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Abstract

We introduce the concepts of interval-valued fuzzy m(-open sets and interval-valued fuzzy m 3-continuous mappings.
And we study some characterizations and properties of such concepts.

Key words : interval-valued fuzzy minimal spaces, interval-valued fuzzy mg-open sets, interval-valued fuzzy mg-

continuous mappings

1. Introduction

Zadeh [9] introduced the concept of fuzzy set and sev-
eral researchers were concerned about the generalizations
of the concept of fuzzy sets, intuitionistic fuzzy sets [1]
and interval-valued fuzzy sets[3]. In [2], Alimohammady
and Roohi introduced fuzzy minimal structures and fuzzy
minimal spaces and gave some results. In [5], the au-
thor introduced the concept of interval-valued fuzzy min-
imal space (simply, IVF minimal space) as a generaliza-
tion of interval-valued fuzzy topology introduced by Mon-
dal and Samanta[8]. The concept of interval-valued fuzzy
m~continuous mappings on between interval-valued fuzzy
minimal spaces, which are generalizations of interval-
valued fuzzy continuous mappings. The concepts of
interval-valued fuzzy mao-open set, interval-valued fuzzy
m-semiopen set and interval-valued fuzzy m-preopen set
areintroduced and investigated. In this paper, we introduce
the concepts of interval-valued fuzzy m(G-open sets and
interval-valued fuzzy m 3-continuous mappings defined on
interval-valued fuzzy minimal spaces. These concepts are
generaizations of interval-valued fuzzy m-open sets and
interval-valued fuzzy m-continuity, respectively. We aso
study characterizations and some basic properties of such
concepts.

2. Preiminaries

Let D[0,1] be the set of al closed subintervals of
the interval [0,1]. The elements of D[0,1] are gener-
aly denoted by capital letters M, N,--- and note that
M = [ME, MY], where ML and MY are the lower and
the upper end points of M, respectively. Especialy, we
denote 0 = [0,0],1 = [1,1],and a = [a, a] fora € (0, 1).
We also note that
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(1) (M,N € D[0,1))(M = N & MF = Nt MU =
NY).

(2) (M,N € D[0,1])(M < N < ML < Nt MU <
NY).

For every M € D|0, 1], the complement of A, denoted
by M¢,isdefinedby M¢=1—-M =[1 - MY, 1 - ME].

Let X beanonempty set. A mapping A : X — DJ[0, 1]
iscalled an interval-valued fuzzy set(ssmply, IVF set) in X .
For each x € X, A(x) isaclosed interval whose lower and
upper end points are denoted by A(z)* and A(z)Y, respec-
tively. For any [a,b] € DJ0, 1], the IVF set whose valueis
theinterval [a, b] for al z € X is denoted by [a, b]. For a
point p € X and for [a,b] € D[0,1] withb > 0, the IVF
set which takes the value [a, b] a p and 0 elsewhere in X
iscalled an interval-valued fuzzy point (simply, IVF point)
and is denoted by [a,b],. In particular, if b = a, then it
is also denoted by a,. Denoted by IVF(X) the set of &l
IVF setsin X. An IVF point M, where M € D[0,1], is
said to belong to an IVF set A in X, denoted by M, €A,
if A(z)f > ML and A(x)Y > MY. In[7], it has been
shown that A = U{M,, : M,€A}.

For every A, B € IVF(X), wedefine

A =B & 2 € X, ([A@@)]F = [B(z)]* and
[A@)Y = [B()]V),

A C B & 2 e X, ([A)F <

[A(@))Y < [B(x)]Y).

[B(z)]* and

The complement A€ of A isdefined by, for all x € X,
[A(@)]" = 1~ [A(2)]Vand [A°(x)]V =1 - [A(x)]".

For afamily of IVF sets {4, : i € J} where J isanin-
dex set, theunion G = U;cjA; andthemeet F = N, A;
are defined by
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r € X, ([G@)]" = supc,[Ai(x)]", [G()]Y =
S‘JpzeJ[At( 1Y),

v € X, ([ (@) = infies[As(2)]", [F(2)]7 =
infic s [A;(2)]7), respectively.

Let f : X — Y beamapping and let A bean IVF set
in X. Then the image of A under f, denoted by f(A), is
defined as follows

su - ) e Y
[f(A)(y)]L={ P A

su - )Y, it ot
[f<A><y>1U={ P A

foraly eY.

