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Abstract

In this paper, we study the existence and uniqueness of solutions for the impulsive semilinear fuzzy integrodifferential

equations with nonlocal conditions and forcing term with memory in n-dimensional fuzzy vector space (En
N , dε) by using

Banach fixed point theorem. That is an extension of the result of Kwun et al. [9] to impulsive system.
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1. Introduction

Many authors have studied several concepts of fuzzy

systems. Diamond and Kloeden [4] proved the fuzzy op-

timal control for the following system:

ẋ(t) = a(t)x(t) + u(t), x(0) = x0,

where x(·) and u(·) are nonempty compact interval-valued

functions on E1. Kwun and Park [6] proved the existence

of fuzzy optimal control for the nonlinear fuzzy differen-

tial system with nonlocal initial condition in E1
N by using

Kuhn-Tucker theorems. The theory of differential equa-

tions with discontinuous trajectories during the last twenty

years has been to a great extent stimulated by their numer-

ous applications to problem arsing in mechanics, electri-

cal engineerin, the theory of automatic control, medicine

and biology. For the monographs of the theory of impul-

sive differential equations, see Bainov and Simenov [1],

Lakshimikantham et al. [10], Samoileuko and Perestyuk

[15], where numerous properties of their solutions are stud-

ied and detailed bibliographies are given. Rogovchenko

[14] follows the ideas of the theory of impulsive differen-

tial equations which treats the changes of the state of the

evolution process due to a short-term perturbations whose

duration can be negligible in comparison with the duration

of the process as an instant impulses. In 2007, Park et al.
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[12] studied the existence and uniqueness of fuzzy solu-

tions and controllability for the impulsive semilinear fuzzy

integrodifferential equations in one-dimensional fuzzy vec-

tor space E1
N . R. Rodrı́guez-López [13] studied periodic

boundary value problems for impulsive fuzzy differential

equations. Fuzzy integrodifferential equations are a field

of interest, due to their applicability to the analysis of phe-

nomena with memory where imprecision is inherent. Bal-

asubramaniam and Muralisankar [2] proved the existence

and uniqueness of fuzzy solutions for the semilinear fuzzy

integrodifferential equation with nonlocal initial condition.

They considered the semilinear one-dimensional heat equa-

tion on a connected domain (0, 1) for material with mem-

ory. In one-dimensional fuzzy vector space E1
N , Park et

al. [11] proved the existence and uniqueness of fuzzy

solutions and presented the sufficient condition of nonlo-

cal controllability for the following semilinear fuzzy inte-

grodifferential equation with nonlocal initial condition. In

[7], Kwun et al. proved the existence and uniqueness of

fuzzy solutions for the semilinear fuzzy integrodifferential

equations by using successive iteration. In [8], Kwun et

al. investigated the continuously initial observability for

the semilinear fuzzy integrodifferential equations. Bed and

Gal [3] studied almost periodic fuzzy-number-valued func-

tions. Gal and N’Guerekata [5] studied almost automorphic

fuzzy-number-valued functions. Recently, Kwun et al.[9]

study the the existence and uniqueness of solutions and

nonlocal controllability for the semilinear fuzzy integrodif-

ferential equations in n-dimensional fuzzy vector space.
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Existence of Solutions for the Impulsive Semilinear Fuzzy Intergrodifferential 
Equations with Nonlocal Conditions and Forcing Term with Memory in 

n-dimensional Fuzzy Vector Space(En
N, dε)



In this paper, we study the existence and uniqueness

of solutions for the following impulsive semilinear fuzzy

integrodifferential equations with nonlocal conditions and

forcing term with memory in n-dimensional fuzzy vector

space:

dxi(t)
dt

= Ai

[
xi(t) +

∫ t

0

G(t − s)xi(s)ds

]
(1)

+fi(t, xi(t),
∫ t

0

qi(t, s, xi(s))ds) on Ei
N ,

xi(0) + gi(xi) = x0i ∈ Ei
N , (2)

