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SPATIAL BEHAVIOR OF SOLUTION

FOR THE STOKES FLOW EQUATION

Yan Liu, Wenhui Liao, and Changhao Lin

Abstract. In this paper, the equation of the transient Stokes flow of
an incompressible viscous fluid is studied. Growth and decay estimates
are established associating some appropriate cross sectional line and area

integral measures. The method of the proof is based on a first-order
differential inequality leading to an alternative of Phragmén-Lindelöf type
in terms of an area measure of the amplitude in question. In the case of

decay, we also indicate how to bound the total energy.

1. Introduction

In 1960-1980’s, principle of Saint-Venant type used to be one of the most
popular subjects of applied mathematics and mechanics. A great number of
investigation results have expanded enormously the classical Saint-Venant prin-
ciple. A review of recent work on Saint-Venant’s principle is given in the work
of Horgan and Knowles [6], and has been periodically updated by Horgan [3],
[4]. A common feature of Saint-Venant type theorems is to establish the ex-
ponential decay estimates of energy with axial distance from the near end of a
semi-infinite strip or cylinder.

Knowles [9] established exponential decay estimates for solution of the bi-
harmonic equation in his study of Saint-Venant’s principle in plane isotropic
elastostatics for bounded, simply connected domain of general shape. Since
then, many authors have investigated the same problems in a semi-infinite strip
(see [5], [3] and the references cited therein). Their common goal has been to
try to establish an energy decay results. It is well known that another inter-
prelation for the biharmonic equation in the plane is that of the stream function
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in two dimensional Stokes flow, hence the results of the Saint-Venant’s princi-
ple in plane elastostatics are also relevant to the study of the spatial evolution
of stationary stokes flows in a semi-infinite paralled plate channel. Numerous
authors have dealt with Saint-Venant type decay estimate for solutions of the
biharmonic equations in a semi-infinite channel in R2, we mention in particular
the papers of Flavin [1], Horgan [5], Knowles [8] and Flavin et al. [2]. In a
paper [10], Lin has established energy decay estimates for solutions of the plane
Stokes flow in a semi-infinite channel, subject to nonzero boundary conditions
on the end only. Such estimates yielding an exponential decay of energy with
axial distance from the end are based on differential inequality techniques de-
veloped by Knowles [9], and Horgan and Knowles [6] in their investigations
of Saint-Venant’s principle in classical elasticity theory. Recently, Song [13]
investigated the same time-dependent Stokes flow problem and obtained an
analogous result with an improved decay rate. The papers concerning with
biharmonic equations may be viewed as a version of Saint-Venant’s principle
in steady state or transient stokes flow, but common to all was the assumption
that the solution must satisfy some a priori decay criterion at infinity. One
would like to remove this a priori restriction. One way to do this is to derive
an appropriate Phragmén-Lindelöf alternative.

The classical Phragmén-Lindelöf theorem states that harmonic function whi-
ch vanish on the cylindrical surface must either grow exponential or decay ex-
ponential with distance from the finite end of the cylinder. Phragmén-Lindelöf
type alternative results for harmonic functions were obtained by Horgan et al.
[7] under non-linear boundary conditions on the lateral surface of a semi-infinite
cylinder. Particularly, Payne et al. [12] established the Phragmén-Lindelöf
type results in three type special domains in R2. Additional references for
Phragmén-Lindelöf type results may be found in [11] and [4] therein.

In this paper, we investigate the spatial behaviour for the equation of the
transient Stokes flow of an incompressible viscous fluid. We use a stream func-
tion to transform the equation to a biharmonic equation, unlike many other
papers deal with the biharmonic equation, our method of the proof is based on
a first-order differential inequality not the second-order differential inequality.
In the next section we will formulate the initial and boundary value problem
that serves as the basis for our analysis. Section 3 is devoted to deriving the
Phragmén-Lindelöf type alternative results. In the final section we will indicate
how to bound the total energy.