Let BbeanIVF setinY. Then theinverseimage of B
under f, denoted by f~1(B), is defined by

(' B)@)]F = [BU@)" ' B)@)’ =
[B(f(z)))Y) foral z € X.

Definition 2.1 ([5]). A family M of interval-valued fuzzy
setsin X iscalled an interval-valued fuzzy minimal struc-
tureon X if

0,1 M.

Inthiscase, (X, M) iscalled an interval-valued fuzzy min-
imal space (simply, IVF minimal space). Every member of
M is cdlled an interval-valued fuzzy m-open set (Smply
IVF m-open set). AnIVF set A iscalled an IVF m-closed
set if the complement of A (ssmply, A°) isan IVF m-open
Set.

Let (X, M) bean|VF minimal spaceand A inlVF(X).
The IVF minimal-closure and the IVF minimal-interior of
A [5], denoted by mC(A) and mI(A), respectively, are
defined as

mC(A)

=nN{BelIVF(X): B°e Mand A C B},

mI(A) =U{BeIVF(X): Be MandB C A}.

Theorem 2.2 ([5]). Let (X, M) bean IVF minimal space
and A, BinIVF(X).

(1) mI(A) C Aandif AisanIVF m-open set, then
mI(A) = A.

(2) A C mC(A) andif AisanIVF m-closed set, then
mC(A) = A.

(3) If A C B,thenmI(A) C mI(B) and mC(A) C
mC(B).

(4) mI(A) nmI(B) 2 mI(An B) and mC(A) U
mC(B) C mC(AU B).

(5) mI(mI(4)) =
mC(A).

6) 1 — mC(A)
mC(1— A).

mI(A) and mC(mC(A)) =

— mI(1— A) and 1 — mI(A) =

34

March 2011

3. Interval-valued fuzzy m/3-open sets and
Interval-valued fuzzy m(-continuous
mappings

Definition 3.1. Let (X, M) bean IVF minimal space and
A in IVF(X). Then an IVF set A is called an interval-
valued fuzzy m3-open (simply IVF m(3-open) setin X if

A CmC(mI(mC(A))).

And an IVF set A is called an interval-valued fuzzy m-
closed (simply IVF m3-closed) set if the complement of A
isan IVF m(-open set.

Remark 3.2. Let (X, M) bean IVF minimal spaceand A
in IVF(X). If M isan IVF topology on X, then an IVF
m/3-open set is|VF semi-preopen [4]

Let (X, M) bean IVF minimal spaceand A in IVF(X).
Then an IVF set A is called an IVF ma-open [7] (resp.
IVF m-semiopen, IVF m-preopen) set [6] in X if A C
mI(mC(mI(A))) (resp. A C mC(mI(A)), A C
mI(mC(A))).

From the definitions of severa types of IVF m-open
sets, obvioudly the following are obtained:

Lemma3.3. Let (X, M) bean IVF minimal space. Then
the statements are hold.

(1) Every IVF m-semiopen set isIVF m3-open.

(2) Every IVF m-preopen set is IVF m3-open.

(3 A is an IVF mg-closed set if and only if
mI(mC(mI(A))) C A.

Example3.4. Let X =
sets defined as follows

[0,1] and let A, B and C be IVF

A@) =[5, L@+ 1) fordlz € X;
B(x) = [% 5(az: —2)|fordl z € X;
C(x) = (1, 1] D(x) = [, 1];
Bx) = [1,2); F(z) = [0, 1],

Consider M = {0, A, B,C, D, 1} asan IVF minimal
structureon X. ThenIVF sets E, F' are [VF m3-open. But
E isnot IVF m-preopen and F' is not IVF m-semiopen.

IVF m-semiopen

/ N\
IVF m-open — IVF ma-open IVF m(-open
N\ /

IVF m-preopen

Theorem 3.5. Let (X, M) bean IVF minima space. Any
union of IVF m3-open setsis IVF m3-open.
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Proof. Let A; bean IVF m3-opensetfori € J. Then
A; CTmC(mI(mC((4;)))) € mC(mI(mC(UA4;))).
ThusUA; € mC(mI(mC(UA4,))). O

Remark 3.6. Let (X, M) bean IVF minimal space. The
intersection of any two IVF m(-open sets may not be IVF
m/3-open set as seen in the next example.

