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INVOLUTORY AND S+1-POTENCY OF LINEAR
COMBINATIONS OF A TRIPOTENT MATRIX AND AN
ARBITRARY MATRIX'

CHANGJIANG BU* AND YIXIN ZHOU

ABSTRACT. Let A1 and A be n X n nonzero complex matrices, denote a
linear combination of the two matrices by A = ¢1 A1 + caAa, where ¢y, ca
are nonzero complex numbers. In this paper, we research the problem
of the linear combinations in the general case. We give a sufficient and
necessary condition for A is an involutive matrix and s+ 1—potent matrix,
respectively, where A;j is a tripotent matrix, with A1 Ay = AgsA;. Then,
using the results, we also give the sufficient and necessary conditions for
the involutory of the linear combination A, where A; is a tripotent matrix,
anti-idempotent matrix, and involutive matrix, respectively, and A is a
tripotent matrix, idempotent matrix, and involutive matrix, respectively,
with A1As = AsAq..
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1. Introduction

The symbols C', C\{0} and C"*" denote the sets of complex numbers, nonzero
complex numbers and n x n complex matrices, respectively. Let I, and X? be
n X n identity matrix and the transpose of X. Let ¢;, ¢ € C\{0}, nonzero
matrices A, Ay € C™ ™, A is a linear combination of A; and Ao, ie. A =
Cc1A1 + caAs.

Idempotent matrix, tripotent matrix and involutive matrix have important
applications in statistical theory: if A is an n x n real symmetric matrix, X is an
n x 1 real vector and X satisfied the multivariate normal distribution N, (0, ),
where I denotes the identity matrix, then a sufficient and necessary condition
for the quadratic form X*AX (1) to be distributed as a chi-square is A% = A4;
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(2) to be distributed as a difference of two independent chi-square variables is
A3 = A (see[1]-[4]). Consequently, the idempotency (or tripotency) of the linear
combination A = ¢; A1 4+ co A, where A1, Ay are two commuting real symmetric
idempotent (or tripotent) matrices, is related to the linear combination of two
quadratic form X?A; X, Xt A5 X, it is a chi-square distribution (or as difference
of two independent chi-square variables), where X*A; X and X*A5 X are satisfied
chi-square distribution (or a difference of two independent chi-square variables).
Obviously, if A is an involutive matrix, then there exist two idempotent matrices
Py and P, such that A = P, — Py, I = P; + P, and P, P, = 0 (see[5]). However,
the matrices, which neither real nor symmetric, are also used in many branches of

applied sciences. For example the matrix , which is a member of the

—i
0
class of matrices known as the Pauli spin matrices and the Dirac spin matrices is
neither real nor symmetric but involutive, and they are widely used in quantum
mechanics (see[6]-[10]). The problem of the linear combinations has applications
in control theory, too. Let us consider a singular control linear system: Ez =
Az + Bu, where x € R" is the descriptor variable, u € R™ is the control input,
and E, A € R"*" B € R™ ™ are constant matrices, F is a singular matrix. The
singular system Ex = Ax 4+ Bu satisfies the regularity condition if there exists
A € C such that det(A\E + A) # 0 (see[11]-[12]). Actually, this problem, when
A # 0, is the invertibility of the linear combination P = ¢ FE + coA. Therefore,
it is significant to research on this kind of issues.