In the present paper, the comma is used to indicate partial differentiation
and the differentiation with respect to the direction xk is denoted as , k, thus
u,α denotes ∂u

∂xα
, and u,t denotes ∂u

∂t . The usual summation convection is
employed with repeated Greek subscripts α summed from 1 to 2. Hence, uα,α =∑2

α=1
∂uα

∂xα
.
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2. Basic equation

We consider the time-dependent Stokes equations governing the transient
slow flow of an incompressible slow viscous fluid on an unbounded region Ω0

defined by

Ω0 := {(x1, x2) | x1 > 0, 0 < x2 < h},(2.1)

where h is a fixed constant, and we introduce the notation

Lz = {(x1, x2) | x1 = z ≥ 0, 0 ≤ x2 ≤ h}.(2.2)

The velocity field vα(x1, x2, t) and the pressure p(x1, x2, t) (α=1,2) for the
transient Stokes flow of an incompressible viscous fluid are to be classical solu-
tions of the initial-boundary value problem:

vα,t = ν∆vα − p,α in Ω0 × [0,∞),(2.3)

vα,α = 0 in Ω0 × [0,∞),(2.4)

vα(x1, 0, t) = vα(x1, h, t) = 0 α = 1, 2,(2.5)

vα(0, x2, t) = fα(x2, t) α = 1, 2.(2.6)

vα(x1, x2, 0) = 0 (x1, x2) ∈ Ω0,(2.7)

where ∆ is the two dimensional Laplace operator and ν is the constant kine-
matic viscosity. The functions fα(x2, t) are assumed to satisfy the compatibility
fα(0, t) = fα(h, t) = 0. For simplicity, it is assumed that

∫
L0
f1dx2 = 0 for all

t > 0.
In order to eliminate the pressure term p,α, we introduce the stream function

u(x1, x2, t) such that

v1 = u,2, v2 = −u,1.(2.8)

So the equations (2.2)-(2.6) are transformed into the following fourth order
initial-boundary value problem:

∆2u = (∆u),t in Ω0,(2.9)

u(x1, 0, t) = un(x1, 0, t) = 0 x1 > 0, t > 0,(2.10)

u(x1, h, t) = un(x1, h, t) = 0 x1 > 0, t > 0,(2.11)

u(0, x2, t) = g1(x2, t) =

∫ x2

0

f1(s, t)ds 0 ≤ x2 ≤ h, t > 0,(2.12)

u,1(0, x2, t) = g2(x2, t) = −f2(x2, t) 0 ≤ x2 ≤ h, t > 0,(2.13)

u,α(x1, x2, 0) = 0 x1 > 0, 0 < x2 < h,(2.14)

where we make no assumption on u as x1 → ∞. Here ∆ is the harmonic oper-
ator, and ∆2 is the biharmonic operator, un is the outward normal derivative,
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and we adapt the standard notations, i.e., u,i =
ϑu
ϑxi

, u,t = ϑu
ϑt . The differen-

tiable functions g1 and g2 are prescribed and assumed to satisfy appropriate
compatibility conditions: g1(0, t) = g1(h, t) = g2(0, t) = g2(h, t) = g

′

1(0, t) =

g
′

1(h, t) = 0, where g
′

1 denotes the partial differentiation with respect to x2.
We define energy expressions of the forms:

E1(z, t) = 2

∫ t

0

∫ z

z1

∫
Lξ

u,αηu,αηdAdη +

∫ z

z1

∫
Lξ

u,αβu,αβdA|η=t

+ 2

∫ t

0

∫ z

z1

∫
Lξ

u,1αβu,1αβdAdη +

∫ z

z1

∫
Lξ

u,1αu,1αdA|η=t,(2.15)

(2.16) E2(z, t) =
1

2

∫ z

0

∫
Lξ

u,αβu,αβdA|η=t +
1

2

∫ z

0

∫
Lξ

u,1αu,1αdA|η=t,

where we use the summation convention on repeated indices and the Greek
subscripts range over 1, 2. Our purpose is to determine the alternative that
either E1(z, t) grows exponentially or E2(z, t) decays exponentially as z → ∞.

We start our analysis by the following identity. On using the divergence
theorem and the initial-boundary conditions (2.10)-(2.14), it leads to

0 =

∫ t

0

∫ z

0

∫
Lξ

u,η(∆u,η −∆2u)dAdη

= −
∫ t

0

∫ z

0

∫
Lξ

u,αηu,αηdAdη +

∫ t

0

∫
Lz

u,ηu,1ηdx2dη

−
∫ t

0

∫
L0

u,ηu,1ηdx2dη +

∫ t

0

∫ z

0

∫
Lξ

u,αηu,αββdAdη

−
∫ t

0

∫
Lz

u,ηu,1ββdx2dη +

∫ t

0

∫
L0

u,ηu,1ββdx2dη

= −
∫ t

0

∫ z

0

∫
Lξ

u,αηu,αηdAdη +

∫ t

0

∫
Lz

u,ηu,1ηdx2dη(2.17)

−
∫ t

0

∫
L0

u,ηu,1ηdx2dη −
∫ t

0

∫ z

0

∫
Lξ

u,αβηu,αβdAdη

+

∫ t

0

∫
Lz

u,αηu,1αdx2dη −
∫ t

0

∫
L0

u,αηu,1αdx2dη

−
∫ t

0

∫
Lz

u,ηu,1ββdx2dη +

∫ t

0

∫
L0

u,ηu,1ββdx2dη.