Example 3.7. In Example 3.4, the IVF sets A, B are IVF
m-open but A N B isnot IVF m/3-open.

Definition 3.8. Let (X, M) bean IVF minimal space. For
A € IVF(X), the g-closure and the s-interior, denoted
by BmC(A) and BmI(A)in (X, M), respectively, are de-
fined as the following:

BmC(A) = N{F e IVF(X) : A C F,
FisIVFmp-closedin X},
BmI(A) = U{U e IVF(X) : U C A,

U isIVFmg-openin X}.

Theorem 3.9. Let (X, M) be an IVF minimal space and
A,B e IVF(X). Then

(1) BmI(A) C A.

(2) If A C B,then pmI(A) C BmI(B).

(3) AisIVF mg-openiff GmI(A) = A.

(4) BmI(BmI(A)) = SmI(A).

(5) BmC(1—A) =1—pmI(A)and fmI(1— A) =
1— BmC(A).

Proof. (1), (2) Obvious.
(3) It follows from Theorem 3.5.
(4) It follows from (3).
(5) For A€ IVF(X),

1-pmI(A) = 1-U{U:UCA,
U isIVF m/-open}
N{1-U:U C A,
U isIVF mj-open}
NM1-U:X-AC1-U,
U isIVF m{-open}
= pBmC(1- A).

Similarly, itisproved fmI(1—-A) = 1-pmC(A). O

Theorem 3.10. Let (X, M) bean IVF minimal space and
A,B,F € IVF(X). Then

(1) A C BmC(A).

(2) If A C B,then BmC(A) C BmC(B).

(3) FisIVF mp-closed iff smC(F) = F'.

(4) BmC (BmC(A)) = fmC(A).

Proof. Itissimilar to the proof of Theorem 3.9. O

Lemma 3.11. Let (X, M) be an IVF minima space and
AU,V € IVF(X). Then

(1) M,EBmC(A) if andonly if ANV # 0 for every
IVF m{3-open set V' containing M.

(2) M,€BmI(A)if and only if there existsan IVF m3-
open set U suchthat U C A.

Proof. (1) Suppose there is an IVF m3-open set V' con-
taining M, suchthat ANV = 0. Then X -V isan IVF
mﬁ;closed setsuchthat A C1—V and M,¢1— V. Thus
M, ¢smC(A).

The converse is proved obviously.

(2) Obvious. O

Definition 3.12. Let (X, Mx) and (Y, My ) betwo IVF
minimal spaces. Then f : (X, Mx) — (Y, My ) issaidto
be interval-valued fuzzy m (-continuous (simply, IVF m3-
continuous) if for each IVF point M,, and each IVF m-open
set V containing f(M,,), there exists an IVF m(-open set
U containing M, suchthat f(U) C V.

Let f : X — Y be amapping on two IVF minimal
spaces (X, Mx) and (Y, My ). Then

(1) f issaidto beinterval-valued fuzzy minimal contin-
uous (simply, IVF m-continuous) [5] if for every A € My,
fL(A)isin Mx.

(2) f is sad to be interval-valued fuzzy m-
semicontinuous (simply, IVF m-semicontinuous) [6] if for
each IVF point M, and each IVF m-open set V' containing
f(M,), there exists an m-semiopen set U containing M.,
suchthat f(U) C V.

(3 f is sad to be interval-valued fuzzy m-
precontinuous (simply, IVF m-precontinuous) [6] if for
each IVF point M, and each IVF m-open set V' containing
f(M,), there exists an IVF m-preopen set U containing
M, suchthat f(U) C V.

(4) f issaid to beinterval-valued fuzzy ma-continuous
(simply, IVF ma-continuous) [7] if for each IVF point
M,, and each IVF m-open set V' containing f (M), there
exists an IVF ma-open set U containing M, such that
fycv.

We have the following implications but the converses
are not always true as shown in the next example.

IVF m-semiconti.

/ N\
IVF m-conti. — IVF ma-conti. IVF mg3-conti.
N /

IVF m-preconti.

