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DERIVATIVE OF THE RIESZ-NAGY-TAKACS FUNCTION

IN-S00 BAEK

ABSTRACT. We give characterizations of the differentiability points and
the non-differentiability points of the Riesz-Ndgy-Takdcs(RNT) singular
function using the distribution sets in the unit interval. Using characteri-
zations, we show that the Hausdorff dimension of the non-differentiability
points of the RNT singular function is greater than 0 and the packing di-
mension of the infinite derivative points of the RNT singular function is
less than 1. Further the RNT singular function is nowhere differentiable
in the sense of topological magnitude, which leads to that the packing di-
mension of the non-differentiability points of the RNT singular function
is 1. Finally we show that our characterizations generalize a recent result
from the (7,7 — 1)-expansion associated with the RNT singular function
adding a new result for a sufficient condition for the non-differentiability
points.

1. Introduction

Recently many authors ([6, 7, 8]) studied non-differentiability and some char-
acterization of the non-differentiability set of a Cantor function. They used a
fractal method to find the characterization. The Cantor function is a singular
function, which is not strictly increasing. More recently J. Paradis et al. ([14])
studied some conditions of the null and infinite derivatives of the RNT strictly
increasing singular function using their so-called (7,7 — 1)-expansions of the
unit interval. In this paper, we also study the conditions of the null and infi-
nite derivatives of the singular function using a multifractal method which is
easier than the direct calculation of derivatives using (7,7 — 1)-expansions of
the unit interval in some sense. Further our multifractal method gives more
information than the (7,7 — 1)-expansion method.

We can express any point in (0,1] as a code using the generalized dyadic
expansion with a positive real number base a € (0, 1) ([2]). We define a strictly
increasing function f which corresponds each code with a base a to the same
code with a base p € (0,1). We call such a function f the base transformed
identical code function. In fact, the base transformed identical code function f
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is the RNT function. We show that 0 < f'(z) < oo on a subset of Hausdorff
dimension less than 1 when p # a, which leads to that the derivative f’(x) at
almost every point z in the unit interval is 0. This means that when p # a the
function f is a singular function.

The distribution sets in the unit interval are the local dimension sets by a
self-similar measure ([2]). We note that the Hausdorff and packing dimensions
of the local dimension sets in the unit interval were obtained in [2] by the
cylinder density theorem ([5, 11]) instead of the usual density theorem ([10]).
In fact, the local dimension set relates p with a in the RNT function f.

Using the information of the distribution sets and the local dimension sets,
we give some multifractal characterizations of the derivative sets and the non-
differentiability set of f. As a result, we see that the RNT singular function f
is differentiable only on a meager subset of the unit interval. Further the Haus-
dorff dimension of the non-differentiability set of the RNT singular function f
is greater 0 whereas its packing dimension is 1 and the packing dimension of
the infinite derivative set of the RNT singular function f is less than 1.

Finally we show that our multifractal characterization is a generalization of
a recent result ([14]) for the RNT singular function. Consequently our mul-
tifractal characterization gives surprisingly rich information about (7,7 — 1)-
expansions associated with the RNT singular function. That is, the solution
r = r(1) of the equation (2)"(3=2)'~" = 1 gives a bifurcation point for its null

a l—a
and infinite derivative whereas for a = 1/a,7 =1/p
lo a—1 1
K = K(o,m) = o=t )

log(a/T) T 1- r(1)

with respect to the asymptotic behavior of %= from the (7,7 — 1)-expansion
gives a critical point for its derivative (see our Section 4 or [14]). Further
our application to the critical point K adds new facts of a sufficient condition
for the non-differentiability points of the RNT singular distribution and the
converse of the main theorem in [14].

