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ON THE INITIAL VALUES OF SOLUTIONS OF
A GENERAL FUNCTIONAL EQUATION

JAE-YouNG CHUNG AND DOHAN KM

ABSTRACT. We consider a general functional equation with time variable
which arises when we investigate regularity problems of some general
functional equations. As a result we prove the regularity of the initial
values of the solutions. Also as an application we prove the regularity of
solutions of some classical functional equations and their distributional
versions.

1. Introduction

In this paper, as a unified approach we investigate the initial values as t, s —
0% of the solutions ® : R*" x (0,00)% — C, Fy, Gk : R" x (0,00) = C, k =
1,2,...,m, of the functional equation

(1.1) b(x,y,t,s) = ZFk(x,t)Gk(y,s), z,y €R™ t, s> 0,
k=1
where ®, Fy, G, k=1,2,...,m, are smooth functions of z, y for each t,s > 0

with the conditions (2.1) ~ (2.4) in the next section.
The equation (1.1) arises when we study the functional equation of J. M.
Speiser, H. J. Whitehouse and N. J. Berg [15]

(1.2) fa+y) +9@—y) = ful@)gr(y)
k=1

in the space of distributions and hyperfunctions (see Section 3). The equation
(1.2) has a significant application in signal processing. Furthermore, many im-
portant functional equations such as the Cauchy equations, exponential equa-
tions, quadratic functional equation, d’Alembert functional equation, trigono-
metric functional equations are special cases of the equation. The regularity
of solutions of the functional equation (1.2) and its generalization are well
known. As a matter of fact, under the natural assumption that {f1,..., fm}
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and {g1,...,9m} are linearly independent, it was shown in [2] that the locally
integrable solutions (which was weakened to Lebesgue measurability by Jarai
13]) f.9, fx, g : R® = C, k =1,2,...,m, of the equation (1.1) are smooth
functions in which a usual convolutional technique was used. Convolving in
(1.2) some regularizing functions in both variables z and y as in [4, 5, 7], which
is a different approach as in [1, 2], the equation (1.2) and its generalization in
[2] are converted to the equations of the form (1.1).

As an application, we consider the regularity of the solutions of the following
distributional version of the equation (1.1),

(1.3) wolLi+voLy= u®uvg,
k=1

where u, v, ug, vy € G'(R™), and o denotes the pullback, ® denotes the tensor
product of generalized functions, and Li(x,y) =z +y, La(z,y) =z —y.

2. Initial values of solutions of (1.1)

We impose the following conditions on the functions @, Fy, Gi, k=1,2,...,m,
in the equation (1.1): There exists ¢; > 0 such that

(2.1) {Fi(t1)y s Fin(st1)}
is linearly independent, and there exists s; > 0 such that

(22) {Gl('781),...,Gm(',81)}
is linearly independent; for each fixed y € R™ and s > 0,
(2.3) lim ®(z,y,t,s)

t—0+

is a smooth function of z, and for each fixed z € R™ and ¢ > 0,
(2.4) lim ®(z,y,t,s)

s—=0t
is a smooth function of y.

From now on, we assume the condition (2.1) ~ (2.4). Now we prove that
the initial values
(2.5)
¢(z,y) = lim ®(x,y,t,5), fu(z) = lim Fi(z,t), ge(y) = lim Gr(y,s).
t,s =0Tt t—0t s—0t

of the solutions of the functional equation (1.1) are smooth functions for k =
1,2,...,m.

Theorem 2.1. The initial values ¢(z,y) and fr(x),9x(y), k =1,2,...,m, of
the solutions ®, Fy, Gk, k=1,2,...,m, of the equation (1.1) smooth functions
satisfying the functional equation

m

(2.6) ¢la,y) =D ful@)gr(y)-

k=1
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Proof. We first prove that f(x) = lim;_,g+ Fi(z,t) are smooth functions for
all k =1,2,...,m. We use the mathematical induction on m. For m = 1, we
can choose y; € R™ such that G1(y1,s1) := by # 0 since {G1(+,s1)} is linear
independent. Thus, it follows from the equation (1.1) and the condition (2.3)
that

(2.7) fi(z) = b7t lim @ (z,y1,t,51)
t—0+
is a smooth function. Assume that the result holds for m = p, that is, fi,..., fp

are smooth functions provided that the conditions (2.2) and (2.3) hold for
m = p. We now prove that the result holds for m = p+ 1. Let

p+1
(28) q)(xvyatvs) :ZFk(Jjat)Gk(yvs)

k=1
and assume that the conditions (2.2) and (2.3) hold for m = p + 1. By the
condition (2.2), we may choose y,1+1 € R™ such that Gpi1(Ypt1,51) = bpt1 #
0. Then it follows from (2.8) that

P
(29) Fp+1($,t) = b;;+11 <@(w,yp+1,t, 81) — Z bka((E, t)) s
k=1
where by = Gi(Yp+1,51), k=1,...,p. Putting (2.9) in (2.8) we have
P
(2.10) O (2,y,t,5) = > Fr(z,)Gi(y, 9),
k=1
where
(211) (I)*(J}, Y, ta S) = (I’(Qf, Y, ta S) - b;—&lq)(xv Yp+1, ta Sl)Gp+l(y7 S)a
(212) GZ(yv S) = Gk)(ya 8) - b;—ilkap-ﬁ-l(ya S), k=1,...,p.