From (2.17), we define

ϕ1(z, t) = −
∫ t

0

∫
Lz

(u,ηu,1η + u,αηu,1α − u,ηu,1ββ)dx2dη
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= −
∫ t

0

∫ z

0

∫
Lξ

u,αηu,αηdAdη −
1

2

∫ z

0

∫
Lξ

u,αβu,αβdA|η=t + ϕ1(0, t).(2.18)

Deriving as (2.17), we obtain

0 =

∫ t

0

∫ z

0

∫
Lξ

u,11(∆u,η −∆2u)dAdη

= −
∫ t

0

∫ z

0

∫
Lξ

u,1αβu,1αβdAdη −
1

2

∫ z

0

∫
Lξ

u,1αu,1αdA|η=t(2.19)

+

∫ t

0

∫
Lz

(u,ααu,αα1 + u,12u,2η)dx2dη

−
∫ t

0

∫
L0

(u,ααu,αα1 + u,12u,2η)dx2dη.

From (2.19), we define

ϕ2(z, t) = −
∫ t

0

∫
Lz

(u,ααu,1αα + u,12u,2η)dx2dη

(2.20)

= −
∫ t

0

∫ z

0

∫
Lξ

u,1αβu,1αβdAdη −
1

2

∫ z

0

∫
Lξ

u,1αu,1αdA|η=t + ϕ2(0, t).

We now introduce the function

ϕ(z, t) = ϕ1(z, t) + ϕ2(z, t)

(2.21)

= −
∫ t

0

∫
Lz

(u,ηu,1η + u,αηu,1α − u,ηu,1ββ)dx2dη

−
∫ t

0

∫
Lz

(u,ααu,1αα + u,12u,2η)dx2dη

= −
∫ t

0

∫ z

0

∫
Lξ

u,αηu,αηdAdη −
1

2

∫ z

0

∫
Lξ

u,αβu,αβdA|η=t + ϕ1(0, t)

−
∫ t

0

∫ z

0

∫
Lξ

u,1αβu,1αβdAdη −
1

2

∫ z

0

∫
Lξ

u,1αu,1αdA|η=t + ϕ2(0, t).

Obviously, from the definition of ϕ(z, t), we obtain

∂

∂z
ϕ(z, t) ≤ 0.(2.22)

From the definition of (2.21), we also have for arbitrary z > z0 ≥ 0,

ϕ(z, t)− ϕ(z0, t) = −
∫ t

0

∫ z

z0

∫
Lξ

u,αηu,αηdAdη −
1

2

∫ z

z0

∫
Lξ

u,αβu,αβdA|η=t
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−
∫ t

0

∫ z

z0

∫
Lξ

u,1αβu,1αβdAdη −
1

2

∫ z

z0

∫
Lξ

u,1αu,1αdA|η=t.(2.23)

From (2.23), we can see that if ϕ(z, t) −→ 0 as z −→ ∞, then

ϕ(z, t) =

∫ t

0

∫ ∞

z

∫
Lξ

u,αηu,αηdAdη +
1

2

∫ ∞

z

∫
Lξ

u,αβu,αβdA|η=t

+

∫ t

0

∫ ∞

z

∫
Lξ

u,1αβu,1αβdAdη +
1

2

∫ ∞

z

∫
Lξ

u,1αu,1αdA|η=t.(2.24)

On the other hand, if −ϕ(z, t) is unbounded below by a positive number
χ(z, t), then ∫ t

0

∫ z

0

∫
Lξ

u,αηu,αηdAdη +
1

2

∫ z

0

∫
Lξ

u,αβu,αβdA|η=t

+

∫ t

0

∫ z

0

∫
Lξ

u,1αβu,1αβdAdη +
1

2

∫ z

0

∫
Lξ

u,1αu,1αdA|η=t

≥ χ(z, t) + ϕ(0, t).(2.25)

In the following part, we will use the following inequality: Clearly, we know,
for u(z, 0, t) = 0, we have

u(z, x2, t) =

∫ x2

0

u,s(z, s, t)ds,

thus, using Schwarz’s inequality, we easily find that∫
Lz

u2dx2 ≤ h2
∫
Lz

u2,2dx2.(2.26)