2. Preliminaries

We (cf. [2]) define F, the unit interval (0,1] having the generalized dyadic
expansion with a base a where 0 < a < 1. Let N be the set of the positive
integers. We define a fundamental interval I;,..;, = fi, o--- o f;, (I) where
fo(z) = axz and fi(z) = 1 —a)x+aon I = (0,1}, 3; € {0,1} and 1 <
j <k Ifx € F,=(0,1], then there is a unique code o € {0,1}" such that
My Iy, = {x} (Here o|k = iyip---ip where o = dyip---igigs1---). We call
a code o € {0,1} where (2, I, = {x} the generalized dyadic expansion
with a base a of x and identify x with the code o without confusion. We
write [0](q) for the generalized dyadic expansion with a base a of = to avoid
some confusion. We use non-terminating expression for the end points of the
fundamental intervals whereas we used terminating expression for them in [2].
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In this sense, we can still use the results of [2] in our paper. In fact, we use
this non-terminating expression for the expansion to be compatible with the
(1,7 — 1) expansion for the RNT function.

We note that F' 1 is the unit interval (0,1] having the dyadic expansion
(cf. [12]). If z € F, = (0,1] and z € I,» where o’ € {0,1}*, a cylinder ci(z)
denotes the fundamental interval I, and |ci(z)| denotes the diameter of ¢ (z)
for each K =0,1,2,.... We define the base transformed identical code function

fiFy— Fp

such that f([o]@)) = [o]p) where 0 < a,p < 1. More precisely, f carries
x(= [0](q) € (0,1]) which has the generalized dyadic expansion ¢ with a base
a to y(= [0]p) € (0,1]) which has the same code o as its generalized dyadic
expansion with a base p. Then we easily see that it is a continuous strictly
increasing function from (0,1] onto (0,1]. If p = a, then the above function
f() is the identity function which is a trivial case for consideration. It is not
difficult to show that it is the Riesz-Néagy-Takdcs(RNT) function ([14]), that
is, f(z) = ®a,r(r) where « = L and 7 = %. Precisely, given a,7 > 1 and
x € (0,1],

T
j=1
for - '
(v —1)771
r= Z a®i
j=1
with integers 1 < a7 < ag < -+ < ap < ---. In this case, we note that

J. Paradis et al. used a non-terminating expansion and the above x can be
represented in our code by

a1—1 az—aj;—1 Ap—ap—1—1
~_ ~ —~
z2=0---010---01--- 0---0 1---

That is, a; means the j-th position of 1 in our code. For example, a =

Py (a;}# and a; = j + 1 with @ = 0111--- in our code. For another

=1
example, if x = E;i1 %, then a; = 25 — 1 with z = 101010--- in our
code. We note that their expression for x € (0,1] are exactly the same as our

codes essentially.

Remark 1. Let f : (0,1] — (0, 1] be a strictly increasing function from (0, 1]
onto (0,1]. Since every real valued increasing function has its derivative at
almost every point in (0,1] ([15]) (from now on, almost everywhere means
Lebesque measure almost everywhere),

0< f'(z) < .

However, we say that f'(x) exists in a wide senseif f'(x) exists and 0 < f/(z) <
oo (cf. [14]).
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From now on dim(FE) denotes the Hausdorff dimension of E and Dim(FE)
denotes the packing dimension of E ([10]). We note that dim(F) < Dim(FE)
for every set E ([10]). We denote ng(z|k) the number of times the digit 0
occurs in the first k places of x = o (cf. [1]). In F,, for r € [0, 1], we define the
lower(upper) distribution set F(r)(F(r)) containing the digit 0 in proportion r
by

F(r) = {z € (0,1] : lim inf "21F)

k—o00 - 7"},
_ k
F(r)={z € (0,1] : limsup no(alk) =r}.
k—o0
We write F(r) N F(r) = F(r) and call it the distribution set containing
the digit 0 in proportion r. Let p € (0,1) and denote 7, a self-similar Borel
probability measure on (0,1] satisfying v,(lo) = p (cf. [1, 10]). We write E®
(E((f)) for the set of points at which the lower(upper) local cylinder density of
vp on (0, 1] is exactly «, so that

. logyp(ek(z))
EP = {zec(0,1]:1 f ~ =
o {z € (0,1] im in log [c ()] at,

Eg)) = {z € (0,1] : limsup log 7 (cx(z)) = a}.
k—o0 IOg |Ck ($)|
We write E&p) N Egp) = EP and call it the local dimension set having lo-
cal dimension a by a self-similar measure «,. In this paper, we assume that
0log 0 = 0 for convenience. We introduce the relation between the distribution
sets and the local dimension sets, which is an essential result from [1].