Example 3.13. In Example 3.4, consider N
{0, E, F,1} and the identity mapping f : (X, M) —
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(X,N). Then f is IVF mg3-continuous but neither IVF
m-semicontinuous nor 1V F m-precontinuous.

Theorem 3.14. Let f : X — Y beamapping on IVF min-
imal spaces (X, Mx) and (Y, My ). Then the following
are equivalent:

(1) f isIVF mp3-continuous.

(2 f~Y(V) isan IVF m-open set for each IVF m-
opensetVinY.

(3) f~Y(B) isan IVF mp3-closed set for each IVF m-
closedset BinY.

(@) f(BmC(A)) C mC(f(A))for A € IVF(X).

(6 BmC(f~(B)) < [~ (mC(B)) for B €
IVF(Y).

6) f~1(mI(B)) C BmI(f~*(B))for B IVF(Y).
Proof. (1) = (2) Let V bean IVF m-open setin Y and
M,Ef~1(V). Then there exists an IVF m3-open set Uy,
containing M, suchthat f(Uys,) C V. So MUy, C
f7H(V) for every M,ef~1(V). Hence f~1(V) is IVF
m/3-open.

(2) = (3) Obvious.
(3) = (4) Forany IVF set Ain X,

fTHmO(f(A) = fTH{FeIVF(Y): f(A)CF
and F' isIVF m-closed})

= N{fTN(F): ACfTHEF)

and f~!(F) isIVF mf-closed}
K elIVF(X): AC K and

K isIVF mg-closed}

= PmC(A).

I

Hence f(6mC(A4)) € mC(f(A)).

(4) = (5) Obvious.

(5) = (6) For B € IVF(Y), frommI(B) = 1—
mC(1— B) and Theorem 3.9, it follows

fH(mI(B))

f7'(1=mC(1- B))
1- f~Y(mC(1- B))
1-pmC(f~'(1-B))
BmI(f~1(B)).

in

Hence (6) is obtained.

(6) = (1) Let M, bean IVF pointin X and V an IVF
m-open set containing f(M,). SinceV = mI(V),

Moef~H (V) = f7HmI(V)) € BmI (f~H(V).
Thus from Lemma 3.11, there exists an IVF m3-open set

U containing M, suchthat M,€U C f~1(V). Hence f is
IVF m3-continuous. O
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Lemma3.15. Let (X, Mx) bean |VF minimal space and
A e IVF(X). Then

(D) mI(mC(mI(A))) € mI(mC(mI(BmC(A)))) €
BmC(A).

(2) pmI(A) <
mC(mI(mC(A))).

mC(mI(mC(BmI(A)))) C

Proof. The proof is obvious from Theorem 3.9 and Theo-
rem 3.10.

O

Theorem 3.16. Let f : X — Y beafunction on IVF min-
imal spaces (X, Mx) and (Y, My ). Then the following
are equivalent:

(1) f isIVF mp-continuous.

(2 f~Y(V) € mC(mI(mC(f~1(V)))) for each IVF
m-opensetVinY.

Q) mI(mC(mI(f~1(F)))) € f~Y(F) for each IVF
m-closedset FinY'.

4) fmI(mC(mI(A)))) € mC(f(A4)) for A €
IVF(X).

(8) mI(mC(mI(f~(B)))) C f~(mC(B))for B €
IVF(Y).

(6) f~Y(mI(B)) € mC(mI(mC(f~Y(B)))) for B €
IVE(Y).

Proof. (1) < (2) Obvious.
(1) < (3) Obvious.

(3) = (4) Let A € IVF(X). Then from Theorem
3.14 and Lemma 3.15, it follows mI(mC(mI(A))) C

pmC(A) C f7Hf(BmC(A))) € f~H(mC(f(A))), and
s0 f(mI(mC(mI(A)))) € mC(f(A)).

(4) = (5) Obvious.
(5) = (6) From (5), it follows

Y1 -mC(1- B))
1-(f~'(mC(1-B)))
1—mI(mC(mI(f~'(1- B))))
mC(mI(mC(f~1(B)))).

fH(mI(B))

N

Hence, (6) is obtained.

(6) = (1) Let V an IVF m-open set in Y. Then
f7HV) = fHmI(V)) € mC(mI(mC(f~H (V).
Thisimplies f~1(V) is an IVF m3-open set. Hence f is
IVF m{-continuous. O
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