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Abstract

In this paper, we give definitions of compatible mappings of type(vy) in intuitionistic fuzzy metric space and obtain
common fixed point theorem under the conditions of weak compatible mappings of type(y) in complete intuitionistic
fuzzy metric space. Our research generalize, extend and improve the results given by Sedghi et.al.[12].
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1. Introduction

Zadeh[13] was introduced the concept of fuzzy sets.
Fang[1], Kaleva and Seikkala[3], George and Veeramani[2]
have introduced the concept of fuzzy metric space for each
different methods, and some authors have been improved
generalized and extended several properties in this space.
Also, Kutukcu et.al.[4] obtained the common fixed points
of compatible maps of tyle(3) on fuzzy metric spaces, and
Sedghi et.al.[12] studied the common fixed point of com-
patible maps of type() in complete fuzzy metric spaces.

Recently, Park[5] and Park et.al.[9] defined the intu-
itionistic fuzzy metric space. Many authors([7], [8], [9]
etc) obtained a fixed point theorems in this space. Also,
Park[6], Park et.al.[10] introduced the concept of compati-
ble mappings of type(a) and type(/3), and obtained com-
mon fixed point theorems in intuitionistic fuzzy metric
space.

In this paper, we give definitions of compatible map-
pings of type(v) in intuitionistic fuzzy metric space and
obtain common fixed point theorem under the conditions
of weak compatible mappings of type(y) in complete intu-
itionistic fuzzy metric space.

2. Preliminaries

Throughout this paper, N denote the set of all positive
integers. Now, we begin with some definitions, properties
in intuitionistic fuzzy metric space as following:

Let us recall(see [11]) that a continuous f—norm is a
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operation * : [0,1] x [0,1] — [0,1] which satisfies the
following conditions: (a)* is commutative and associative,
(b)* is continuous, (c)ax 1 = a forall a € [0, 1], (d)axb <
¢ d whenever a < cand b < d (a,b,c,d € [0, 1]). Also,
a continuous t—conorm is a operation ¢ : [0,1] x [0,1] —
[0, 1] which satisfies the following conditions: (a)o is com-
mutative and associative, (b)o is continuous, (c)a ¢ 0 = a
foralla € [0, 1], (d)avb > cod whenevera < cand b < d
(a,b,c,d € ]0,1]).

Definition 2.1. ([9])The 5—tuple (X, M, N, x, ¢) is said to
be an intuitionistic fuzzy metric space if X is an arbitrary
set, * iS a continuous t—norm, ¢ is a continuous ¢—conorm
and M, N are fuzzy sets on X2 x (0,00) satisfying the
following conditions for all x,y, z € X, such that

@M (z,y, )

(C)M(CU Ys ) My, =, t)

(DM (x,y,t) * M(y,z,8) < M(x,z,t+ s),
(e)M(x,y,-) : (0,00) — (0, 1] is continuous,
ON(z,y,t) >0,

(@N(z,y,t) =0 =z =y,

(h)N(l‘, Y, t) = N(yv T, t),

ON(z,y,t) o N(y,z,8) > N(z,2,t+ s),

(N (z,y,-) : (0,00) — (0, 1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric
on X. The functions M(x,y,t) and N(z,y,t) denote the
degree of nearness and the degree of non-nearness between
z and y with respect to ¢, respectively.

Let X be an intuitionistic fuzzy metric space. For any
t > 0, the open ball B(z,r,t) with center x € X and ra-
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dius 0 < r < 1 is defined by
B(z,r,t)={y e X : M(z,y,t) > 1—r, N(z,y,t)<r}

Let X be an intuitionistic fuzzy metric space. Let 7 be
the set of all A C X with x € A if and only if there
existt > 0 and 0 < r < 1 such that B(z,r,t) C A.
Then 7 is a topology on X (induced by the intuitionistic
fuzzy metric (M, N)). A sequence {z,} C X converges
to x if and only if M(z,,z,t) — 1, N(zp,z,t) — 0 as
n — oo, for all t > 0. It is called a Cauchy sequence
if forany 0 < € < 1 and ¢t > 0, there exists ny € N
such that M (2, T, t) > 1 — €, N(@p, 2, t) < € for any
m,n > ng. The intuitionistic fuzzy metric space X is said
to be complete if every Cauchy sequence is convergent. A
subset A of X is said to be F-bounded if there exists ¢ > 0
and 0 < r < 1suchthat M(z,y,t) > 1—r, N(z,y,t) <r
forall z,y € A.