Proposition 1. Let p € (0,1), r € [0,1] and g(r,p) = :iggiig::; 1‘;?8:2,
Then in F, = (0,1],
(1) E(r) = E¥) if0<p<a,

- =g(rp
(2) E(r) =B ifa<p<1,

7,p)
B)F(r)=EX ifo<p<a,

g(r.p)

(4) F(r)=E% ifa<p<l.

Proof. Tt follows from the same arguments of the proof of the Theorems 2 in
1, 2]. O

From now on, we will continue to use g(r,p) as above.

3. Characterizations of the derivative sets and the
non-differentiability set

Lemma 2. Let {a,} and {a} be positive real sequences and {B,} and {B}}

be real sequences. If lim, g—: = lim, g—? = ¢ for some real number c,
e n

BrntB, _

antal, T

then lim,,_,
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Proof. Noting that a,, + o, > 0, we easily obtain the result. (I

Lemma 3. Let f : (0,1] — (0,1] be a differentiable function at a point
x € (0,1). Then the derivative f'(x) of f at x satisfies the following condition:

where y, T x and z, | =.

Proof. Since f'(z) exists and its value is a real number, we clearly see that

flz) = f(y) f(z) = f(z)

lim = lim = f'(z).
yTx Tr—y zlx zZ—T f ( )
For all sequences {y,} and {z,} such that y, 1 = and z, | =, we also see that
G (A B (CA L (G B
n— 0o T — Yn n— 0o Zn — X
It follows from the above lemma. O

Theorem 4. Let f : F,, — F, be the base transformed identical code function
such that f([o]a)) = [0]p) where 0 < p < 1. Then the derivative f'(x) of f
at x exists for almost every point x € (0,1]. Further it satisfies the following
condition:
0< tim 2@ _ gy oo,
n—oo  cp(z)]
where vy, s a self-similar probability measure on (0, 1] satisfying v,(Io) = p and
p € (0,1).

Proof. Since f is a strictly increasing function from (0, 1] onto (0, 1], the deriv-
ative f'(x) of f at x exists for almost every point = € (0,1] (Remark 1). If we
put ¢, (z) = (Yn,zn), then we clearly see that v,(c.(z)) = f(zn) — f(yn). To
apply this to the above lemma, we should exclude the point x such that z =y,
or £ = z,. Such z is only an end point of a fundamental interval. It follows
from the above lemma since the derivative f’(x) of f at 2 does not exist for an
end point x of a fundamental interval. O

Theorem 5. Let f : F,, — F}, be the base transformed identical code function
such that f([0](a)) = [0](p). Forx € (0,1] at which f'(x) exists and 0 < f'(x) <
m’

o 1087 (en (@)

=1.
n—oo log|en(x)]

Proof. Since log function is a continuous function,

L y(ea(@)
08 )]

= log f' ().

It follows easily since 0 < f'(z) < oo. O
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Theorem 6. Let f : F, — F}, be the base transformed identical code function
such that f([o]()) = [0](p). Assume that p # a. Then

{z€(0,1]:0< f(z) < o0} C EP
with dim(E%p)) < 1, hence the derivative f'(x) = 0 for almost every point
z € (0,1].
Proof. From the above theorem, if x € (0,1] at which f’(x) exists and 0 <

f'(z) < oo then such z € Eﬁp). Since p # a, we have r # a when g(r,p) = 1,
which gives g(r,r) < 1. From Corollary 7 (1) in [2], we have

dim(E?’)) =g(r,r) <1,

where E§p) C F, = (0,1]. This means that the Lebesgue measure of the set

E%p) is 0. It follows from that 0 < f/(z) < oo for almost every point x € (0, 1]
from Remark 1. O