Δxi(tk) = Ik(xi(tk)), t �= tk, (3)

k = 1, 2, · · · , m, i = 1, 2, · · · , n,

where Ai : [0, T ] → Ei
N is fuzzy coefficient, Ei

N is the set

of all upper semi-continuously convex fuzzy numbers on R
with Ei

N �= Ej
N (i �= j), fi : [0, T ] × Ei

N × Ei
N → Ei

N

and qi : [0, T ] × [0, T ] × Ei
N → Ei

N are nonlinear regular

fuzzy function, gi : Ei
N → Ei

N is a nonlinear continuous

function, G(t) is n×n continuous matrix such that
dG(t)xi

dt
is continuous for xi ∈ Ei

N and t ∈ [0, T ] with ‖G(t)‖ ≤ k,

k > 0, x0i
∈ Ei

N is initial value and Ik ∈ C(Ei
N , Ei

N ) are

bounded functions, Δxi(tk) = xi(t+k ) − xi(t−k ), where

xi(t−k ) and xi(t+k ) represent the left and right limits of

xi(t) at t = tk, respectively. Given nonlinear regular

fuzzy function fi and qi satisfy global Lipschitz condi-

tions, i.e. there exist finite constants k1i, k2i, mi > 0 (i =
1, 2, · · · , n) such that

dH

(
[fi(s, ξ1i(s), η1i(s))]α, (4)

[fi(s, ξ2i(s), η2i(s))]α
)

≤ k1idH([ξ1i(s)]α, [ξ2i(s)]α)
+k2idH([η1i(s)]α, [η2i(s)]α),

dH([qi(t, s, ϕ1i(s))]α, [qi(t, s, ϕ2i(s))]α (5)

≤ midH([ϕ1i(s)]α, [ϕ2i(s)]α)

for all ξji(s), ηji(s), ϕji(s) ∈ (Ei
N )n(j = 1, 2). The non-

linear function gi is a continuous function and satisfies the

Lipschitz condition

dH([gi(xi(·))]α, [gi(yi(·))]α) (6)

≤ hidH([xi(·)]α, [yi(·)]α)

for all xi(·), yi(·) ∈ (Ei
N )n, hi is a finite positive constant.

2. Preliminaries

A fuzzy set of Rn is a function u : Rn → [0, 1]. For each

fuzzy set u, we denote by [u]α = {x ∈ Rn : u(x) ≥ α}
for any α ∈ [0, 1], its α-level set.

We call u ∈ En a n-dimension fuzzy number.

Wang, Li and Wen [16] defined n-dimensional fuzzy

vector space and investigated its properties.

For any ui ∈ E, i = 1, 2, · · · , n, we call the or-

dered one-dimension fuzzy number class u1, u2, · · · , un

(i.e., the Cartesian product of one-dimension fuzzy num-

ber u1, u2, · · · , un) a n-dimension fuzzy vector, denote

it as (u1, u2, · · · , un), and call the collection of all

n-dimension fuzzy vectors (i.e., the Cartesian product︷ ︸︸ ︷
E × E × · · · × E) n-dimensional fuzzy vector space, and

denote it as (E)n.

Definition 2.1. [16] If u ∈ En, and [u]α is a hyperrect-

angle, i.e., [u]α can be represented by
∏n

i=1[u
α
il, u

α
ir], i.e.,

[uα
1l, u

α
1r]× [uα

2l, u
α
2r]×· · ·× [uα

nl, u
α
nr] for every α ∈ [0, 1],

where uα
il, u

α
ir ∈ R with uα

il ≤ uα
ir when α ∈ (0, 1],

i = 1, 2, · · · , n, then we call u a fuzzy n-cell number. We

denote the collection of all fuzzy n-cell numbers by L(En).

Theorem 2.1. [16] For any u ∈ L(En) with

[u]α =
∏n

i=1[u
α
il, u

α
ir] (α ∈ [0, 1]), there exists a unique

(u1, u2, · · · , un) ∈ (E)n such that [ui]α = [uα
il, u

α
ir]

(i = 1, 2, · · · , n and α ∈ [0, 1]).

Conversely, for any (u1, u2, · · · , un) ∈ (E)n with

[ui]α = [uα
il, u

α
ir] (i = 1, 2, · · · , n and α ∈ [0, 1]), there

exists a unique u ∈ L(En) such that [u]α =
∏n

i=1[u
α
il, u

α
ir]

(α ∈ [0, 1]).