Lemma 2.2. ([7])Let X be an intuitionistic fuzzy metric
space. Then M (z,y, t) is nondecreasing, N (z, y, t) is non-
increasing with respect to ¢ forall x,y € X

Definition 2.3. Let X be an intuitionistic fuzzy metric
space. Then M, N are said to be continuous on X? x
(0, 00) if

lim M(.’L‘n, ymtn) = M<xay7t>7
n—oo
lim N (2, Yn,tn) = N(z,y,1)

n—oo
whenever a sequence {(Z,,, Yn,tn)} C X2 x (0, 00) con-
verges to a point (z,y,t) € X2 x (0, 00).

Definition 2.4. Let A and B be mappings from an intu-
itionistic fuzzy metric space X into itself. Then the map-
pings are said to be weak compatible if they commute at
their coincidence point, that is, Ax = Bz implies that
ABz = BAzx.

Definition 2.5. Let A and B be mappings from an intu-
itionistic fuzzy metric space X into itself. Then the map-
pings are said to be compatible if

lim M(ABz,, BAz,,t)=1, ¥Vt >0

lim N(ABz,, BAz,,t) =0
n—oo
whenever {x,} is a sequence in X such that

lim,, o Az, =lim, .o Bz, =z € X.

Proposition 2.6. The self mappings A and B of an intu-
itionistic fuzzy metric space X are compatible, then they
are weak compatible

The converse is not true as seen in following example:

Example 2.7. Let X be an intuitionistic fuzzy metric
space, where X = [0, 2], %, ¢ defined @ x b = min{a, b},

a o b = max{a,b} for all a,b € [0,1] and M (z,y,t) =

d(x,1
m, N(z,y,t) = t+g(;g) forallt > 0and z,y € X.
Define self maps A and B on X as follows:

2if 0<z<1

A =

* Tifl<n<2
2
2if z=1

Br =4¢ 243

otherwise

and z,, = 2 — ﬁ Then we have B1 = 2 = Al and B2 =
1 = A2. Also, BA2 = Bl =2, AB2 = Al = 2(BA2 =
AB2 = 2). thus A and B are weak compatible. Also, since

Awy = $@2— ) = 1— 4. Bo, = 12— 5 +3) =
1 — =L Thus lim,,_ e Az, = 1 = lim,,_oc Bx,. Fur-

10n
thermore, BAz,, = B(1--) = t(1- 1 +3) = 4 — 51—,
ABz, = A(1- ;&) =2.
Now,
lim M(ABz,, BAx,,t)

n—oo

4 1 t
e V(- L
n—oo 5 20n 5t +6
lim N(ABz,, BAz,,t)
4 1
= lim N(2,- — —,t) = 0 .
n—oo 5 20n 5t +6

Hence A and B is not compatible

3. Weak compatible mappings of type(~)

Definition 3.1. [7]Let A and B be mappings from an intu-
itionistic fuzzy metric space X into itself. Then the map-
pings A and B are said to be compatible maps of type(y) if
satisfying:
(i)A and B are compatible, that is,
lim M(ABx,, BAx,,t) =1,

n—oo

lim N(ABz,, BAx,,t) =0Vt >0

n—oo

whenever {z,} C X such that lim, ., Az, =
lim, ,o Bz, =2 € X.
(ii)they are continuous at x.

On the other hand, we have

Az = A( lim Az,) = A( lim Bz,)

= lim BAz, = B(lim Az,)= Bx

Definition 3.2. [7]Let A and B be mappings from an in-
tuitionistic fuzzy metric space X into itself. The map-
pings A and B are said to be weak-compatible of type(y)
if lim,,_, o0 Az,, = lim,,_ o Bz, = x for some r € X
implies that Az = Bz.
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Remark 3.3. If self maps A and B of an intuitionistic
fuzzy metric space X are compatible of type(), then they
are weak compatible of type(vy). But the converse is not
true.