Remark 2. P. Billingsley ([4]) essentially showed that {z € (0,1] : 0 < f'(z) <
o0} = ¢ using the fact that

lim | Te(ns1(@)) \Cn+1(93)|| —0

=00 Yp(cn (1)) |en ()]
forz € {x € (0,1] : 0 < f'(x) < oo} whereas |’yf’yic(’;:zg))) — ‘C\’éﬁiﬁ)” =|p—al #
0. We give our multifractal spectrum method as an alternative of Billingsley’s
direct method to show that f is a singular function.

From now on, without any additional condition we assume that f : F,, — F,
is the base transformed identical code function such that f([o]q)) = [0]()
where 0 < p(# a) < 1 and r(1) denotes the solution r of the equation g(r,p) =
1.

Remark 3. Let N = (0,1] — (Dg U Do U Dy) where
Dy ={z € (0,1]: f'(x) =0},
Dy ={z € (0,1] : f'(z) = oo},
Dy ={z€(0,1]:0 < f'(z) < oo}

Then N = (0,1] — (Dp U D) since D1 = ¢ from Remark 2. Further N is
the set of the points x at which the derivatives f’(z) of f do not exist. As we
mentioned earlier, the end points of any fundamental dyadic interval are in N.
From now on, we will continue to use Dy, Do, N as above.

We give some characterizations of the points x where f'(x) =0 and f/(z) =
oo respectively when a < p < 1 using distribution sets.

Theorem 7. Let a <p < 1. Then
Dy C UOSTST(I)E(T) and Do, C UT(].)S’[‘SIF(T)'
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Proof. We note that liminf,,_, . % > 1 implies lim,_, o0 W

0. It is not difficult to show that g(r,p) is a decreasing function for r when
a < p < 1. Since Eé()r( D) = Egp) and g¢(r,p) is a decreasing function for

r, if z € E(’(’)Tp) where 0 < r < r(1), then hmnHw% = 0. Using

its contraposition and Lemma 3, we easily see that D, C Ur(l)g,ﬂglﬂg]ir )

It follows from that E((]]Z)T p = = F(r) from Proposition 1. Similarly we note
that limsup,,_, . % < 1 implies lim, 00 VTC(C’(LSE‘;)) = 00. Therefore
if x € E;’Zl’p) where (1) < r < 1, then lim, % = oo. Using its

contraposition and Lemma 3, we easily see that Dy C Uogrgr(l)Eé]?i,p)~ It

follows from that E((r p) = £(r) from Proposition 1. O

Dually we easily see the similar results for the points x where f'(x) = 0 and
f(x) = oo respectively when 0 < p < a using distribution sets.

Theorem 8. Let 0 < p < a. Then
Dy C Ur(l)grglf(r) and Do, C Uogrgr(l)E(T)-

Proof. It is not difficult to show that g(r,p) is an increasing function for r
when 0 < p < a. It follows from the dual arguments of the proof of the above
theorem. n

To avoid a degeneration case, we exclude the end points of the fundamental
intervals for the following two theorems.

Theorem 9. Assume that x is not an end point of a fundamental interval. If

lim,, 00 ’Y’I’c(p’zw(;)) =0, then

n—00 T — Yn n—o00 Zn — X
where y, is the left end point of ¢, (x) and z, is the right end point of c,(x).
Similarly if lim; oo Jplen, (@) _ 0, then

en; ()]
i £@) = Fn) o ) — S

1—>00 T — Yn, 1—>00 Zn; — &
where yy, is the left end point of ¢,,,(z) and z,, is the right end point of c,, (x).

Proof. We note that z has the generalized dyadic expansion with a base a
where 0 < a < 1. Suppose that it does not hold that lim,, M =0.