In 2000, J.K. Baksalary and O.M. Baksalary gave the sufficient and necessary
conditions of the idempotency of linear combinations of two idempotent matrices
(see[13]); In 2002, J.K. Baksalary, O.M. Baksalary and G.P.H. Styan gave the
sufficient and necessary conditions of the idempotency of linear combinations
of an idempotent matrix and a tripotent matrix (see[14]); In 2007, [15] give
the idempotency of the linear combination A = ¢; Ay + co A + c3A3, where
A? = A, and AjA; = AjA; i # 4,0, j =1,2,3; In 2008, M. Sarduvan and H.
Ozdemir gave the sufficient and necessary conditions of tripotency, idempotency
and involutory of the linear combinations A = ¢; Ay + caAs, where A; and A,
are two commuting tripotent, idempotent or involutive matrices, respectively,
i.e. (1) the sufficient and necessary conditions of A is a tripotent or idempotent
matrix when A; and Ay are commuting involutive matrices, (2) the sufficient and
necessary conditions of A is an involutive matrix when A; and As are commuting
tripotent or idempotent matrices (see[16]); In 2009, H. Ozdemir, M. Sarduvan,
A.Y. Ozban and N. Giiler gave the sufficient and necessary conditions of the
idempotency and tripotency of linear combinations of two commuting tripotent
matrices (see[17]).

In this paper, we research the problem of the linear combinations A = ¢1 41 +
c2As in the more general cases. We give, when A; is a tripotent matrix, A =
c1 A1 + c2As is an involutive or an s + 1—potent matrix, with Ay Ay = Az A,
all the forms of the arbitrary matrix A, and when A? = —A; or A? = I, we
also give all the forms of As, respectively. From the forms of A;, we give the
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sufficient and necessary conditions for the involutory of the linear combination
A, when A, is a tripotent matrix, idempotent matrix, or involutive matrix, with
A1As = A3 Ay, Then, Theorem 2.1, 2.2, 2.3 and 2.5 in [16] can be obtained for
the special cases of this paper’s results.

2. Some Lemmas

Lemma 1. ([18]) Let A € C™™ be a tripotent matriz. Then there exists a
nonsingular matriz P € C™ ™ such that A = P(I, & —I, ® O)P~', where
p + g = rankA.

Lemma 2. ([19]) Let A € C™ "™ be an involutive matriz. Then there exists a
nonsingular matriz P € C™ "™ such that A = P(I, ® —I,)P~', where r + s = n.

Lemma 3. ([18]) Let A € C™*" be an idempotent matriz. Then there exists a
nonsingular matriz P € C™ " such that A = P(I, ® O)P~!, where r = rankA.

3. Main Results

In this section, we give all the forms of the arbitrary matrix Ay, when A =
c1 A1 + ¢ As is an involutive or s + 1—potent matrix, with A1 A; = A5 Ay, where
Ay is a tripotent matrix.

3.1.0n involutory of linear combinations of a tripoent matrix and an
arbitrary matrix.

Theorem 1. Let Ay, Ay € C™*™ be two nonzero matrices, and A3 = Aj,
A1As = AsAy, A = 1 A1 + coAs, where ¢, co € C\{0}. Then the sufficient
and necessary conditions for A2 = I is existing a nonsingular matriz Q € C™*"
such that

A= QU -1, 0)Q",

1—61 —1—(}1 1—|—Cl —1—1—81 1

-1
Az = Q[( I, ® L) & ( L@ L)®(—I,e—1L)]Q ",
Co Co Co C2 C2 C2

where p+q = rankAy, r+s =p, m+t =¢q, h+1 =n—p—gq, and
P, q, v, s, m, t, h, l are nonnegative integers.

Proof. The sufficiency is obvious. Now we only prove the necessity.
Since A3 = Aj, from Lemma 1, there exists a nonsingular matrix P € C"*"
such that
Ay =PI, ®-1,®0)P,
where p + ¢ = rankA;.
And from A; Ay = A3 A,. Let

Ay = P(X1 & X, ® X3)P !,

where X; € CP*P, Xy € C1%1, X5 € C(n—p—@)x(n—p—q)
Then
A= P[(Cllp + C2X1) D (—leq + CQXQ) G CQX3]P_1.
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From A% = I, we have
(el +caX1)? =1, (—cily + 2 X2)? =T and (c2X3)? = 1. (1)

From Lemma 2 and (1), there exist nonsingular matrices Q1 € CP*P, Qs €
C7%4 and Q5 € C"—P=)x(n=p=4) gych that

Cl.[p + Xy = Ql(Ir 2] _IS)Q;17
—Cllq + CQXQ = QQ(Im S¥ _It)Q2_17
X3 = Q3(In © —1)Q3 ",

i.e.
1—c¢ —-1—c _
X1 = Qu( LY L1)QT,
C2 C2
1+c¢ —1+¢ _
X = Qo L L1)Q5
C2 Co

1 1 _
X3 =Qs3(—In®——1)Q3",
Co C2

wherer+s=p, m+t=q, h+l=n—p—q.