Lemma 3.4. [12]Let X be an intuitionistic fuzzy metric
space.
()If we define E) : X2 — [0,00) by

Ex(z,y) = inf{t > 0; M (z,y,t) > 1=\, N(z,y,t) < A}
for each i € (0, 1) there exists A € (0, 1) such that
Ex(z1,2n) < Ex(21, m2)+Ex (22, 23)+ - Ex(Tn-1,20)

forany z1,29, - , 2, € X.

(ii)The sequence {x,, }nen is convergent in intuition-
istic fuzzy metric space X if and only if E)(z,,2) — 0.
Also, the sequence {z,},cn is Cauchy sequence if and
only if it is Cauchy sequence with Ey.

Lemma 3.5. [12]Let X be an intuitionistic fuzzy metric
space.

M(zy, Tng1,t) > M(xo, 21, k"),
N(2p, Tpt1,t) < N(zg,z1,k"t)

for some k > 1 and for every n € N. Then sequence {z,}
is a Cauchy sequence.

Lemma 3.6. ([7])Let X be an intuitionistic fuzzy metric
space. If there exists a number k& € (0, 1) such that for all
x,y € Xandt > 0,

M(z,y, kt) = M(z,y,t), N(z,y,kt) < N(z,y,1),

then x = y.
4. Main Results

Lemma 4.1. Let A and B be self-mappings of a complete
intuitionistic fuzzy metric space X satisfying:
(i)There exists a constant k& € (0, 1) such that

M?(Ax, By, kt) x [M (x, Az, kt)M (y, By, kt))
«M?(y, By, kt) + aM (y, By, kt)M (z, By, 2kt)
> [pM(x, Az, t) + ¢M (z,y,t)|M(x, By, 2kt),
N?(Azx, By, kt) o [N(x, Az, kt)N (y, By, kt)]
oN?(y, By, kt) + aN (y, By, kt)N (z, By, 2kt)
< [pN(z, Az,t) + ¢N(x,y,t)|N(z, By, 2kt)
for every z,y € X and ¢ > 0, where 0 < p,q < 1,

0 <a< lsuchthatp+¢q—a = 1. Then A and B
have a unique common fixed point in X.
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Proof. Let xyp € X be an arbitrary point, there exist
x1 € X such that Azy = x1, Bx; = xs. Inductively, con-
struct the sequences {z,,} C X such that o, 11 = Aza,,
Topto = Bxoyyq forn =0,1,2,---. Then we prove that
{z,} is a Cauchy sequence. For & = Z9,,y = Xa,41 by
(i) we have

M?( Ay, Bray,1, kt)
#[M (225, ATan, kt) M (22511, Brani1, kt)]
*M? (22,11, Brony1, kt)
+aM (xont1, Brony1, kt)M(xon, Broni1, 2kt)
> [pM (220, AT2n,t) + ¢M (T2n, T2ny1,1)]
X M (z2n, Bxant1, 2kt)

and
M2($2n+17 Tont2, kt)
*[ M (T2n, Tant1, kt) M (ant1, Tanto, kt)]
*M2 (-rQn—i-l) Ton+2, kt)
+aM (Ton41, Tong2, k)M (Ton, Tany2, 2kt)
> [PM (22n, Ton+1,t) + ¢M (225, Zant1,1)]
XM(IQH, Ton+2, 2kt),
N? (AxQna Bx2n+17 kt)
O[N(22pn, Axop, kt) N (2on 1, Bron i1, kt)]
<>]\72(5102n+1, Bxopi1, kt)
+aN(=T2n+la B$2n+17 kt)N(IQna BIQn-&-la Zkt)
S [pN(lém Axan t) + QN(JTQn, Ton+1, t)]
XN(Q?Qn, B$2n+1, 2kt>
and
N?(@on41, Tan2, kt)
O[N(z2n, Tan+1, kt)N (Tont1, Tant2, kt)]
<>N2 (x2n,+17 T2n+2, kt)
+aN (Ton41, Tant2, k)N (Ton, Tonta, 2kt)
< [PN (220, 2nt1,t) + gN (T2n, T2ni1,t)]
XN(.’EQn, Ton+2, Zkt)
Then