=y
Then for some € > 0 there are infinitely many n such that M >e. We
F(@)=f(Yny)
o T—Yn,,
of distinct members such that y,, < yn, < -+ < Yn, < Ynp,, < -+ of the
sequence {y,} since x is not an end point of a fundamental interval.

may assume that > ¢ for all k € N for some subsequence {Yn,.}
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H@)=Fyny) # 0. Then we easily see that there exists a

Zny, ~Yny
subsequence {yn, ].} of the sequence {y,, } and w

Assume that limg_, o

> 7 for some n >0

nkj _ynkj

and for all j € N. Hence n < f(z:’“j):z(y"‘"’j) = WTSC"’“zS‘)) for all j € N, which
7Lk]~ < ’Ilkj ’V'ij
is a contradiction. Hence limg_, f(:)%f;y”k) = 0. Therefore for § such that
”Lk "Lk
0 < ¢ < %, there exists an integer M such that 0 < @)= wn,) < ¢ for all

Znyg —Yng

k> M. Since yp, T2 and yn, < Yn, <+ < Ynp < Ynyyy < -+, we can find
ir =max{i e NU{0} : yn, =+ = Ynp+i}-

_ ; lemy, (2) at(1—a)™k—"
Let mp = ng + ix. Then T, S a(l—a)™Ta

= 1 where |y, (z)] =

a’(1 —a)™=~* for some integer i. Suppose that limg_, f(:)_%gjymk) = 0. Then
g —Ymy,

there exists an integer L > M such that 0 < f(;)_%;ymk) < ¢ for all £ > L.
e — Y,

Since ypm, = Yn,, we easily see that e(x —ym, ) < (@)= f(Ym,) < 6(Zm;, — Ymy.)
<

for all k > L. Since zm, — Ym, = |cme(@)], 2 < & < M < Lo

all £ > L, which is a contradiction. Since limy_,,o f(:)_%(yymk) # 0, we also

have a subsequence {y,, . } of the sequence {y, } such that %:(ym’”) =
. ma; —Ym;

2o lemy, (@) > 7' > 0 for some 1/ > 0 and for all j € N, which gives a con-

[em,, ; (@)]
tradiction. lim,,_ oo w = 0 follows from the similar arguments. The
subsequential result also holds from the same arguments above. (]

Theorem 10. Assume that x is not an end point of a fundamental interval.

If limy, o0 % = 00, then

lim M:oo: lim ———~=|

n—o0 T — Yn n—00 Zp — T

where y, is the left end point of ¢, (x) and z, is the right end point of c,(x).

Similarly if lim; o VTL(:ni(SI)) = 00, then
lim f(l‘) _f(ym) = 00 = lim f(zm) —f(.T),
1—00 T — Yn,; 1—00 Zn; — X

where y,, is the left end point of c,,(x) and z,, is the right end point of ¢y, (x).

Proof. Tt follows from the same arguments of the proof of the above theorem.
O

The following two corollaries are our characterizations of the null derivative
set, the infinite derivative set and the non-differentiability set of the RNT
singular function using distribution sets.
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Corollary 11.
[Ur1y<r<1F ()] N [Uo<raryE(r)] € N.
Proof. We only need to show that f’(z) does not exist for
2 € [Ury<r<1 F(r)] N [Uo<r<r) E(r)].
It is not difficult to show that

lim inf 282 (@)
n—oo  log e ()]

and
lim sup 8 7p(en(2)) >1
P Tog fen (@)

for

z € [Ura)<r<1 F(r)] N [Uo<rar@) E(r)]
from Proposition 1. This implies that

limsup 222 @) _

n—oo  |Cn(2)]

and
Jim inf 22 @) _ o
n—0oo |Cn($)|

Since x is not an end point of a fundamental interval, it follows from the
subsequential results of the above two theorems. ([