Note 2.1. [16] Theorem 2.1 indicates that fuzzy n-cell

numbers and n-dimension fuzzy vectors can represent each

other, so L(En) and (E)n may be regarded as identity. If

(u1, u2, · · · , un) ∈ (E)n is the unique n-dimension fuzzy

vector determined by u ∈ L(En), then we denote u =
(u1, u2, · · · , un).

Let (Ei
N )n = E1

N ×E2
N ×· · ·×En

N , Ei
N (i = 1, 2,×, n)

is fuzzy subset of R. Then (Ei
N )n ⊆ (E)n.

Definition 2.2. Let u, v ∈ (Ei
N )n(i = 1, 2, · · · , n)

dε([u]α, [v]α) = dH

( n∏
i=1

[ui]α,
n∏

i=1

[vi]α
)

=
( n∑

i=1

(dH([ui]α, [vi]α))2
)1/2

where dH is the Hausdorff distance.

Definition 2.3. The complete metric d∞ on (Ei
N )n is

defined by

d∞(u(t), v(t)) = sup
0<α≤1

dε([u(t)]α, [v(t)]α)

for any u, v ∈ (Ei
N )n.

Definition 2.4. Let u, v ∈ C([0, T ] : (Ei
N )n)

H1(u, v) = sup
0≤t≤T

d∞(u(t), v(t))



Definition 2.5. [16] The derivative x′(t) of a fuzzy pro-

cess x ∈ (Ei
N )n is defined by

[x′(t)]α =
n∏

i=1

[(xα
il)

′(t), (xα
ir)

′(t)]

provided that equation defines a fuzzy x′(t) ∈ (Ei
N )n.

Definition 2.6. [16] The fuzzy integral
∫ a

b
x(t)dt, a, b ∈

[0, T ] is defined by

[ ∫ a

b

x(t)dt
]α

=
n∏

i=1

[ ∫ a

b

xα
il(t)dt,

∫ a

b

xα
ir(t)dt

]

provided that the Lebesgue integrals on the right hand side

exist.

3. Existence and Uniqueness

In this section we consider the existence and uniqueness

of the fuzzy solution for the equations (1)-(3).

We define

A = (A1, A2, · · · , An),

x = (x1, x2, · · · , xn),

f = (f1, f2, · · · , fn),

q = (q1, q2, · · · , qn),

g = (g1, g2, · · · , gn),

and

x0 = (x01 , x02 , · · · , x0n
).

Then

A, x, f, q, x0 ∈ (Ei
N )n.

Instead of the equations(1)-(3), we consider the follow-

ing fuzzy integrodifferential equations in (Ei
N )n.

dx(t)
dt

= A

[
x(t) +

∫ t

0

G(t − s)x(s)ds

]
(7)

+f(t, x(t),
∫ t

0

q(t, s, x(s))ds) on (Ei
N )n

x(0) + g(x) = x0 ∈ (Ei
N )n (8)

Δx(tk) = Ik(x(tk)), t �= tk, (9)

k = 1, 2, · · · , m, i = 1, 2, · · · , n,

with fuzzy coefficient A : [0, T ] → (Ei
N )n, initial value

x0 ∈ (Ei
N )n.

Definition 3.1. The fuzzy process x : I =
[0, T ] → (Ei

N )n with α-level set [x(t)]α = Πn
i=1[xi]α =

Πn
i=1[x

α
il, x

α
ir] is a fuzzy solution of the equations (7)-(9)

without nonhomogeneous term if and only if

(xα
il)

′(t) = min
{

Aα
ij(t)

[
xα

ik(t)

+
∫ t

0

G(t − s)xα
ik(s)ds

]
: j, k = l, r

}
,

(xα
ir)

′(t) = max
{

Aα
ij(t)

[
xα

ik(t)

+
∫ t

0

G(t − s)xα
ik(s)ds

]
: j, k = l, r

}
,

xα
il(0) = xα

0il
, xα

ir(0) = xα
0ir

, i = 1, 2, · · · , n.