3. Phragmén-Lindelöf type alternative results

In this part, we’ll use the technique which was used by Lin and Payne in
[11]. For t > 0, let t̃ be a value of time between 0 and t, at which function

m(z, t) =
1

2

∫
Lz

u,αβu,αβdx2|η=t +
1

2

∫
Lz

u,1αu,1αdx2|η=t

gains its maximum value, i.e.,

m(z, t̃) =
1

2

∫
Lz

u,αβu,αβdx2|η=t̃ +
1

2

∫
Lz

u,1αu,1αdx2|η=t̃

= max
0≤s≤t

{
1

2

∫
Lz

u,αβu,αβdx2|η=s +
1

2

∫
Lz

u,1αu,1αdx2|η=s

}
.(3.1)

We now define

t∗ = lim
Z→∞

{
sup

0≤z≤Z
t̃(z)

}
.(3.2)
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Following the same procedure as in producing t∗, we can also define 0 ≤
t∗1 ≤ t, 0 ≤ t∗2 ≤ t such that

m1(z, t̃1) =
1

2

∫
Lz

u,αβu,αβdx2|η=t̃1
= max

0≤s≤t

{
1

2

∫
Lz

u,αβu,αβdx2|η=s

}
,(3.3)

m2(z, t̃2) =
1

2

∫
Lz

u,1αu,1αdx2|η=t̃2
= max

0≤s≤t

{
1

2

∫
Lz

u,1αu,1αdx2|η=s

}
.(3.4)

We also define

t∗1 = lim
Z→∞

{
sup

0≤z≤Z
t̃1(z)

}
,

and

t∗2 = lim
Z→∞

{
sup

0≤z≤Z
t̃2(z)

}
.

From the definitions of m1(z, t̃1), m2(z, t̃2) m(z, t̃) and t∗1, t
∗
2, we can easily

get

(3.5) m2(z, t
∗
2) ≤ m1(z, t

∗
1) ≤ m(z, t∗).

Now, we write

ϕ(z, t∗)=−
∫ t∗

0

∫ z

z0

∫
Lξ

u,αηu,αηdAdη−
1

2

∫ z

z0

∫
Lξ

u,αβu,αβdA|η=t∗

(3.6)

−
∫ t∗

0

∫ z

z0

∫
Lξ

u,1αβu,1αβdAdη−
1

2

∫ z

z0

∫
Lξ

u,1αu,1αdA|η=t∗+ ϕ(z0, t
∗).

From (2.21), we can get

|ϕ(z, t∗)| ≤
∣∣∣∫ t∗

0

∫
Lz

(u,ηu,1η + u,αηu,1α − u,ηu,1ββ)dx2dη
∣∣∣(3.7)

+
∣∣∣∫ t∗

0

∫
Lz

(u,ααu,1αα + u,12u,2η)dx2dη
∣∣∣.

Making use of Schwarz’s inequality, inequality (2.26), and Young’s inequality,
it yields ∣∣∣∫ t∗

0

∫
Lz

u,ηu,1ηdx2dη
∣∣∣(3.8)

≤ h

[
ε1
2

∫ t∗

0

∫
Lz

u,2ηu,2ηdx2dη +
1

2ε1

∫ t∗

0

∫
Lz

u,1ηu,1ηdx2dη

]
,

∣∣∣∫ t∗

0

∫
Lz

u,αηu,1αdx2dη
∣∣∣(3.9)
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≤ ε2
2

∫ t∗

0

∫
Lz

u,αηu,αηdx2dη +
1

2ε2

∫ t∗

0

∫
Lz

u,1αu,1αdx2dη

≤ ε2
2

∫ t∗

0

∫
Lz

u,αηu,αηdx2dη +
1

2ε2
t∗
∫
Lz

u,1αu,1αdx2|η=t∗2

≤ ε2
2

∫ t∗

0

∫
Lz

u,αηu,αηdx2dη +
1

2ε2
t∗
∫
Lz

u,αβu,αβdx2|η=t∗1
,

∣∣∣∫ t∗

0

∫
Lz

u,ηu,1ααdx2dη
∣∣∣(3.10)

≤ h

[
ε3
2

∫ t∗

0

∫
Lz

u,2ηu,2ηdx2dη +
1

2ε3

∫ t∗

0

∫
Lz

u,1ααu,1ββdx2dη

]

≤ h

[
ε3
2

∫ t∗

0

∫
Lz

u,2ηu,2ηdx2dη +
1

2ε3

∫ t∗

0

∫
Lz

u,1αβu,1αβdx2dη

]
,

∣∣∣∫ t∗

0

∫
Lz

u,ααu,1ααdx2dη
∣∣∣(3.11)

