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EXISTENCE OF GLOBAL SOLUTIONS FOR A
PREY-PREDATOR MODEL WITH NON-MONOTONIC
FUNCTIONAL RESPONSE AND CROSS-DIFFUSION'

SHENGHU XU

ABSTRACT. In this paper, using the energy estimates and the bootstrap
arguments, the global existence of classical solutions for a prey-predator
model with non-monotonic functional response and cross-diffusion where
the prey and predator both have linear density restriction is proved when
the space dimension n < 10.
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1. Introduction

In this paper, we are interested in the following the prey-predator model
with non-monotonic functional response and cross-diffusion where the prey and
predator both have linear density restriction

b .
uy = Al(dy + anru + arzv)u] + [a — ku — I—FTU—FW]% in  x [0, 00),
du .
vy = Al(d2 + az1u + a22v)v] + [c — ev + m]v, in Q x [0, 00),
ou _ Ov (L.1)

il =0, ondN x [0,00),
u(z,0) = uo(z) >0, v(z,0) =vo(z) >0, inQ,

where Q C RY(N > 1) is a bounded domain with smooth boundary 99, v is

the outward unit normal vector of the boundarydf). «;; are given nonnegative

constants for 7,5 = 1,2. And d;,ds,a, %, b and d are positive constants which

stand for the random diffusion rates of the two species, prey intrinsic growth

rate, carrying capacity, capturing rate and conversion rate respectively. e is a
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nonnegative constant and c is a constant which may change sign with ¢ < 0
if e = 0. The —ev? represents the self-limitation for the predator. wuy and vy
are nonnegative functions. In system (1.1), u and v represent the population
densities of the prey and predator species, respectively, a7 and g are self-
diffusion rates, and ayo and as; are cross-diffusion rates. The interaction term,
m is of the Holling type IV functional response, the constants 8 > 0
and m are assumed satisfy m > —24/B so that functional response m
remains nonnegative for u(x,t) > 0 in €, more explanations for the response
functions of this type can be found in [1]. When 5,m = 0, the system (1.1)
reduces to the well-known Lotka-Volterra prey-predator SKT model which has
been investigated by [2]. Note that m = 0, ;=7 is reduced to the function
used in [3]. If e = m = 0, the corresponding ODE system (1.1) has been
discussed by many authors; see [3, 4, 5]and the references therein. In the case
of 8 =0 and m > 0, the interaction term g T 18 known as Holling type II or
Michaelis-Menten functional response which was proposed by Michaelis-Menten
and Holling in studying enzymatic reactions and predator-prey models, for more
explanations for response functions of this type, refer to[6].

The corresponding weakly coupled reaction-diffusion system (1.1) has received
a lot of attention, see[7, 8], the biologically more interesting case e > 0 was stud-
ied in [8]. But up to now, the corresponding researches chiefly concentrate on
non-existence and the existence of the positive steady-state solution, Hopf bifur-
cation can occur, and existence of non-constant positive steady-state solutions
of the weakly-coupled reaction-diffusion system (1.1). To the best of our knowl-
edge, especially the case e > 0, when a15 > 0 or ag; > 0 is positive, (1.1) is
a strongly-coupled reaction-diffusion system which occurs frequently is biolog-
ical and it is very difficult to analyze, there are very few results for the (1.1),
there is only one work of Chen et. al.[5] available, in which she obtained a num-
ber of existence and non-existence results concerning non-constant steady states
(patterns) of (1.1) when e =m = 0.

Local existence (in time) of solutions to (1.1) was established by Amann
in a series of important papers [9, 10, 11]. Referring to the result stated in
Theorem 8 in [12]. However, very few results are know for global existence
of solutions to (1.1), in particular, the global existence of classical solutions
for (1.1) is open and interesting question to understand the problem in the
high-dimensional space. The main purpose of this paper is to understand the
global existence of classical solutions of (1.1) for higher n(n < 10). We remark
that while there have been many results on global solutions to Lotka-Volterra
competition systems with cross-diffusion, such as [13, 14, 15, 16|, predator-prey
systems with cross-diffusion seem to be far less studied. Scaling the parameters
we may assume that e = k = 1. Thus we will concentrate on the system (namely,
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the system (1.1) for a5 = 0)

bv .
ur = Al(dr + aniw)u] + [a —u — m}u, in 2 x [0, 00),
du .
v = A[(d2 + a21u + 0622’11)’0} + [C —v+ m]v, in Q x [O, OO)7
Ou _Ov _ (1.2)
5—5—0, 01189)([0,00),

u(z,0) = uo(z) >0, v(z,0) =vo(xz) >0, inQ.