In view of (2.11) and (2.12) it is easy to see that ®* and G}, k = 1,2,...,p,
satisfy the conditions (2.2) and (2.3), respectively. Thus, by the induction
hypothesis that the initial values

= lim F; t), k=1,2,...
fk(-r) t—l>%’l+ k(l‘, )7 ) 4y D

are smooth functions, it follows from (2.9) that

P
fp+1('7;) = tl_i}(l)i FP+1(x7 t) = b;—i{l tg%lJr (I)*(l‘, Yp+1, L, 81) - b;—‘il Z bkfk(x)
k=1

is a smooth function since ®* satisfies (2.3).
Changing the roles of F; and Gy for k = 1,2,...,m, we obtain, for each
k=1,2,...,m,

2.1 = 1i
(2.13) gu(y) == lim Gi(y,1)
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is a smooth function. Finally, letting ¢, s — 0" in (1.1) we get (2.6). This
completes the proof. O

If the functions ®, Fj,, G, k=1,2,...,m, in Theorem 1.1 are independent
of the parameters t and s, Theorem 1.2 can be stated as follows.

Corollary 2.2. Let ®(x,y) be a smooth function of each variable, and let
{F1,...,Fn} and {Gy,...,Gp} be linearly independent. Then the solutions
Fy, G, k=1,2,...,m, of the equation

(2.14) ®(z,y) = Y Fr(2)Gi(y)
k=1

are smooth functions.
Using the above results we obtain the following result in [2].

Theorem 2.3. The locally integrable solutions f, g, fr, gr : R* — C, k =
1,2...,m, of the equation

(2.15) faet+y) +g@—y) = ful@)g(y)
k=1
are smooth functions under the natural assumptions that {fi1,..., fm} and

{91, ,9m} are linearly independent.

Proof. We choose a smooth function ¢ on R™ such that
(x) > 0 for all x € R™,
suppy C {x e R" : || <1},

(z)dx =1
R’IL
and let

U(x,y,t,8) =t "s " (%) ) (z) , t, 8> 0.

Convolving ¥(z,y,t, s) in both sides of (2.15) as a function of x and y we have

(2.16) (f*thex o) (@ +y) + (g bs) (@ —y) = D (fr 1) (@) (g 1) (1)-
k=1

Now we let

(2'17) @(m,y,t, 3) = (f * wt * 7#8)(3j + y) + (g * ¢t * ws)(l“ - y)?

(2.18) Fi(z,t) = (fx * ) (2),

(2.19) Gr(y,s) = (g * ¥s)(y)-

Then it is easy to see that ®, Fy,Gg, k= 1,2...,m, satisfy the conditions
(2.1) ~ (2.4). Thus it follows from Theorem 2.1 that the initial values

fk(‘r) = t]ir(%r Fk(x)v gk(x) = Sli)rng Gk(y)a d)(xvy) = p ‘lgl}yr (I)(.’E, yvtv 8)

3
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are all smooth functions. Now, replacing = + y by u, x — y by v and letting
t,s — 07 in (2.17) we have

(2.20) 5(“;”,";”) = f(u) + g(v)

for all u € R™ and for all v € R™ such that lim;_,o+ (g * ¢¢)(v) = g(v), where
flu)= Tim (f =ty *05) ().
t,s—0t

Thus, in view of (2.20), fis a smooth function and so is g(x) := limy 5,0+ (g*
by x1hs)(x). Letting ¢, s — 07 in (2.16) we have

(2:21) fla+y) +a@—y ka

Note that there exists & C R™ with the Lebesgue measure m(Q¢) = 0 such
that

f@) = f(2), 9(x) = g(z), fu(®)= fr(®), gr(x) = gr(z)
forallz € Qand k =1,2,...,m. For given z € R", choose w € (z—2Q)N(2Q—
z)NQ and put * = (2 +w),y = (2 — w), where z —2Q = {z — 2w : w € O},
20—z ={2w — z : w € Q}. Then we have