≤ ε4
2

∫ t∗

0

∫
Lz

u,ααu,ββdx2dη +
1

2ε4

∫ t∗

0

∫
Lz

u,αα1u,αα1dx2dη

≤ ε4
2
t∗
∫
Lz

u,ααu,ββdx2|η=t∗1
+

1

2ε4

∫ t∗

0

∫
Lz

u,αα1u,ββ1dx2dη

≤ ε4
2
t∗
∫
Lz

u,αβu,αβdx2|η=t∗1
+

1

2ε4

∫ t∗

0

∫
Lz

u,1αβu,1αβdx2dη,∣∣∣∫ t∗

0

∫
Lz

u,12u,2ηdx2dη|(3.12)

≤ ε5
2

∫ t∗

0

∫
Lz

u,12u,12dx2dη +
1

2ε5

∫ t∗

0

∫
Lz

u,2ηu,2ηdx2dη

≤ ε5
2
t∗
∫
Lz

u,αβu,αβdx2|η=t∗1
+

1

2ε5

∫ t∗

0

∫
Lz

u,2ηu,2ηdx2dη

≤ ε5
2
t∗
∫
Lz

u,αβu,αβdx2|η=t∗1
+

1

2ε5

∫ t∗

0

∫
Lz

u,2ηu,2ηdx2dη.

If we choose ε1 =
√
2
2 , ε2 = 1, ε3 =

√
2
2 , ε4 = 1, ε5 = 1, by combining (3.5) and

(3.7)-(3.12), we obtain

|ϕ(z, t∗)| ≤
(
3

2
t∗ + k

)(
−∂ϕ(z, t

∗)

∂z

)
,(3.13)

where k =
√
2
2 h+ 1.
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We may write (3.13) as two inequalities:

−∂ϕ(z, t
∗)

∂z
≥ −ϕ(z, t∗)

3
2 t

∗ + k
,(3.14)

and

−∂ϕ(z, t
∗)

∂z
≥ ϕ(z, t∗)

3
2 t

∗ + k
.(3.15)

The following discussion will be divided into two cases.
Case 1: If there exists a point (z1, t

∗) such that −ϕ(z1, t∗) > 0, then for all
z > z1, −ϕ(z, t∗) > 0. An integration of (3.14) leads to

−ϕ(z, t∗) ≥ −ϕ(z1, t∗) exp
(
z − z1
3
2 t

∗ + k

)
.(3.16)

Case 2: If there doesn’t exist a point (z1, t
∗) such that −ϕ(z1, t∗) > 0, then

for all z ≥ 0, ϕ(z, t∗) ≥ 0. We have, from (3.15),

ϕ(z, t∗) ≤ ϕ(0, t∗) exp

(
−z

3
2 t

∗ + k

)
.(3.17)

From (3.16), we can get lim
z→∞

(−ϕ(z, t∗)) = ∞, that is to say for z large

enough, we can get

−ϕ(z, t∗) ≥ −2ϕ(z1, t
∗).

From (3.6), we get

−ϕ(z, t∗) ≤ 2

∫ t∗

0

∫ z

z1

∫
Lξ

u,αηu,αηdAdη +

∫ z

z1

∫
Lξ

u,αβu,αβdA|η=t∗

+ 2

∫ t∗

0

∫ z

z1

∫
Lξ

u,1αβu,1αβdAdη +

∫ z

z1

∫
Lξ

u,1αu,1αdA|η=t∗

= E1(z, t
∗).(3.18)

Combining (3.16) and (3.18), we obtain

lim
z→∞

exp

(
z1 − z
3
2 t

∗ + k

)
E1(z, t

∗) ≥ −ϕ(z, t∗).(3.19)

Clearly, if lim
z→∞

ϕ(z, t∗) = 0, we can easily get from (3.6) that

ϕ(z, t∗) =

∫ t∗

0

∫ ∞

z

∫
Lξ

u,αηu,αηdAdη +
1

2

∫ ∞

z

∫
Lξ

u,αβu,αβdA|η=t∗

+

∫ t∗

0

∫ ∞

z

∫
Lξ

u,1αβu,1αβdAdη +
1

2

∫ ∞

z

∫
Lξ

u,1αu,1αdA|η=t∗ .(3.20)
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We have

E2(z, t
∗) =

1

2

∫ ∞

z

∫
Lξ

u,αβu,αβdA|η=t∗ +
1

2

∫ ∞

z

∫
Lξ

u,1αu,1αdA|η=t∗

≤ ϕ(z, t∗).(3.21)

Summarizing all the results above, we conclude the following theorem:

Theorem 1. If u is a solution of the initial boundary value problem (2.9)-
(2.14), then, either

lim
z−→∞

exp

(
z1 − z
3
2 t

∗ + k
E1(z, t

∗)

)
≥ −ϕ(z1, t∗),(3.22)

is satisfied, or the “energy” function E2(z, t) satisfies the estimates

E2(z, t) ≤ E2(z, t
∗) ≤ ϕ(z, t∗) ≤ ϕ(0, t∗) exp

[(
− 1

3
2 t

∗ + k

)
z

]
≤ ϕ(0, t∗) exp

[(
− 1

3
2 t+ k

)
z

]
,(3.23)

where t∗ is a value (see (3.2)) belonging to (0, t].