Theorem 1.1. Let ass > 0 and assume that ug > 0,v9 > 0 satisfy zero Neu-
mann boundary condition and belong to C**(Q) for some 0 < X\ < 1. Then
(1.2)possesses a unique non-negative solution u,v € C*TM1+3(Q x [0,00)) if
a11 > 0 and n < 10.

The paper is organized as follows. In section 2, we present some known results
which are useful in later section. In section 3, we establish L"-estimates of the
solution v of (1.2) and we give a proof of Theorem 1.1.

2. Preliminaries

We list here some notation.
QT =0 x [07 T)a

T 4 1/
||u||Lp,q(QT) = (/0 (/Q |u(x,t)‘1’dm)5dt) q7 LP(Qr) := LPP(Qr),

lullw21 (g = lullzr@r) + lutll oy + IVl Lo@ry + IVl o @r),
lullva@r) = sup [lu(, D)2 + [[Vul@, 1) L2Qqr),
0<t<T
where T be the maximal existence time for the solution (u, v) of (1.2). In order to

establish L"—estimates for solutions of (1.2), we need the following preliminary
results.

Lemma 2.1. Let u,v be a solution of (1.2) in [0,T). Then 0 < u < m and
v >0 in Qr, where m = max{a, [[uol| () }-

Proof. The first equation in (1.2) is expressed as

bv
Ut = (dl +2&11’&)&’(1‘+20(11V’U/-V’U/+’U/[U/—’LL— m], (21)
and the second equation is written as
Ve = (d2 + ag1u + ZQQQU)A'U + 2(a21Vu + OéQQV’U)VU
du (2.2)
+ovlc—v+ 71+mu+6u2]'

Then application of the maximum principle for (2.1)and (2.2)yields the nonneg-
ative of w and v. Applying the maximum principle to (2.1)again one can also
show the boundedness of w. (]
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Lemma 2.2. There exists a positive Cy(T') such that

sup |lu(.,t)[[z1e) < C1(T),  sup |[[v(.,t)|[r1() < Ci(T),
0<t<T 0<t<T

[ull2(@r) < CU(T), [vll 22 (@ry < C1(T).

Proof. Integrating the first equation in (1.2) over the domain 2, we have
bv
dr = d
u v / 1+ mu+t BuQ} “

Sa/udm—/qum
Q Q
1 2
Sa/udx—(/udx) ,
O 12| \Ja

where we used Holder’s inequality. Then we have |lu(.,t)||1q) < My, where
M7 = max{||uo||L1 (), a||}. Furthermore,

sup [Ju(.,t)|lL1) < Ci(T).
0<t<T

Since

4 udxga/ udx—/qum. (2.3)
dt Jo Q Q

Integrating (2.3) from 0 to T', we have

[ull72(p) < MIQT| + lluollLi )
Therefore,
[ullz2(@r) < C1(T).

Now, integrating the first, second equation in the system (1.2) over the domain
), and after a linear combination, we have

(du + bu)dx = / (du® + bv®)dx + / (adu + bev)dx
Q

d
dt o

< —% min{a7 Z} |:/Q(du + bv)dx] + max{a, c} /ﬂ(du + bu)dx.

Therefore, [[v(.,t)||z1q) < My, where M; depending only on wg,vo and the
coefficients of (1.2), then

sup_ lo(.,t)||L1 o) < CL(T).
0<t<

Since 4 [, (du+ bv)dx = [,(adu — du® — bv? + bev)dx, then integrating the
equation from 0 to T', we have

T T
b [ vdwdt < ad/ M{dt+bc/ Mt + dlluol 22 + bllvoll 21 .
Qr 0 0

which implies
[vllz2(@r) < C1(T).
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Lemma 2.3. Let w; = (d; + aj1u)u, and u be a solution of the problem

bv
Uy = A[(dl + Oéllu)u] + [a —Uu — m]ﬂ, (.’L‘,t) S Q X (07T),
% =0, z€dNx(0,T),

u(z,0) =up(x) >0, ze€Q,

where dy, a11,a,b,m, 3 are positive constants, 0 < v € L?(Qr), ug € WZ(Q) N
L*>(€). Then there exists a constant Cy(T), depending on |luollwy (o) and
luo |l o () such that

il gy < Ca(T).
Furthermore, Vw; € Vo(Qr).