Therefore,
Ay = P(X1© X, X3)P!
1—c¢ —1-—c¢ _ 1+c —1+¢ _
= Pli(——1Lo® SL)QT @ Qo(—— I, @ L1)Qy!
Co Co C2 C2

1 -1 11
o Qi(—Ihyo—0)Q3Y P!

C2 Co

1—-c —1—c¢ 1+e¢ —1+¢
= P(Qi®QoQs)(——I @ Ly (— L, e “ 1)
Co Co C2 C2
1 -1 _ _ _ _

® (alh@gll)](Qll@Q21@Q31)P g

Let Q = P(Ql D Qg D Qg) Then

1—-c¢ —-1—c¢ 1+e¢ —-1+c¢ 1 —1 B
A =Q[(—— L@ L)@ (—— I ® L)@ (—Ive —0)Q7Y,
Co Co Co Co C2 C2
and
Al = P(QioQ:0Q3) Lo -L,00)(Q7' @Qy ' @Q3 )P

= Q(Ip & _Iq & O)Q_l-
O
Theorem 2.3 in [16] gave the sufficient and necessary conditions of involutory

of two commuting tripotent matrices. Let A3 = As. Then Theorem 2.3 in [16]
can be obtained from the Theorem 1 of this paper, see Corollary 1.
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Corollary 1. Let A, Ay € C™ ™ be two nonzero matrices, and A; # Ay, A =

Al, A% = AQ, A1 Ay = AgAl, A=cA+ CQAQ, where c1, C € C\{O} Then

we have the following situations for which A is an involutive matrix:

(a) (c1,c2) = (1,1) or (e1,¢c0) = (—1,—1), and A? + 241 Ay + A3 =1, A2 # 1,
A2 £ T;

(b) (01702) = (1, 71) or (61,62) = (71, 1), and A% — 2A1A2 + Ag = I, A% 7£ I,
A3 # 1

(¢) (c1,¢2) = (2,1) or (c1,¢2) = (=2, —1), and 4A2 + 4A; Ay + A3 =1, A3 # I;
(d) (01,62):(2,— ) (01,02>:(— s ), and4A%—4A1A2+A%:I, A%#I,
(€) (c1,¢2) = (1,2) or (c1,¢0) = (—1,-2), and A3 +4A; Ay +4A3 =1, A2 #£1;
(f) (61,62) = (1,72) (61762) = (7 3 ), and A% — 4A1A2 +4A§ = I, A% 7& I.

Proof. The sufficiency is obvious. Now we only prove the necessity.
From Theorem 1, there exists a nonsingular matrix Q € C™*™ such that

A =QUy® 1,5 0)Q ",

1—c¢c —-1—c 1+e¢ —1+4c 1 —1 _
A =Q——1,® L)@ (I ® )& (— e —D)QT,
C2 C2 C2 Ca Co Co
where p + ¢ = rankAy, r+s =p, m+1t =¢q, h+1l =n—p—gq, and
p, q, T, s, m, t, h, | are nonnegative integers.