M?(Zon41, Tongo, kt)

[ M (xon, Tont1, kt) M (x2n11, Tanta, kt)]
+aM (Tont1, Tont2, kt) M (Xon, Tapta, 2kt)
> (p+ Q)M (z2n, Tani1, t) M (T2, Toante, 2kt),

N%(Zon i1, Tonyo, kt)

[N (zan, Tant1, kt)N(xopt1, Tanta, kt)]
+aN (xop41, Tonto, kt)N(Top, Topto, 2kt)
< (p+ q)N(zan, Tant1,t)N(Tan, Tanie, 2kt).
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So
M (2on+1, Tont2, kt) + aM (Tont1, Tant2, kt)
> (p+ Q)M (220, T2n+1, 1),
N(xon+t1, Tant2, kt) + aN(Tant1, T2nt2, kt)
(p+ q ($2n,$2n+1,t).
Therefore

M(zon, Ton+1, 1),
N(Zon, Tant1,t).

M (zon+1, Ton+2, kt)

>
N(Zon+1, Tant2, kt) <

Similarly, we also have

M (xon+2, Tonts, kt) > M(Tont1, Tonto, t),
N(z2n+2, Tants, kt) < N(Tont1, Tonto,t).

Fork € (0,1)if k; = > 1 and ¢t = kity, then we have

M($n7zn+1at) Z M(l’o,ﬂ?l, k?tl)a
N('T’n?xn-‘rl)t) S N(x07x17k?tl)~

By Lemma 3.5, since {x,} is a Cauchy sequence in X
which is complete, {x,} converges to z in X. Hence
lim, oo AT2, = lim, . Tony1 = liMy oo Tonge =
lim, o Bxont1 = 2.
Now, taking x = z and y = x2,41 in (i), we have as
n — oo,
M?(Az, z, kt) x [M(z, Az, kt)M(z, z, kt)]
*M? (2, 2, kt) + aM (z, 2, kt)M(z, z, 2kt)
> [pM(z, Az, t) + ¢M(z, z,t)| M (z, z, 2kt),
N%(Az,z,kt) o [N(z, Az, kt)N(z, z, kt)]
oN?%(z, z,kt) + aN(z, z, kt)N(z, z, 2kt)

Therefore

M(AZ,Z,kt) +a Z pM(Zaszt) + q,
N(Az, 2z, kt) <0

forallt > 0, so Az = z. Taking z = x5, and y = z in (i),
we have as n — oo,

M(z,Bz,t) +a=p+q,
N(z,Bz,t)+aN(z,Bz,t) <0
forall t > 0, so Bz = z. Thus z is a common fixed point
of A and B.

Let w be another common fixed point of A and B. Then
using (i), we have

M?(z,w, kt) + aM (z,w, 2kt)
> [p+ qM(z,w,t)|M(z,w, 2kt),
N?(z,w, kt) < ¢N(z,w,t)N(z,w, 2kt)

) in Complete Intuitionistic Fuzzy Metric Space

and

M(z,w, t)M(z,w, 2kt) + aM (z,w, 2kt)
> [p+ qM(z,w,t)|M(z,w, 2kt),
N(z,w,t)N(z,w,2kt) < gN(z,w,t)N(z,w, 2kt)

Thus, it follows that

Q

p—

M(z,w,t) > -

=1, N(z,w,t) <0

for all t > 0, so z = w. Hence A and B have a unique
common fixed point in X. U

Theorem 4.2. Let A, B,C and D be self mappings of a
complete intuitionistic fuzzy metric space X satisfying
(HA(X) € D(X), B(X) C C(X),
(i) There exists a constant & € (0, 1) such that

M?(Ax, By, kt) * [M (Cz, Az, kt)M (Dy, By, kt)]
*M?(Dy, By, kt) + aM (Dy, By, kt)M (Cx, By, 2kt)
> [pM(Cx, Az, t) + ¢M(Cz, Dy, t)|M (Cz, By, 2kt),
N?(Az, By, kt) o [N(Cz, Az, kt)N (Dy, By, kt)]
oN?(Dy, By, kt) + aN(Dy, By, kt)N(Cx, By, 2kt)
< [pN(Cz, Ax,t) + ¢N(Cz, Dy,t)|N(Cx, By, 2kt)

for every z,y € X and ¢ > 0, where 0 < p,q¢ < 1,
0<a<lsuchthatp+qg—a=1,
(iii)The pairs (A, C) and (B, D) are weak compatible

of type(7).
Then A, B, C' and D have a unique common fixed point

in X.