Proof. The proof of Lemma 2.5 is similar to [15] Lemma 2.2, we omit it. U

Lemma 2.4. Letq > 1, =2+ %, E in (0,1) and let Cp > 0 be any number

which may depend on T. Then there is a constant My depending on q,n,Q,B
1

and Cr such that for any g in C([0,T), W3 (Q)) with (|, |g(.,t)|'gdx)fT < Cr for
all t € [0,T], we have the following inequality

4g/n(g+1)q ~
9 7y < M3 4 14 (500 90 Vol
Proof. The proof may be found in [15] Lemma 2.3 and Lemma 2.4. O
Lemma 2.5. There exists a constant C3(T') such that
Vel gy < Co(T).
Proof. The proof of Lemma 2.5 is similar to [2] Lemma 3.1, we omit it. U

3. Proof of the Theorem 1.1

In this section, we present a proof of our main result Theorem 1.1. It consists
of three steps that are devoted to obtain L™(Qr), L>(Qr) and C2t*1+2 (Qn)-
estimates, respectively, for the solution (u(z,t),v(z,t)) to the system (1.2), and
in its conclusion these estimates are combined and applied to Theorem 8 in [12]
to derive the global existence.

stepl. L"-estimates

Lemma 3.1. Let r > 2 and p, = T2f2 be two positive numbers. Assume that
oo > 0 and assume also that there is a constant M, > 0 depending only on
r, T, and the coefficients of (1.2) such that ||Vullprq,) < M, 7. Then there

exists positive constants C7(T) and Crsuch that

HU”VQ(QT) < 07(T)7
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and
4(n+1)

(n—2)4’

lollr@r) < Cryif 7 <
where a; = max{a,0}.

Proof. For any constant ¢ > 1, multiplying the second equation of (1.2) by qui~!
and using the integration by parts, we obtain

d
% vidx = q/ kAt v ((d2 + az21u + 2a22v) Vv + ag1vVulde
Q

du
9(c— — dzx
+q/v(c +1+mu+,8u2)

q—l)/ 2(da + az1u + 2a220)| Vo d:c—a21(q—1)/ V(v?) - Vudz
Q
du
I(c— ——d
-‘rq/Qv (c—v+ 1+mu+6u2) T
< —q(q—l)dz/vq72\Vv|2dx—2a22q(q—1)/vq71|Vv|2dx
Q Q

du
— a1 q—l)/V(vq) Vudw—l—q/v (c—v—i—m)d

/\v ) - 22 /|V< RN

— — q — -
a21(q 1)/ V(v?) - Vudz + q/Q Ye—v+ Trmur ,BUQ )dx.
Integrating (3.1) from 0 to ¢, we have

4(q — 1)d -1 +1
vi(z, t)dz + Ag = ds \V(v%)|2dmdt + %(12) |V(1}q2 )2 dadt
o q (a+1)
Qt Qt

< /ﬂvq(z,o)dx —as1(g—1) /Qt V(v?) - Vudzdt + q/Qt vi(c—v+ H":iiﬁﬂuz)dzdt. G
By Holder’s inequality, we have
q/t vi(c—v+ #W)dxdt
< ol g + (o + Aol gy
< —qlol%h o M [1Qrl3 =7 ol s 0]
— —qllol%th M@ﬂmnvn‘zww
< gl g + LFD QT oo, o, )]

S 047
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where ¢ = 1, Oy = q(chﬂwl |QT|#,
On the other hand, since that % + 5 pi =1land Vuisin L"(Qr), using the
Holder’s inequality, we have
’— V(v7) - Vudacdt’ - ‘ / vF) - Vudzdt
Qt q + 1 t
< ™ || o V(T IVl
< q+ 1||U e IN@F)lz2gu - Vel
q+1

< V(v Tz |Vl e
< qul|| ol 2, prlg=1) @ V(@) 2@ - IVullLr @)

2(] at+1
< —M, V(v .
S i rrlloll 2, JEtETI IV =)z
Therefore, (3.1) yields
/vq(x,t)dﬂw \V(v?)[2dadt + —2209 2 80‘229’ / V(0" ) 2dwdt
Q q Q1
q+1
< Cs + Collol %, ey NV )20
(Q¢)

at1
<Cs+ —||v|\q + Ceel V(v 2 )llz2 (g,

pr (q 1)
(Qt)

where C5 > 0 depending on ¢, T, ) coeflicients of (1.2) and initial datal vy. For
any € > 0, from above expression and by choosing a sufficiently small €, such

that Cge < 8‘?;17(1‘1)2_1), we have

o )Ty + IV @212 (q,) + IV @222 g,

S O(Ta(LT) ( + ||UHq pr(g—1) > .
2 (Qe)

(a+1)
Set v=v"2z , and

E= sup /vq(x,t)dx+/ |V (0l D/2) 2 dzdt
Q

0<t<T -

= sup /52q/q+1dx+/ |V 2dadt.
0<t<T JQ T

(3.2)

Let 7o = 4,pp = 2% . By Lemma 2.5, we see that Vu is in L™ (Qr). So,

T0—2
from(3.2), we have

R

q 2(qu 1)
E+[V(@2)lZ2(qp) < Clro,q,T) (1 + [Jll ,;}q b )) : (3.3)
T

For any ¢ > 1, if
(npo — 2n — 4)q < 2n + npy, (3.4)
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then, poéi_ll) <qg=2+ %. By Holder’s inequality