From A3 = A,, we know the following relations:

1701 71701 1701 71701

Ir Ie 3= Ir I? )
( Co @ Co ) ( Co © Co )
1+c¢ —1+c¢ . 1+c¢ —1+4c¢
( 1Im@ 1[)‘,)3:( 1Im@ 1[]‘1)7
C2 C2 C2 C2
1 -1 1 -1
(=D& —10)% = (—Iy & —1I).
C2 C2 C2 C2
Case 1.
1—c —1—c¢ 1—c —1—c¢
( llr@ 115)3:( IIT@ 1IS)~
Co C2 C2 C2
Ifr=0, s=p#0,
cp—cpa=—1lorc+cy=—-1orc =-1. (2)
Ifs=0, r=p#0,
cp—co=1lorci+ca=1o0rc =1. (3)
If p=0,
c1, co € C\{0}. (4)
Case 2.
1+c¢ —1+c l1+c¢ —1+c
( LY L1)3 = ( LY L1).

C2 C2 C2 C2
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fm=0,t=q#0,

ci—ca=1lorci+ca=1o0rc =1. (5)
Ift=0, m=q#0,
ci—co=—1lorci+c=—-1orc =-—1. (6)
If =0,
c1, c2 € C\{0}. (7
Case 3. ) o ) 1
(afh@afl)d = (alh@gll).
Ifth=0,l=n—p—q#0,
co = 1. (8)
Ifl=0, h=n—p—q#0,
cy = +1. (9)
Ifh+#0, [ #0,
co = 1. (10)
Ifn—p—q=0,
c1, c2 € C\{0}. (11)

Combination of all the results of Case 1, 2 and 3.
Combination of (2), (6) and (8), we get

c1=-2, co=1, 4A2 —4A Ay + A3 =1, A #1,

or
61:71, 62:1, A%72A1A2+A§:I, A%#I, A%?é[,
or
C1 :72, 02:71, 4A%+4A1A2+A§:I, A%#I,
or

C1 :71, Coy = 717 A%+2A1A2+A% :I, A% #I, A%%I
In the similar way, combination of (2) — (11), we get the results (a) — (f). O

Theorem 2.1 in [16] gave the sufficient and necessary conditions of tripotency
of two commuting involutive matrices. Let A3 = I. Then Theorem 2..1 in [16]
can be obtained from the Theorem 1 of this paper, too, see Corollary 2.

Corollary 2. Let Ay, Ay € C™ ™ be two nonzero matrices, Ay # +As, and A3 =
Ay, A2 =1, AjAy = AyAq1, A= c1 Ay + caAy, where ¢1, ca € C\{0}. Then we
have the following situations for which A is an involutive matriz:

(a) (e1,¢2) = (2,—1) or (c1,c2) = (=2,1), and A2 = A Ay;

(b) (c1,¢2) = (2,1) or (c1,¢2) = (—=2,—1), and A? = —A, As.



Involutory and s+1-potency of linear combinations of a tripotent and an arbitrary matrix 491

Proof. The proof is similar to Corollary 1. O

In the Theorem 1, A1 = Q(I, & —I, ® O)Q1, A; is degenerated anti-
idempotent matrix, when p = 0, i.e. A? = —A; and Aj Ay = AyA;. We
get the form of arbitrary matrix As, when A is an involutive matrix.

Theorem 2. Let Ay, Ay € C™ ™ be two nonzero matrices, A3 = —A;, A1 Ay =
As Ay, A =c1Ar1+caAs, wherecy, co € C\{0}. Then the sufficient and necessary
conditions for A2 = I is existing a nonsingular matriz Q € C™*"™ such that

Al = Q(_Iq D O)Q_17

1+c —1+4c 1 -1 _
A =Q(— I, @ e (=, e —1)]Q 7Y,
C2 C2 C2 C2

where ¢ = rankA1, m+t =¢q, h+1=n—gq, and m, t, h, | are nonnegative
integers.

Proof. The proof is similar to Theorem 1. O

Theorem 2.5 in [16] gave the sufficient and necessary conditions of involutory
of two commuting idempotent matrices. Let A3 = Ay. Then Theorem 2.5 in
[16] can be obtained from the Theorem 2 of this paper, see Corollary 3.