4. Upper bound for the total energy

We now show how a explicit bound can be determined for ϕ(0, t∗) which
occurred in (3.23).

Under the case of decay, we define

F (z, t∗) = ϕ(z, t∗)

=

∫ t∗

0

∫ ∞

z

∫
Lξ

u,αηu,αηdAdη +
1

2

∫ ∞

z

∫
Lξ

u,αβu,αβdA|η=t∗

+

∫ t∗

0

∫ ∞

z

∫
Lξ

u,1αβu,1αβdAdη +
1

2

∫ ∞

z

∫
Lξ

u,1αu,1αdA|η=t∗ .(4.1)

If we define

F (z, t∗) = F1(z, t
∗) + F2(z, t

∗),(4.2)

where

F1(z, t
∗) =

∫ t∗

0

∫ ∞

z

∫
Lξ

u,αηu,αηdAdη +
1

2

∫ ∞

z

∫
Lξ

u,αβu,αβdA|η=t∗ ,

F2(z, t
∗) =

∫ t∗

0

∫ ∞

z

∫
Lξ

u,1αβu,1αβdAdη +
1

2

∫ ∞

z

∫
Lξ

u,1αu,1αdA|η=t∗ ,

and

Fu(z, t
∗) = F1(z, t

∗),(4.3)
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Fw(z, t
∗) =

∫ t∗

0

∫ ∞

z

∫
Lξ

w,αηw,αηdAdη +
1

2

∫ ∞

z

∫
Lξ

w,αβw,αβdA|η=t∗ ,(4.4)

Fuw(z, t
∗) =

∫ t∗

0

∫ ∞

z

∫
Lξ

u,αηw,αηdAdη +
1

2

∫ ∞

z

∫
Lξ

u,αβw,αβdA|η=t∗ ,(4.5)

where w(x1, x2, t) is an arbitrary smooth function defined on Ω0 that satisfies
the same boundary conditions as u.

By using the Schwarz’s inequality, we get√
Fu(z, t∗)Fw(z, t∗) ≥ Fuw(z, t

∗).(4.6)

It is clear that

Fuw(0, t
∗) = Fu(0, t

∗) +

∫ t∗

0

∫ ∞

0

∫
Lξ

u,αη(w,αη − u,αη)dAdη

+
1

2

∫ ∞

0

∫
Lξ

u,αβ(w,αβ − u,αβ)dA|η=t∗

= Fu(0, t
∗) + I1 + I2.(4.7)

Making use of the divergence theorem, and (2.9)-(2.14), we obtain

I1 = −
∫ t∗

0

∫ ∞

0

∫
Lξ

u,ααη(w,η − u,η)dAdη(4.8)

=

∫ t∗

0

∫ ∞

0

∫
Lξ

u,αββ(w,αη − u,αη)dAdη

= −
∫ t∗

0

∫ ∞

0

∫
Lξ

u,αβ(w,αβη − u,αβη)dAdη

≥ 1

2

∫ ∞

0

∫
Lξ

u,αβu,αβdA|η=t∗ − ε1
2

∫ ∞

0

∫
Lξ

u,αβu,αβdA|η=t∗

− 1

2ε1
t∗
∫ t∗

0

∫ ∞

0

∫
Lξ

w,αβηw,αβηdAdη,

I2 =
1

2

∫ ∞

0

∫
Lξ

u,αβw,αβdA|η=t∗ − 1

2

∫ ∞

0

∫
Lξ

u,αβu,αβdA|η=t∗(4.9)

≥ − ε2
4

∫ ∞

0

∫
Lξ

u,αβu,αβdA|η=t∗ − 1

4ε2

∫ ∞

0

∫
Lξ

w,αβw,αβdA|η=t∗

− 1

2

∫ ∞

0

∫
Lξ

u,αβu,αβdA|η=t∗ .