Corollary 12. Fora<p <1,
Uo<r<r()F(r) — F(r(1)) C Do U N,
Ury<r<1E(r) = F(r(1)) C Do UN,
further
Do C Uo<r<r(y F (1),
Do C Ury<r<i E(r).
Similarly for 0 < p < a,
Ury<r<1E(r) — F(r(1)) C Do U N,
UOS’I‘ST(I)F(T> - F(’I”(l)) C Doo U ]\77
further
Do CUyy<ra E(7),

Do, C UOST‘ST(l)F(r)'
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Proof. Let a < p <
Uo<r<r)F'(r) = F(r(1)

Tp(en(2))
[en ()]

. From Proposition 1, we clearly see that if x €

, then limsup,,_, % > 1. This implies that

= 0. From Theorem 9, we see that x ¢ D, which means

1
)

liminf,, .
€ DygUN.
Similarly if z € U,qy<,<1E(r) — F(r(1)), then liminf, . g wplenl@)

( ( )) IOgICn(J/’)‘
VTCNT(L:C)‘ = 00, which

means ¢ € Dy, UN from the above theorem. For Dy C Uogrgr(l)F(r), we
only need to show that Dy ¢ F(r(1)) — F(r(1)) noting Theorem 7 and the
above corollary. The contraposition of the above argument implies that if
T ¢ Dog UN, then z € Up1y<,<1F(r) — F(r(1)). This means that if x € Dy,
then x ¢ F(r(1)) — F(r(1)). Similarly it follows that Do C Up1y<r<1£(r). It
follows also for 0 < p < a from the dual arguments with Theorem 8. O

Remark 4. From Corollary 11, we see that F(0)NF (1) C N. Since F(0)NF(1)
is comeager in (0,1] ([12]), which means that the base transformed identical
code function such that f([o]q)) = [0]() where 0 < p(# a) < 1 is nowhere
differentiable in the sense of topological magnitude. We also note that its
packing dimension Dim(F(0) N F(1)) =1 ([3, 12]). We note that if = is an end
point of a fundamental interval, then = € F(0) C F(0) and z € N.

1 from Proposition 1. This implies that limsup,,_,

Remark 5. Since the set of normal points has Lebesgue measure 1 ([9]) and
Dy has also Lebesgue measure 1, F'(a) N Dy has Lebesgue measure 1. That is,
almost all of the points of F(a) are in Dy and almost all of the points of D
are in F(a). Further F(a) C Dy U N from the above corollary.

Theorem 13.
0<g(r(1),r(1)) <dim(N) < Dim(N) = 1.

Further,
dim(Dw) < Dim(Dy) < g(r(1),7(1)) < 1.

Proof. From Corollary 11, F(r;) N F(ry) C N for every rq1,72 such that 0 <
r1 < r(1) < ro < 1, which gives dim(N) > inf{g(r1,r1),g(r2,72)} for ev-
ery r1,79 such that 0 < r; < r(1) < ro < 1 from [2, 13]. Hence dim(N) >
g(r(1),7(1)) > 0. Dim(N) = 1 follows from Remark 4. Noting dim(E) <
Dim(FE) for every set E and ¢(r(1),7(1)) < 1, we only need to show that
Dim(Ds) < g(r(1),7(1)). For a < p < 1, as we argued in the proof of

Theorem 7, g(r,p) is a decreasing function for r € [0,1]. We note that
lim infg_ o0 % = r & limsup,_, % = g(r,p) (cf. Lemma 1 in
[1]) and a < r(1) < 1. Hence if » > (1), then g(r,r(1)) < g(r(1),7(1)). There-
fore if x € U,.(1)<,<1F(r), then limsupy,_, % < g(r(1),7(1)), which
means that Dim(U,(1)<,<1£(r)) < g(r(1),7(1)) from the cylinder density the-

orem in [2, 11] (cf. Proposition 2.3 in [10]).
Dim(Doo) < g(r(1),7(1))
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follows from the above corollary. Dually it holds for 0 < p < a. O