Corollary 3. Let Ay, Ay € C™*™ be two nonzero matrices, Ay # *As, and A2 =
7A1, A% = AQ, AlAQ = AQAl, A= ClAl + CQAQ, where c1, Co € C\{O} Then
we have the following situations for which A is an involutive matrix:

(a) (e1,¢2) = (1,-1) or (c1,c2) = (=1,1), and —Ay + Ay = I;

(b) (e1,¢2) = (1,2) or (c1,c2) = (—1,-2), and Ay = —1I;

(¢) (c1,¢2) = (2,1) or (c1,¢2) = (—2,—1), and Ay = 1.

Proof. The proof is similar to Corollary 1. O

In the Theorem 1, 4; = Q(I,®—I1,40)Q™', A is degenerated an involutive
matrix, when p +q = n, i.e. A2 =1 and A;Ay = AyA;. We get the form of
arbitrary matrix Ao, when A is an involutive matrix.

Theorem 3. Let Ay, Ay € C™*™ be two nonzero matrices, and A3 = I, A1 Ay =
As Ay, A = c1Ar1+caAs, wherecy, co € C\{0}. Then the sufficient and necessary
conditions for A% = I holds is existing a nonsingular matriz Q € C™*™ such that

Al = Q(Ip D _Iq)Q_la

1—01 —1—61 1—|—61 —1—|—61 _
A2 - Q[( IT & Is) b ( Im ¥ It)]Q 1a
Co Co C2 C2
where p+q=mn, r+s=p, m+t=gq, andp, q, v, S, m, t are nonnegative

integers.

Proof. The proof is similar to Theorem 1. O
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Theorem 2.2 in [16] gave the sufficient and necessary conditions of idempo-
tency of two commuting involutive matrices. Let A2 = Ay. Then the Theorem
2.2 in [16] can be obtained from the Theorem 3 of this paper, see Corollary 4.

Corollary 4. Let Ay, Ay € C™ ™ be two nonzero matrices, and A; # + Ay, A? =
I, A2 = Ay, AjAy = AyAy, A= ci Ay + caAs, where c1, ca € C\{0}. Then we
have the following situations for which A is an involutive matriz:

(a) (e1,¢2) = (1,2) or (c1,c2) = (—1,-2), and A1 As + A2 = O;

(0) (c1,62) = (1,-2) or (c1,¢2) = (—1,2), and A1 Ay — Ay = O..

Proof. The proof is similar to Corollary 1. (]

If the matrix A; in Theorem 1 is taken as s + 1—potent matrix, and let As
be an arbitrary matrix, the following results are obtained.

3.2.0n s+1-potency of linear combinations of a tripoent matrix and
an arbitrary matrix.

Theorem 4. Let A;, Ay € C™*™ be two nonzero matrices, and A3 = A,
A1As = As Ay, A =c1 A1+ oAy, where ci, co € C\{0}. Then the sufficient and
necessary conditions for AtY = A is existing a nonsingular matriz Q € C™*"
such that

A =08 -1,80)Q",
X1 —al Xo+cl X _
Ay = Q2 g 22 T 00 g 23yt
C2 C2 C2
where p+qg= rankAl; X = dlag(ﬁla 7ﬁp)’ Xo = diag(ﬁp+17"' 36p+q);
X3 = diag(Bptg+1s--- 5 5n), Bi €{0}UV (i=1,...,n, V ={z]z® =1}), and
P, q are nonnegative integers, s 1S a positive integer.

Proof. The sufficiency is obvious. Now we only prove the necessity.
Since A3 = Aj, from Lemma 1, there exists a nonsingular matrix P € C"*"
such that
Ay=PI,®-1,®0)P,
where p + ¢ = rankA;.
And from A1 As = AxA;. Let
A =PY1 Y@ Yg)P_l,
where Y, € CP*P_ Y, € C1%9, Yy € C(n—P=0)x(n—p—q)
Then
A= Pl(c1, + V1) @ (—erly + caYa) @ V3] P71