For the sequel, we need the following assumption:

(H1) Si(t) is a fuzzy number satisfying, for yi ∈ (Ei
N )n,

d
dtSi(t)yi ∈ C1(I : (Ei

N )n)
⋂

C(I : (Ei
N )n), the equa-

tion

d

dt
Si(t)yi = A

[
Si(t)yi +

∫ t

0

G(t − s)Si(s)yids

]
,

where

[S(t)]α =
n∏

i=1

[
Si(t)

]α

=
n∏

i=1

[
(Si(t))α

l , (Si(t))α
r

]
,

Si(0) = I

and
(
Si(t)

)α

k
is continuous with

∣∣∣(Si(t))α
k

∣∣∣ ≤ ci, ci > 0,

(k = l, r) for all t ∈ I = [0, T ].

In order to define the solution of (7)-(9), we shall con-

sider the space

Ωi =
{

xi : J → Ei
N : (xi)k ∈ C(Jk, Ei

N ), Jk =

(tk, tk+1], k = 0, 1, · · · , m, and there exist (xi)(t−k )
and (xi)(t+k )(k = 1, 2, · · · , m), with (xi)(t−k ) =

(xi)(tk)
}

, i = 1, 2, · · · , n.

Let Ω′ = Πn
i=1Ω

′
i, Ω′

i = Ωi

⋂
C([0, T ] : Ei

N ), i =
1, 2, · · · , n.

Lemma 3.1. If x is an integral solution of (7)-(9) , then

x is given by

x(t) = S(t)(x0 − g(x)) (10)

+
∫ t

0

S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds

+
∑

0<tk<t

S(t − tk)Ik(x(t−k )), for t ∈ J.

Proof. Let x be a solution of (4)-(6). Define ω(s) =
S(t − s)x(s). Then we have that

dω(s)
ds

= −dS(t − s)
ds

x(s) + S(t − s)
dx(s)

ds

E dn
N ,



= −A
[
S(t − s)x(s) +

∫ t

0

G(t − s)S(s)x(s)ds
]

+S(t − s)
dx(s)

ds

= S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ).

Consider tk < t, k = 1, 2, · · · , m. Then integrating the

previous equation, we have∫ t

0

dω(s)
ds

ds

=
∫ t

0

S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds

For k = 1,

ω(t) − ω(0)

=
∫ t

0

S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds

or

x(t) = S(t)(x0 − g(x))

+
∫ t

0

S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds.

Now for k = 2, · · · , m, we have that∫ t1

0

dω(s)
ds

ds +
∫ t2

t1

dω(s)
ds

ds + · · · +
∫ t

tk

dω(s)
ds

ds

=
∫ t

0

S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds.

Then

ω(t−1 ) − ω(0) + ω(t−2 ) − ω(t+1 ) + · · · − ω(t+k ) + ω(t)

=
∫ t

0

S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds

if and only if

ω(t) = ω(0) +
∫ t

0

S(t − s)

×f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds

+
∑

0<tk<t

[
ω(t+k ) − ω(t−k )

]
.

Hence

x(t) = S(t)(x0 − g(x))

+
∫ t

0

S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds

+
∑

0<tk<t

S(t − tk)Ik(x(t−k )),

which proves the lemma.

Assume the following:

(H2) There exists dik, k = 1, 2, · · · , m, i = 1, 2, · · · , n,

such that

dH

([
Iki(xi(t−k ))

]α

,
[
Iki(yi(t−k ))

]α)
≤ dikdH

(
[xi(t)]α, [yi(t)]α

)
,

where
∑m

k=1 dik = di

(H3) K1 = max{k1i}, K2 = max{k2i}, H =
max{hi}, M = max{mi}, C = max{ci}, D =
max{di}.

(H4) C
(
H + D +

(
K1 + K2M

T
2

)
T

)
< 1.

Theorem 3.1. Let T > 0. If hypotheses (H2)-(H4) are

hold. Then, for every x0 ∈ (Ei
N )n, equation (10) have a

unique fuzzy solution x ∈ Ω′.

Proof. For each x(t) ∈ Ω′ and t ∈ [0, T ], define

(Gx)(t) ∈ Ω′ by

(Gx)(t) = S(t)(x0 − g(x))

+
∫ t

0

S(t − s)f(s, x(s),
∫ s

0

q(s, τ, x(τ))dτ)ds

+
∑

0<tk<t

S(t − tk)Ik(x(t−k )), .