Proof. Let zp € X be an arbitrary point. Since A(X) C
D(X) and B(X) C C(X), there exist 1,22 € X such
that Axg = Dz1 = y1, Bxy = Czy = yo. Because
we can construct the sequences {z, }, {y,} C X such that

Yont1 = Axoy = DTopy1, Yong2 = Bropg1 = CTonyo
forn =0,1,2,---, we prove {y,} is a Cauchy sequence.
For x = x4,y = 2,41 by (ii), we have

M?(Azxay,, Bron1, kt)

(M (Cxopn, Axon, kt)M (Dxoy11, Brapt1, kt)]
*M?(Dxop i1, Brony1, kt)

+aM (Dxopy1, Boapi1, kt) M (Cxay, Bxani1, 2kt)
> [pM (Cxapn, Axon,t) + ¢M (Cxay, Dxoyy1,t)]

x M (Cxay,, Broni1,2kt),
N?(Azxay,, Bropi1, kt)

O[N(Cxay, Axapn, kt)N (Dxopy1, Brani, kt))
ON?(Dxopy1, Bropi1, kt)

+aN(Dxopt1, Bropy1, kt)N(Cxop, Bropt1, 2kt)
< [pN(Czapn, Azapn,t) + ¢N(Cxap, Dxopi1,1t)]

X N(Cxapn, Broyy1, 2kt).
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Hence

M (Y2n+1, Y2n+2, k) M (Y2n, Y2n+2, 2kt)

+aM (Yant1, Yan+2, k)M (yY2n, Yon+2, 2kt)

> (p+ M (y2n, Y2n+1,t) M (Y2n, Y2n+2, 2kt),
N(y2n+1, Y2n+2, k)N (Y2n, Y2n+2, 2kt)

+aN (y2n+1, Y2n+2, k)N (Y2n, Y2nt2, 2kt)

< (4 N Y2n, Yont1,t)N (Yo2n, Yon 2, 2kt).

So, we have

M (Yant1,Y2n+2, kt) > M (Yan, Yon+1, 1),
N(Y2nt1; Y2n+2, kt) < N(Yan, Y2n+1,1).

Similarly, also we have

M (yant2,Yon+3, kt) > M (Yan+1, Yont2, t),
N(yoan+2, Y2nt3, kt) < N(Y2n+t1, Yant2,t).

Fork € (0,1),if ky = % > 1and t = kitq, then

M (Yn, Yns1,t) = M (Yn—1,Yn, k1t1)
> > M(yo, y1, ki't1),
N(Yn,Yn+1:1) < N(Yn-1,Yn, k1t1)
< < N(yo, y1, ki't1).

Thus {y,} is a Cauchy sequence and completeness of X,
{yn} converges to z € X. Hence

lim Azs, = lim yopq1 = lim Dxgyyq

n—oo n—oo n—oo

= lim yopq2 = lim Bwo,41
n—oo n—oo

= lim Czo,40 = lim Czo, = 2.
n—oo

Since A, C are weak compatible of type(y), Az = Cz.
Now, taking * = z and y = 9,41 in (i), we have as
n — oo,
M?(Az, 2z, kt) x [M(Cz, Az, kt)M(z, z, kt)]
*M?(z, 2, kt) + aM (z, 2z, kt) M (Cz, z, 2kt)
> [pM(Cz, Az, t) + ¢M(Cz, z,t)|M(Cz, z, 2kt),
N2(Az, z,kt) o [N(Cz, Az, kt)N(z, 2, kt)]
oN?(z,z,kt) + aN(z, 2, kt)N(Cz, z, 2kt)
< [pN(Cz, Az,t) + g¢N(Cz, z,t)|N(Cz, z, 2kt).
It follows that
M?(Az, z, kt) + aM (Az, z, 2kt)
N?(Az, z,kt) < qN(Az, 2,t)N(Az, 2, 2kt).