(2:22) F@) 9@ —y) = fr(@)gry),
k=1

since z, y,  —y € Q. In view of (2.15) and (2.22) we have f(z) = f(x) for all
x € R™. Similarly we can show that g(z) = g(z) for all z € R™. Thus we have
proved that f and g are smooth functions. Finally, applying Corollary 2.2 we
obtain that fx, g, k = 1,2,...,m are smooth functions. This completes the
proof. (I

Remark. As a generalization of the equation (1.2), Aczél and J. K. Chung
introduced the following functional equation [2]

l

(2.23) D hylagz+by) = fr(@)gr(y)
j=1 k=1

where hj, fi, gr : R — C, aj, b; € R, a;b; # 0, a;b; # a;b; for alli # 7, 4,7 =

1,...,,k=1,...,m,and {g1,...,9m} and {hq,..., h;,} are linearly indepen-

dent.

Using the same approach as in the proof of Theorem 2.3, we obtain the
equation

1 m
224) Y (hy * e, * e @z + biy) = D (fux1e) (@) (g1 * ) (1)
j=1 k=1
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instead of (2,16), and the equation (2.17) is replaced by

1
(2.25) (I)(J?,y, t, S) = Z(h] * wt,aj * ’(/)S,bj)(ajx + bjy),
j=1
where 1 4(z) = a7 (a7 2) for a = ay, b;, 5 = 1,2,...,l. Now, as in [5],

letting s — 07 in (2.25), replacing = by a; ' (x — b;y), multiplying 1, (y), inte-
grating with respect to y, and letting ¢ — 0 we have

(2.26)  hi(x) == (hjxthee)(@) + > / Sla; o — a; by, y)vs(y) dy,
i k=1
where ¢; = a; ' (bjaj — a;b;) for all 1 < j < I, j # 4, %](a:) = lim; o+ (h; *

Yt.a;)(u) and ¢ is defined as in Theorem 2.3. Thus h; is smooth function for
each j =1,2,... 1. Letting t,s — 0% in (2.24) we have

l m
(2.27) > hilajz+by) = > ful@)Fk(y).
j=1 k=1

Let ©Q C R such that Lebesgue measure m(§2°) = 0 and for all z € Q,

fe(@) = fr(x), gp(z) = gr(a), ﬁ](x) =hj(z), k=1,2,...,m, j=1,2,...,1L
For each fixed i, 1 <i <, and z € R, choose
we m { 2a;b; q_ <ajb¢ Jraibj) z] -

V<<l i ajb; — a;b; ajb; — a;b;

and put in (2.23),
1 1
$=T%(z+w), y= ZTH(Z—W),

where for a, € R we denote by a2 + 5 = {aw + 8 : w € Q}. Then it is

obvious that a;z + b;y = 2z and z, y,a;x + bjy € Qforall 1 < j <1, 5 # .
Thus we have

m
(2.28) hi(2) + > hylagz +biy) = fr(@)g(y).
j#i k=1
In view of (2.23) and (2.28), we have h; = h;. Thus h; are smooth functions
for all j =1,2,...,1. Thus we have the following result.

Theorem 2.4. The locally integrable solutions hj;, g, fr, gr : R® = C, j =
1,2,...,01, k= 1,2...,m, of the equation (2.23) are smooth functions under
the conditions that {f1,..., fm} and {g1,...,9m} are linearly independent.

Examples. The following functional equations are typical examples of the
equation (1.2).

(2.29) flx+y)+ flz—y)—2f(x) —29(y) =0,
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(2.30) flz+ ) + flx—y) —2f(x)f(y) =0,
(2.31) Pl )+ fo—y) - 2f(@)aly) = 0
(2.32) ( ) ( ) ~ g(@)gly) = 0,

(2.33) flz— (@) f(y) — g(x)g(y) =0,

where f,g : R® — C. As a consequence of our result the Lebesgue integrable
solutions of the equations (2.29) ~ (2.33) are smooth functions. Now, it can
be verified that the smooth solutions f, g of the equations (2.29) ~ (2.33) are
given, respectively, by

(2.34) glx) = Z @ji LT,

1<j<k<n
f(z) = Z aji TjTk + ij z; +d,
1<j<k<n Jj=1
2.35) f(z) = cos(arz1 + - + anTn),
2.36) g(x) = cos(arxy + -+ + anxy),
f(z) = crcos(army + -+ + aney) + casin(arxy + -+ + an®y),
(2.37) g(x) = csin(arzy + -+ + apzy),
f(z) = Psin*(ayz1 + - + apxy) + d,
or
g(x) = ar1x1 + - + apxy,
f(z) = (a1z1 + -+ anzy)? + d,
(2.38) g(x) =sin(a1z1 + -+ + anzy),
f(x) = cos(arz1 + -+ - + any),
where & = (z1,...,2,) and all the coefficients are complex numbers.