4. Application of the characterizations to (7,7 — 1)-expansion

In the above section, we used f for the RNT function, but in this section
we will use @, -(z) instead of f for the comparison between our results and
those of [14]. J. Paradis et al. ([14]) studied the RNT singular function ®, ,(x)
and gave a critical point to check the existence of derivative of the singular

a—1
log.(f’l). It is not difficult to
log(a/T)

show that K = #-(1)7 where 7(1) is the solution r of

function. The critical point is K = K(«a,7) =

_rlogp+ (1 —r)log(l —p) _
9(r.p) = rloga+ (1 —7r)log(l —a)

)

where p = % and a = é as it is defined in the previous section. J. Paradis et

al. argued in Theorem 4.2 in [14] that for x € (0, 1] where x = 3777 (a;l#
with positive integers a; such that 1 <a; <ap <--- if

lim inf 2% > K,

n—oo 1
then, if @, _(x) where 1 < 7 < « exists in a wide sense, it has to be infinite. The
following lemma gives that the above € F(r) where r > (1) =1 — +. From
the above corollary, we have for a < p < 1, Up(1)<r<1 F (1) = F(r(1)) C Dog UN.
Putting a = é and p = %(@ 1 < 7 < ), we immediately have their arguments.

Similarly J. Paradis et al. ([14]) argued that for z € (0,1] where z =
i—1

S @17 ith positive integers a; such that 1 <ay < ag <--- if

7j=1 o

lim sup an <K,
n— oo n
then, if ®f, (z) where 1 < 7 < o exists in a wide sense, it has to be 0. In this
case, the following lemma gives this 2 € F(r) where r < r(1) = 1—+. From the
result Up<,<y(1)F'(r) — F'(r(1)) C Do U N in the above corollary for a < p < 1,
we immediately have their arguments. Similarly we have their arguments for

the case 7 > a > 1 in Theorem 4.2 in [14] using the above corollary.
j—1
In the following lemma, we assume that x = Z;’il %

integers a; such that 1 <ay <ag <--- asin [14].

with positive

Lemma 14. For an extended real number 1 < A < oo we have

1
liminf @ > A o lmint @™ 5 L

and
. an . no(z|m) 1
limsup — < A< limsup ——— <1 — —.
n—oo N m—oo m A
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Proof. Suppose that liminf,, o, = > A. Consider a positive real number Al
such that A’ < A. Then there is a positive integer M and a real number h such
that <= > h > A’ where h > A’ for all n > M. Then for all n > M,

n n 1 1

a, hn h A
For all n > M with an integer ¢ such that 0 <1i < apy1 — ap,

n__n < 1 < 1
Gn+1 " a, h A

We note that x has n as the number of times the digit 1 occurs in the first a,
places of the code o(= ). Denoting n;(z|m) the number of times the digit 1
occurs in the first m places of o(= x) as we denote ng(x|m) the number of times
the digit 0 occurs in the first m places of x = ¢ in our Preliminaries, we have
w < § < forallm > ap (> M). Hencelimsup,,_, ., w <3<
Since ng(x|m) = m — ny(xz|m), we have

no(z|m) ny(xz|m) 1 1

lim inf =1-—limsu >1—=>1—-—.

m—oo m m_mop m - h Al
Since A’ is an arbitrary positive real number such that A’ < A, it follows. The
converse follows from that the sequence {%} has { >} as its subsequence.

More precisely, if liminf,, . w >1-— %, then

ny(z|m) 1

IN

lim sup —.
m—o00 m A
Hence limsup,, ., - < %. Therefore liminf,, o, %= > A.