17 so-n < Cslg, TPl ~ (3.5)
L et (Qr) L

Qr)’
q+1 _1 -
where Cs(q,T) = |Qp|™"™" 4. Setting 8 =2/(q+ 1) € (0,1), by Lemma 2.2
we have
(D)l [0(, )1 710y < (C2(T)) 5, ¥t € [0, T). (3.6)

Therefore, by (3.6), Lemma 2.4 and the definition of F, the expression (3.5)
yields

LA@Q)

~ 1
0l pota-1y/a+1 < Csla, DIPI ~ < Cs(q, )My 1+ E*™Ea ;. (3.7)
Q1) L9(QT)

Then, by(3.3) and (3.7), we have

E < Co(q,T)(1 + EXEY) (3.8)
with
_ 41 201
ng(q+1)’ qlg+1)
Since
_2Aq—1) 12 1l 4d _
HEY = ST D) [n “] < a[nm?) “] -

it follows from (3.8) that there exists a positive constant Cyg such that E < Cjo.

By (3.17) and (3.8) we get v € L4(Qr) which in turn implies that v € L"(Qr)
with r = L2H) fo; any ¢ satisfying (3.4). Now, Looking at (3.4), if n < 2, we

2
have
npo —2n —4 =2(n —2) <0,

then (3.4) holds for all ¢. So for n < 2, v € L"(Qr) for all » > 1. If n > 2, then
(3.4) is equivalent to

. 2n + npg 3n
l1<g<q= = :
7<% (npp—2n—4) n-—2
By
dlg+1 2 _ . 2 4(n+1
qlq ):q+1+ﬁ§r1:qo+1+ﬂ:¥.
9 n n n—2

We have that v is in L"(Qr) for all 1 < r < 7. Since (3.7) holds true for
q = 2. So F is bounded for ¢ = 2. Tt follows from (3.3) and (3.7), we see that
lv|lvs (@) is bounded for any n. Namely, there exist positive constants Cr such

that [|v]|Lr(g,) < Cr for r < ég’i;)li,

this completes the proof of Lemma 3.1. [
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step2. L*°(Qr)-estimates

Lemma 3.2. Let aj; > 0 and suppose that there are r1 > max{ 22 3} and a

2
2
positive constant C., v such that

”fU”Lr1 @Qr) = CTLT'

Then, there exists a positive My such that

lvllLr ) < Mz for any r > 1.

Proof. First, the equation for u can be written in the divergence form as

bv
Uy = AV [(dl + 2(111U)VU] + u[a —Uu— m], (39)
where d; + 2a11u is bounded in Q4 by Lemma 2.1 and ufa —u — Hml;%] is in

L™ with r; > "T“ Application of the Holder continuity result see [17, Theorem
10.1, p.204 Jto (3.9) yields

u € Cﬁ’%(aT) with some 3 > 0. (3.10)
Moreover, we have
wyy = (dy + 2amu)Aw + fi, (3.11)

where wy = (di + ap1u)u, f1 = (di + 2a11uw)ula — v — HWZW] Since w is
bounded and by the assumption of this Lemma, we see that f; is in L™ (Qr).
From (3.11), Lemma 2.1 and Lemma 3.1, applying Theorem 9.1 [17, p.341-342]

and its remark[17, p.351], we have
w; € W2 (Qr)

this implies Vu = mel in L™ (Qr). Now, following the proof of Lemma

3.1 with r; instead of rg and p; = T?TQ instead of py, we see that either v is in
L™(Qr) for any r > 1 or else v is in L™ (Qr) with
. (Tl -+ 1)7’1
ry = —o |
n+2—nry

The later case happens if and only if
n+2—r; >0.

If v is in L™ (Q7), we see that f1 is in L™ (Qr). Therefore, applying Theorem
9.1 [17, p.341-342] and its remark [17, p.351] again, we have Vu in L™ (Qr).
Then we go back and do the same argument again. Keep doing likes this we will
get a sequence of numbers
- (n+ Drg

M T2
We stop and get the conclusion that v is in L"(Qr) for any r > 1 when

n+2—r; <0. (3.13)

(3.12)
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Since r; > 3, it is not hard to verify by inducting that rr > 3,k = 1,2,--- .
Then, we have
1 1
Tkt _ T + > n + o1
Tk n+2—rg n—1

Therefore, (3.13) holds for some k. We stop at this k and conclude that

||UHL'”(QT) < M, for any r > 1.

step3. C2HA1+3 (Q)-estimates

Similar to the proof of Theoreml.2 of [2], we can obtain C*TA1+2(Qr)-
estimates of the solution of (1.2). So the proof of Theorem 1.1 is completed.
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