3. Functional equations in Gelfand-Shilov generalized functions

We briefly introduce the space G(R™) of generalized function of Gelfand and
Shilov. Here we use the following notations: |z| = /a2 + ...+ 22, |a| =

ap + -+ an, al = a1!~..an!, ¥ = x?1~-~x‘fl" and 0% = 8?1“.85” for
r = (21,...,%,) € R", a = (a1,...,a,) € Ny, where Ny is the set of non-
negative integers and 0; = %,

J

Definition 3.1 ([11]). We denote by G or G(R™) the Gelfand space of all
infinitely differentiable functions ¢ in R™ such that
|2°0P ()]

R emn o geny HOTRIBIQIT/2BIT/2 <0
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for some h, k > 0. We say that ¢; — 0 as j — oo if |[¢;||n,e — 0 as j — oo
for some h, k, and denote by G’ the dual space of G and call its elements Gelfand
generalized functions.

It is known that the space G(R™) consists of all infinitely differentiable func-
tions () on R™ which can be extended to an entire function on C™ satisfying

(3.1) lp(z +iy)| < Cexp(—alz|® + bly|?)

for some a, b, C' > O(see [11]). In view of (3.1) it is easy to see that the
n-dimensional heat kernel E;(x) given by

E,(z) = (47t) "2 exp(—|z[/4t), t >0
belongs to the Gelfand space G(R™) for each ¢ > 0.

We briefly introduce some basic operations on the spaces of the generalized
functions.

Definition 3.2. Let u; € G'(R™) for j = 1,2, with ny > ny, and let A :
R™ — R™ be a smooth function such that for each x € R"!, the Jacobian
matrix VA(z) of A at = has rank ny. Then there exists a unique continuous
linear map A* : G’(R"2) — G’(R™) such that A*u = uoA when w is a continuous
function. We call A*u the pullback of u by A and often denoted by w o A.

In particular if A is a diffeomorphism (a bijection with A\, A=! smooth func-
tions) the pullback u o A can be written as follows:

(3.2) (wo X, @) = (u, (9o A™1)(x)| VAT (2)]).

Definition 3.3. Let u; € G'(R™), j =1,2. Then the tensor product u; ® us
of u; and wus is defined by

(w1 ®ug, p(r1,22)) = (U1, (U2, (r1,72)) ), @(r1,22) € CF(R™ x R™).
The tensor product u; ® ug belongs to D' (R™ x R™2).

For more details of pullbacks and tensor products of distributions we refer
the reader to Chapter VI of [12].

Now we consider the functional equation
m
(3.3) woli+voly=» ug® vy,
k=1

where u, v, ug, vy € G(R™), and o denotes the pullback, ® denotes the tensor
product of generalized functions, and Li(z,y) =z + vy, La(z,y) =z —y.

Theorem 3.4. The solutions u, v, ug, vy € G(R™), k=1,...,m, of the equa-
tion (3.3) are smooth functions satisfying the classical functional equation (1.1).
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Proof. We employ the heat kernel F; defined by
Ey(z) = (4mt) "% exp(—|z|?/4t), t>0.

Let u € G(R™). Then, for each t > 0, (u* E;)(x) := (uy, Ey(x —y)) is a smooth
function of z. Convolving the tensor product E;(z)E;(y) in both sides of (3.1)
we have

[(wo Ly) * (Ey(2)Es(y))I(§, m) = (wo Ly, Ey(§ —x)Es(n—y))

(
= (u, /Et —z+y) Es(n—y)dy)
= (u, (B¢ x Es)(§+n —x))

=(u, Bty s(E+n—1))
(u * Et-&-S)(g + 77)

Similarly we have

[(vo La) * (Ex(z)Es(y)](§, n) = (v* Erps) (€ —n),
and

[(ur @ vi) * (B (2) Es(9)))(§,m) = (ur * Ep)(§)(vr * Es)(n)

for all k = 1,...,m. Thus the equation (3.1) is converted to the functional
equation of the form

(3.4) (z,y,t,5) Z (z,t)Vi(y, s),

where

(3.5) (z,y,t,8) = (u* Erps) (@ +y) + (v Epys)(x —y),

(3.6) U(z,t) = (ug x Ey)(z),

(3.7) Vie(z,t) = (vg * Es)(y)

for all k =1,2,...,m. Applying Theorem 2.1 we obtain the result. O

Combined with the result of Aczél and Chung [2] we have the following
corollary as a consequence of the above result.

Corollary 3.5. Every solution u, v, ug, v € G(R), k =1,...,m, of the equa-
tion (3.3) has the form of exponential polynomials

q
D < pi(a)
k=1

where v, € C and pi's are polynomials for all k =1,2,...,q.
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