For the second part, suppose that limsup,, ., 5> < A. We may assume

that 1 < A < oo since A = oo gives a trivial case. Consider a real number A’
such that A’ > A. Then there is a positive integer M and a real number h such
that %= < h < A" where h < A" for all n > M. Then for all n > M,

n n 1 1

an,  hn h ™~ A"
For all n > M with an integer ¢ such that 0 <i < ap41 — an,
n n+1 1 n+1 1 1 1
>

Qpy1 — 1 Qpy1 — 1 ap+1 — 1 Ap+1 2% h ap
Since a,, — oo as m — oo, there is a positive integer M’ > M and a real
number A’ such that —2— > ﬁ > % where h < b/ < A’ for all n > M’. So

An4+1—1

w > ,%, > L for all m > app (> M’). Hence liminf,, oo % > ﬁ >

%. Therefore we have
no(z|lm) 1 1

li <l—-—=<1-—.
mos m W A
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Since A’ is an arbitrary real number such that A’ > A, it follows. The converse

follows from that the sequence { ™1 hag {2} as its subsequence. O

m

From the above lemma, we easily see that

.. .nglxim 1
lim inf (w]m) =]1—- — =
m—c0 m liminf, . %
and
. no(z|lm) 1
limsup—*=1—- — .
m— o0 m lim SUPy, 00 Tn

As we discussed earlier, the following theorem for the RNT singular function
O, - (x) is a generalization of Theorem 4.2 in [14] which is a main result of [14].
From now on, we assume

Do () = Z (T;%

j=1

oo .
B (v —1)771
r= Z a®i

j=1

for

with integers 1 < a1 < ag < -+ < ap < -+ with  # 7 where a,7 > 1 and

og( &=Ll
K=K(a,7)= llogg((;ﬁ)). We easily see that K(«,7) > 1.

Theorem 15. Iflim,, o, 5= # K, then we have:
(i) Case l < T < a. If

a
limsup — < K,

n—oo T
then, if @, (x) exists in a wide sense, it has to be 0. If

liminf 2% > K,

n—oo N

then, if @, (z) exists in a wide sense, it has to be co.
(ii) Case 7> a > 1.
liminf &% > K,
n—oo N

then, if @, (x) exists in a wide sense, it has to be 0. If

a
limsup — < K,

n—oo N

then, if ®,, (z) exists in a wide sense, it has to be co.

Proof. For Case 1 < 7 < a, assume that liminf, , % > K. The above

lemma gives that
o Mo(alm) 1
>1- _ —
lgrgglof 2 1 e r(1).
Since lim,, ;o %= # K, we easily see that x ¢ F(r(1)) from the above lemma.

From U,1y<,<1F(r) — F(r(1)) C Do UN which is a result of Corollary 12 for
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a < p < 1, we immediately have @, _(z) = oo if @,  (z) exists in a wide sense.
The rest follows from similar arguments. O

The following theorem is the converse of the above theorem in some sense,
which was not mentioned in [14].

Theorem 16. We have:
(i) Case 1 <7 < a. If @, (z) =0, then

a
limsup — < K.

n—oo N
If @, . (z) = oo, then

liminf & > K.

n—oo n

(ii) Case 7> a > 1. If @, (x) =0, then

a
liminf = > K.
n— oo n

If @, () = oo, then

lim sup n < K.
n—oo N
Proof. 1t follows from the above lemma with the results of Corollary 12 which
are not used in the proof of the above theorem. O

The following theorem is a new fact for a sufficient condition for the non-
differentiability points of the RNT singular distribution.

an

Theorem 17. If liminf,, o
exist.

< K <limsup,,_,., %=, then ®, _(x) does not

n?

Proof. From the above lemma, if liminf, ,, %* < K < limsup,,_, ., 5=, then
we easily see that

2 € [Ur(y<r<1 F ()] N [Vo<r<ry £(7)].
It follows from Corollary 11. (]
The following theorem is also an essential generalization of Theorem 4.1 in

[14]. Tt assures that ®, (z) = 0 for a normal point x € F, where a = L when
@], () exists in a wide sense.

Theorem 18. If lim,, . 5* = 7%, then, if &, (z) exists in a wide sense,
¥, () = 0.
Proof. If lim, o 5 = %5, then z € F(é) from the above lemma. From

F(1)=F(a) C Dy UN in Remark 5, it follows. O
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