this, by applying ¢ and using (4.15) we have
(4.16) VeXo = —an(§1)é1 Xo.

Now differentiating (4.8) along the direction & and using (2.3) and (2.5), we
have

an(Xo)é1 + Ve, Xo = —n1(§)91 Ve, Xo.
Similarly, by applying ¢ to above equation and using (4.13) we have
(417) V&Xo = Oé(leo.
Then (4.16) and (4.17) give
(4.18) VeXo = —n(&1) Ve, Xo.
On the other hand, we know that
VeXo = Vi(Xo) Xo+n(&1)€1 X0
(4.19) = n(X0)Vx,Xo +1(£1)Ve, Xo
= n(&l)V&XO»

because the ®-component of the Reeb vector field £ is totally geodesic. From
(4.18) and (4.19) we see that 1(&)Ve, Xo = 0. This means that V¢, Xo =
0. From this together with (4.17), it follows that ¢1Xo = 0. This gives a
contradiction. So we only have £ € ® or £ € D+, O
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5. Lie parallel normal Jacobi operator for £ € ®+

In order to give a complete proof of Theorem 2, first we consider the case that
the Reeb vector field ¢ belongs to the distribution ®+. Now in this direction
we introduce some lemmas given in Jeong and Suh [6] as follows:

Lemma 5.A. Let M be a real hypersurface in Go(C™%2) satisfying Lie &-
parallel normal Jacobi operator and &€ € D+. Then Af = of + BU, where U is
a unit vector field orthogonal to & and belongs to ©.

Moreover, from Lemma 5.A, they proved the following lemmas:

Lemma 5.B. Let M be a real hypersurface in Go(C™T2) satisfying Lie &-
parallel normal Jacobi operator and € € D+. Then (3 identically vanishes, that
is, the Reeb vector field £ is principal.

Lemma 5.C. Let M be a real hypersurface in Go(C™12) satisfying Lie &-
parallel normal Jacobi operator and & € ®+. Then g(AD,D+) = 0.

From these lemmas we assert:

Lemma 5.1. Let M be a real hypersurface in Go(C™2) satisfying Lie parallel
normal Jacobi operator and & € ©L. Then the Reeb vector & is principal and
g(AD,D+) =0.

Before going to give our proof of Theorem 2 in the introduction, let us check
“What kind of model hypersurfaces given in Theorem A satisfy Lie parallel
normal Jacobi operator.” In other words, it will be an interesting problem
to know whether there exist real hypersurfaces in Ga(C™%2) satisfying the
condition Lx Ry =0 for £ € D+,

Then by virtue of Lemmas 5.1, we are able to recall the proposition given by
Berndt and Suh [3] as follows:
For a tube of type (A) in Theorem A we have the following:

Proposition A. Let M be a connected real hypersurface of Go(C™+2). Sup-
pose that AD C D, A = af, and € is tangent to D+. Let J, € J be the almost
Hermitian structure such that JN = JyN. Then M has three (if r = 7r/2\/§)
or four (otherwise) distinct constant principal curvatures

a = V8cot(V8r), B=+v2cot(vV2r), A= —V2tan(v2r), p=0
with some r € (0,7/v/8). The corresponding multiplicities are
m(a) = 1, m(B) =2, m(A) = 2m — 2 = m(u),
and the corresponding eigenspaces we have
T, = R¢ = RJN = R¢y,
Ts = Ct¢ = CEN = REORE,
T\ ={X|X1H¢, JX = 1 X},
T, ={X|X1H{ JX = -] X},
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where RE, CE and HE respectively denotes real, complex and quaternionic span
of the structure vector & and C+¢ denotes the orthogonal complement of C£ in
HE.

In the proof of Lemma 5.C (See Section 4 in [6]) we have asserted that
Aéy = 0 and A& = 0. But the principal curvature 8 = v/2cot(v/2r) given in
Proposition A is never vanishing for any » € (0,7%). So this gives a contra-

diction. Accordingly, we completed the proof of our Theorem 2 for the case
£eDt.

6. Lie parallel normal Jacobi operator for £ € ©

Next we consider the case that the Reeb vector field £ belongs to the dis-
tribution ®. Then in this section we introduce the following lemmas due to
Jeong and Suh [6] for hypersurfaces in Go(C™*?2) with Lie &-parallel normal
Jacobi operator.

Lemma 6.A. Let M be a real hypersurface in Go(C™%2) satisfying Lie &-
parallel normal Jacobi operator and & € . Then the Reeb vector & is principal.

Then by using Lemma 6.A, Jeong and Suh [6] also verified the following:

Lemma 6.B. Let M be a real hypersurface in Go(C™T2) satisfying Lie &-
parallel normal Jacobi operator and ¢ € ®. Then g(AD,D+) = 0.

By virtue of these Lemmas 6.A and 6.B we have

Lemma 6.C. Let M be a real hypersurface in Go(C™12) satisfying Lie parallel
normal Jacobi operator and & € ©. Then the Reeb vector field £ is principal
and g(AD,D+) = 0.

From this Lemma 6.1, together with Theorem A due to Berndt and Suh
[3], we have that M is locally a tube over a totally geodesic and totally real
quaternionic projective space HP™, m = 2n. So for the geometrical structure
of such a tube we recall the following proposition.

Proposition B. Let M be a connected real hypersurface of Go(C™+2). Sup-
pose that AD C D, A = a&, and & is tangent to ©. Then the quaternionic
dimension m of Go(C™*2) is even, say m = 2n, and M has five distinct con-
stant principal curvatures

a = —2tan(2r), B =2cot(2r), v =0, A =cot(r), u = —tan(r)
with some r € (0,7/4). The corresponding multiplicities are
m(a) =1, m(B) =3 =m(y), m(A) =4n —4 = m(u)
and the corresponding eigenspaces are
To =RE T =3JE T, =3¢, T, Ty,

where
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Now, using the assumption that M is Hopf in (3.4), we have the following

(LeRN)Y
= 4042 9(6,6, V), + 4a2 V)&
- 32 Y)pAE, + 32 1 (AY)E,

3 { ) (6ADySY — (Y )¢A§y)—ny(¢Y)¢A¢ug}

30 O 6,AY — an(¥)00€) = (A )06 + n(AY I (€)0€ |
=0.

Moreover, using the fact that the Reeb vector field £ belongs to the distribution
D, we have

(LeRn)Y = 4az 9(¢,,Y)E + 4az V)¢, &

(6.1) —~ 32 Y)pAE, + 32 o (PAY)E,
- Z V(Y )pAG,E — Z 1, (AY)$,€

forany Y € T,M, z € M.
Let us construct a sub-distribution © of the distribution ® in such a way
that
€] &Do =12,
where [¢] denotes an one-dimensional vector subspace spanned by the Reeb
vector field £. Then Dy becomes Dy = {Y € D |Y LE}. Here, if we substitute
any Y € Do in (6.1) and use £ € D, the left side of (6.1) becomes

(LeRN)Y = 4az 9(6.6,Y)E + 32 . (pAY)E,

—Z V(BY)pAG,E — Z 1y (AY)g,€.

From this, putting ¥ = ¢,§ € T, and using A¢,§ = O7 w=1,2,3, given in
Proposition B, it becomes

(LeRN)§E, = 40k,

From this, with the assumption of £§RN = 0, we have a = 0. But the principal
curvature o = —2tan(2r) in Proposition B never vanishes for r € (0, 7). This
gives a contradiction for the case £ € ©. Accordingly, we complete the proof
of our Theorem 2 for £ € ® in the introduction.
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