Setting ε1 = 1, ε2 = 1
2 , then combining (4.6)-(4.8) and (4.9), we are led to

(4.10)
√
Fu(0, t∗)Fw(0, t∗) ≥

3

4
Fu(0, t

∗)−Q(w(0, t∗)),
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where we have

Q(w(0, t∗)) =
t∗

2

∫ t∗

0

∫ ∞

0

∫
Lξ

w,αβηw,αβηdAdη +
1

2

∫ ∞

0

∫
Lξ

w,αβw,αβdA|η=t∗ .

From (4.10), we can conclude

(4.11)
3

4
(
√
Fu(0, t∗)−

2

3
(
√
Fw(0, t∗))

2 ≤ 1

3
(Fw(0, t

∗) + 3Q(w(0, t∗))),

which implies that

(4.12)
√
Fu(0, t∗) ≤

2

3

√
Fw(0, t∗) +

2

3
(
√
Fw(0, t∗) + 3Q(w(0, t∗)))

1
2 .

Squaring and making use of the arithmetic-geometric mean inequality, we
obtain

(4.13) Fu(0, t
∗) ≤ 16

9
Fw(0, t

∗) +
8

3
Q(w(0, t∗)).

Since we don’t know the value of t∗, the bound for Fu(0, t
∗) can be made

explicit only if we can eliminate the dependent on t∗. Clearly, we know, for
any function φ such that φ(x, 0) = 0,
(4.14)∫

Lz

φ2dx2|η=t∗ = 2

∫ t∗

0

∫
Lz

φφ,ηdx2dη ≤
∫ t

0

∫
Lz

φ2dx2dη +

∫ t

0

∫
Lz

φ2
,ηdx2dη.

Using (4.14), we obtain

Fw(0, t
∗) =

∫ t∗

0

∫ ∞

0

∫
Lξ

w,αηw,αηdAdη +
1

2

∫ ∞

0

∫
Lξ

w,αβw,αβdA|η=t∗

≤
∫ t

0

∫ ∞

0

∫
Lξ

w,αηw,αηdAdη +
1

2

∫ t

0

∫ ∞

0

∫
Lξ

w,αβw,αβdAdη

+
1

2

∫ t

0

∫ ∞

0

∫
Lξ

w,αβηw,αβηdAdη

= F̄w(0, t),

and

Q(w(0, t∗)) =
t∗

2

∫ t∗

0

∫ ∞

0

∫
Lξ

w,αβηw,αβηdAdη +
1

2

∫ ∞

0

∫
Lξ

w,αβw,αβdA|η=t∗

≤ t

2

∫ t

0

∫ ∞

0

∫
Lξ

w,αβηw,αβηdAdη +
1

2

∫ t

0

∫ ∞

0

∫
Lξ

w,αβw,αβdAdη

+
1

2

∫ t

0

∫ ∞

0

∫
Lξ

w,αβηw,αβηdAdη

= Q̄(w(0, t)).
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We can get

(4.15) Fu(0, t
∗) ≤ 16

9
F̄w(0, t) +

8

3
Q̄(w(0, t)).

We now define w(x1, x2, t) as
(4.16)

w(x1, x2, t) =

[∫ x2

0

∂g1
∂ξ

(ξ, t)dξ + x1

(
g2(x2, t) +

∫ x2

0

∂g1
∂ξ

(ξ, t)dξ

)]
e−x1 ,

Obviously, it is readily to verify w(x1, x2, t) satisfying the same initial-boundary
value conditions as u(x1, x2, t).

Combining (4.15) and (4.16), we can say we have bounded Fu(0, t
∗).

The next step is to bound F2(0, t
∗).

We will use the following lemma:

Lemma 1. If ϕ(z, t∗) decays to zero as z → ∞, then for arbitrary z ≥ 0,
z0 > 0,

(4.17) z20F2(z + z0, t
∗) ≤ 8tF1(z, t

∗).

Proof. We adapt the notation

F̃2(z, t
∗) =

∫ t∗

0

∫ ∞

z

∫
Lξ

(ξ − z)2u,1αβu,1αβdAdη

+
1

2

∫ ∞

z

∫
Lξ

(ξ − z)2u,1αu,1αdA|η=t∗ .(4.18)

Obviously, we have the following identity

(4.19) 0 =

∫ t∗

0

∫ ∞

z

∫
Lξ

(ξ − z)2u,11(∆
2u−∆u,η)dAdη.