From A%t! = A, we have
(Cllp + CQY1)8+1 = (CIIP —|— 02Y1)7 (—leq + 02Y2)8+1 = (—leq —|- 02}/2)

and
(02Y3>S+1 = (CQYg).
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An s+ 1—potent matrix is diagonalizable, so, from (¢11, 4+ c2Y1)* = (11, +
c2Y7), there exists a nonsingular matrix @1 € CP*P such that
aly+eY1=Q1(B1& & B,)Q1

Let X; = diag(f1,...,0p), where 8; € {0}UV (i=1,... ,p, V = {z]z® = 1}).
Then x I

1—C _

Y, = Ql(cip)Ql L

In the same way, there exist nonsingular matrices Q. € 7%, Q3 € c(n~P~0x(n=p=a)

such that x
Ya = Qaf )5t n=Q3<c—;>Q51,

where Xo = diag(Bp+1,- .-, Bptq), X3 = diag(Bptrg+1,---,6n), Bi € {0} UV
(i=p+1,... ,n, V=A{z|z® =1}).
Therefore,

Ay = P(Q1 D Q2D Qs3)(

Let Q@ = P(Q1 ® Q2 ® Q3). Then

Xo + Cllq
C

X1 — lep o X2 + leq
C2

a— @t et e QP
2 €2

X1 —c11 Xo+ 1l X
Ay = Q=B g 22T A gy 281
C2 C2 C2
and
A = P(@QoQ:eQs)(,o—1,00)(Q7' Q' @Q3 )P

QU,o-I,20)Q "

O

In the Theorem 4, A1 = Q(I, ® —I, ® O)Q~', A; is degenerated an anti-
idempotent matrix, when p = 0, i.e. A? = —A; and A; Ay = Ay A;. We get the
form of arbitrary matrix As, when A is an s + 1—potent matrix.

Theorem 5. Let Ay, Ay € C™ ™ be two nonzero matrices, A3 = —A;, A1Ay =
A Ay, A = c1A1+caAs, where ey, co € C\{0}. Then the sufficient and necessary
conditions for ATl = A is existing a nonsingular matriz Q € C™™ such that

A1 =Q(-1,®0)Q™",

X1+01[ X2 _
Ay = Q(Tq ® 72)@ !

where ¢ = rankA,, Xy = diag(f1,...,084), Xo = diag(Bgt1,.--,06n), Bi €
{0tUV (i=1,...,n, V={x|z® =1}), and s is a positive integer.
Proof. The proof is similar to Theorem 4. O

In the Theorem 4, 4; = Q(I,®—I1,40)Q™', A is degenerated an involutive
matrix, when p +q = n, i.e. A2 =1 and AjAy = AyA;. We get the form of
arbitrary matrix As, when A is an s + 1—potent matrix.
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Theorem 6. Let Ay, Ay € C™*™ be two nonzero matrices, and A3 = I, A1 Ay =
As Ay, A= c1A1+co Ay, where ey, co € C\{0}. Then the sufficient and necessary
conditions for AST1 = A is existing a nonsingular matriz Q € C™ " such that

Al = Q(Ip S3) _Iq)Qilv

X1 —call Xo 41l _
A= Q(———L o =——1Q,
C2 C2
where p + ¢ = rankA; = n, Xy = diag(f1,...,58p), X2 = diag(Bp+1,--- » Bptq);
B; e {0}UV (i=1,...,n, V={z|z® =1}), and p, q are nonnegative integers,
S 18 a positive integer.

Proof. The proof is similar to Theorem 4. O

Remark. Let A = 1A + -+ + ek Ag, 4; € C™*" ¢, € C\{0}, i =1,2,--- |k
(k> 2), where A? = A; or A = A;or AST' = A, or A2 =1 (i€ {1,2, -,k —
1}), and A;A; = AjA;, 1 # j; 1,5 =1,--- k, Ay is an arbitrary matrix. With
the method in this paper, we can get all the forms of the arbitrary matrix Ag,
when A2 = A or A3 =Aor ATl = Aor A2 = 1.
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