Since M (z,y, -) is nondecreasing and N (z,y, -) is nonin-
creasing for all z,y € X, we have
p—a 0

=1, N(A < — =
1_q 9 ( 2y 2, )71_q 0

M(Az, z,t) >

42

forallt > 0,s0 Az = z. Hence Az = Cz = 2.

Similarly, since B, D are weak compatible of type(y),
we get Bz = Dz. For taking * = x2, and y = z in (ii),
we have as n — oo,

M?(z, Bz, kt) * [M(z, z, kt)M (Dz, Bz, kt)]
*M?(Dz, Bz, kt) + aM (Dz, Bz, kt)M (z, Bz, 2kt)
> [pM(z,2,t) + qM(z, Dz, t))M(z, Bz, 2kt),
N?(z,Bz,kt) o [N(z,z kt)N(Dz, Bz, kt)]
oN?(Dz, Bz, kt) + aN(Dz, Bz, kt)N(z, Bz, 2kt)
< [pN(z,z,t) + ¢N(z, Dz, t)|N(z, Bz, 2kt),

then

M?(z, Bz, kt) 4+ aM(z, Bz, 2kt)

> [p+qM(z,Dz,t)|M(z, Bz, 2kt),

N?%(z, Bz, kt) < gN(z, Dz, t)N(z, Bz, 2kt)
Thus it follows that

p—a

M(z,Bz,t)21 =0

0
=1, N(z,Bz,t) < ——
—q l—gq
forall ¢t > 0, so Bz = z. hence Bz = Dz = z. Therefore
z is a common fixed point of A, B, C and D.

Let w be another common fixed point of A, B, C' and
D. Then we have

M?(Az, Bw, kt) * [M(Cz, Az, kt)M (Dw, Bw, kt)]
*M?(Dw, Bw, kt)
+aM (Dw, Bw, kt)M (Cw, Bw, 2kt)

> [pM(Cz, Az,t)
+gM(Cz, Dw,t)]M(Cz, Bw, 2kt),

N?(Az, Bw, kt) o [N(Cz, Az, kt)N (Dw, Bw, kt)]
oN?(Dw, Bw, kt)
+aN (Dw, Bw, kt)N(Cw, Bw, 2kt)

< [pN(Cz, Az,t)
+¢N(Cz, Dw,t)|N(Cz, Bw, 2kt).

So,
M?(z,w, kt) + aM (z,w, 2kt)
N2(z,w, kt) < gN(z,w,t)N(z,w,2kt).
Therefore
M(zwt)>p_a—1 N(zwt)<L—0
b b) py 1 _ q - ) b b) —_— 1 _ q -

forall £ > 0, so z = w. hence A, B, C' and D have unique
common fixed point on X. O
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Example 4.3. Let (X, d) be the metric space with X =
[0,1]. Denote a b = min{a, b} and a©b = max{a, b} for
alla,b € [0, 1] and let M, Ny be fuzzy sets on X% x (0, c0)
defined as follows :

d(z,
y Nd(xayvt) = ( y)

Mg(z,y,t) = itdy)

trd(ry)
Then (M, Ny) is an intuitionistic fuzzy metric on X and
(X, Mg, Ng,*,¢) is an intuitionistic fuzzy metric space.
Define self mappings A, B, C and D by

A(X) =1

B(X) =1

ox) = { 1 ifzis mtional7
0 xisirrational

D(X) = %“

If we define {z,,} C X by 2, = 1 — 1, then we have for
limy,— oo Axy = limy, oo Sz, = 1and A1 =1 = C1,
lim M(CAx,,1,t) < M(A1,1,t) =1,

n—00

lim N(CAx,,1,t) > N(AL,1,t) = 0.

Also, for lim,, . Bz, = lim,, ..o Tz, = 1and Bl =

1= DI,
lim M(DBw,,1,t) < M(B1,1,t) = 1,
lim N(DBz,,1,t) > N(B1,1,t) = 0.

Therefore, (A,C) and (B, D) are weak compatible of
type(y). Then all the conditions of Theorem 4.2 are sat-
isfied and 1 is a unique common fixed point of A, B, C' and
Don X.
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