By applying the divergence theorem repeatedly and using the initial-bound-
ary value conditions, we obtain

0 = −
∫ t∗

0

∫ ∞

z

∫
Lξ

(ξ − z)2u,1αβu,1αβdAdη +

∫ t∗

0

∫ ∞

z

∫
Lξ

u,αβu,αβdAdη

− 2

∫ t∗

0

∫ ∞

z

∫
Lξ

u,12u,12dAdη −
1

2

∫ ∞

z

∫
Lξ

(ξ − z)2u,1αu,1αdA|η=t∗

+ 2

∫ t∗

0

∫ ∞

z

∫
Lξ

(ξ − z)u,12u,2ηdAdη.(4.20)

Inserting (4.20) into (4.18), we find
(4.21)

F̃2(z, t
∗) ≤

∫ t∗

0

∫ ∞

z

∫
Lξ

u,αβu,αβdAdη + 2
∣∣∣∫ t∗

0

∫ ∞

z

∫
Lξ

(ξ − z)u,12u,2ηdAdη
∣∣∣.
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We have ∫ t∗

0

∫ ∞

z

∫
Lξ

u,αβu,αβdAdη ≤ t∗
∫ ∞

z

∫
Lξ

u,αβu,αβdA|η=t∗1

≤ t

(∫ ∞

z

∫
Lξ

u,αβu,αβdA|η=t∗ +

∫ ∞

z

∫
Lξ

u,1αu,1αdA|η=t∗

)
≤ 4tF1(z, t

∗).(4.22)

Using the Schwarz’s inequality, we have

2
∣∣∣∫ t∗

0

∫ ∞

z

∫
Lξ

(ξ − z)u,12u,2ηdAdη
∣∣∣ ≤ ε

∫ ∞

z

∫
Lξ

(ξ − z)2u,1αu,1αdA|η=t∗

+
1

ε
t∗
∫ t∗

0

∫ ∞

z

∫
Lξ

u2,2ηdAdη.(4.23)

If we choose ε = 1
4 , combining (4.22) and (4.23), we obtain

(4.24) F̃2(z, t
∗) ≤ 8tF1(z, t

∗).

We note that for arbitrary z0 > 0,

(4.25) F̃2(z, t
∗) ≥

∫ t∗

0

∫ ∞

z+z0

∫
Lξ

(ξ − z)2u,1αβu,1αβdAdη ≥ z20F2(z + z0, t
∗).

In view of (4.25), we have proved Lemma 1. □

For we know,

(4.26)

∫ ∞

z

∫
Lξ

u,1αu,1αdA|η=t∗ ≤
∫ ∞

z

∫
Lξ

u,αβu,αβdA|η=t∗ .

Thus, we only need to bound F3(0, t
∗) =

∫ t∗

0

∫∞
z

∫
Lξ
u,1αβu,1αβdAdη.

Now, we begin to bound∫ t∗

0

∫ ∞

0

∫
Lξ

u,1αβu,1αβdAdη =

∫ t∗

0

∫ 1

0

∫
Lξ

u,1αβu,1αβdAdη

+

∫ t∗

0

∫ ∞

1

∫
Lξ

u,1αβu,1αβdAdη.(4.27)

Setting z = 0, z0 = 1 in (4.17) leads to

(4.28)

∫ t∗

0

∫ ∞

1

∫
Lξ

u,1αβu,1αβdAdη ≤ 8tF1(0, t
∗).

Using (4.24), and setting z = 0, we obtain

(4.29)

∫ t∗

0

∫ ∞

0

∫
Lξ

ξ2u,1αβu,1αβdAdη ≤ 8tF1(0, t
∗).
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Then (4.29) is equivalent to

(4.30)

∫ t∗

0

∫ ∞

0

∫
Lξ

ψ,ξψ,ξdAdη ≤ 8tF1(0, t
∗),

where ψ = u,αβ .
For the first integral on the right hand side of (4.25), making a variat trans-

formation x1 = 1
ξ , and using the inequality (4.30), we deduce that∫ t∗

0

∫ 1

0

∫
Lξ

u,1αβu,1αβdAdη =

∫ t∗

0

∫ ∞

1

∫
Lξ

ξ2u,ξαβu,ξαβdAdη

≤
∫ t∗

0

∫ ∞

0

∫
Lξ

ξ2u,ξαβu,ξαβdAdη ≤ 8tF1(0, t
∗).(4.31)

Combining (4.28) and (4.31), we finally obtain

(4.32)

∫ t∗

0

∫ ∞

0

∫
Lξ

u,1αβu,1αβdAdη ≤ 16tF1(0, t
∗).

In view of (4.15), (4.26) and (4.32), we can conclude that we have bounded
F2(0, t

∗).
Thus, we have bounded ϕ(0, t∗) in terms of data.
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