Thus, Gx : [0, T ] → Ω′is continuous, so G is a mapping

from Ω′ into itself. There exist Gi(i = 1, 2, · · · , n) which

is a continuous function from Ω′
i. By Definition 2.2, Def-

inition 2.3, some properties of dH and inequalities (4),(5)

and (6), we have following inequalities. For xi, yi ∈ Ω′
i,

dH

([
Gi(xi(t))

]α

,
[
Gi(yi(t))

]α)
≤ dH

([
Si(t)(x0i

− gi(xi))

+
∫ t

0

Si(t − s)fi

(
s, xi(s),

∫ t

0

qi(s, τ, xi(τ)dτ
)
ds

]α

,[
Si(t)(y0i − gi(yi))

+
∫ t

0

Si(t − s)fi

(
s, yi(s),

∫ t

0

qi(s, τ, yi(τ)dτ
)
ds

]α)
+dH

([ ∑
0<tk<t

Si(t − tk)Ik(xi(t−k ))
]α

,

[ ∑
0<tk<t

Si(t − tk)Ik(yi(t−k ))
]α)

≤ dH([Si(t)gi(xi)]α, [Si(t)gi(yi)]α)

+
∫ t

0

dH

([
Si(t − s)fi

(
s, xi(s),

∫ t

0

qi(s, τ, xi(τ)dτ
)]α

,



[
Si(t − s)fi

(
s, yi(s),

∫ t

0

qi(s, τ, yi(τ)dτ
)]α)

+dH

([ ∑
0<tk<t

Si(t − tk)Ik(xi(t−k ))
]α

,

[ ∑
0<tk<t

Si(t − tk)Ik(yi(t−k ))
]α)

≤ cihidH([xi(·)]α, [yi(·)]α)

+ci

∫ t

0

(
k1idH([xi(s)]α, [yi(s)]α)

+k2imi

∫ s

0

dH([xi(τ)]α, [yi(τ)]α)dτ
)
ds

+cididH([xi(t)]α, [yi(t)]α)

Therefore

d∞
(
Gx(t), Gy(t)

)
= sup

0<α≤1
dε

(
[G(x(t))]α, [G(y(t))]α

)

= sup
0<α≤1

( n∑
i=1

(
dH([Gi(xi(t))]α, [Gi(yi(t))]α)

)2)1/2

≤ sup
0<α≤1

( n∑
i=1

(
cihidH([xi(·)]α, [yi(·)]α)

+ci

∫ t

0

(
k1idH([xi(s)]α, [yi(s)]α)

+k2imi

∫ s

0

dH([xi(τ)]α, [yi(τ)]α)dτ
)
ds

+cididH([xi(t)]α, [yi(t)]α)
)2)1/2

≤
( n∑

i=1

(
sup

0<α≤1
cihidH([xi(·)]α, [yi(·)]α)

+ sup
0<α≤1

ci

∫ t

0

(
k1idH([xi(s)]α, [yi(s)]α)

+k2imi

∫ s

0

dH([xi(τ)]α, [yi(τ)]α)dτ
)
ds

+ sup
0<α≤1

cididH([xi(t)]α, [yi(t)]α)
)2)1/2

≤
( n∑

i=1

(
sup

0<α≤1
CHdH([xi(·)]α, [yi(·)]α)

+ sup
0<α≤1

C

∫ t

0

(
K1dH([xi(s)]α, [yi(s)]α)

+K2M

∫ s

0

dH([xi(τ)]α, [yi(τ)]α)dτ
)
ds

+ sup
0<α≤1

CDdH([xi(t)]α, [yi(t)]α)
)2)1/2

≤
( n∑

i=1

(
CH sup

0<α≤1
dH([xi(·)]α, [yi(·)]α)

+C sup
0<α≤1

∫ t

0

(
K1dH([xi(s)]α, [yi(s)]α)

+K2M

∫ s

0

dH([xi(τ)]α, [yi(τ)]α)dτ
)
ds

+CD sup
0<α≤1

dH([xi(t)]α, [yi(t)]α)
)2)1/2

Hence

H1(Gx, Gy)

= sup
0≤t≤T

d∞
(
Gx(t), Gy(t)

)
= sup

0≤t≤T
sup

0<α≤1
dε

(
[G(x(t))]α, [G(y(t))]α

)

≤ sup
0≤t≤T

( n∑
i=1

(
CH sup

0<α≤1
dH([xi(·)]α, [yi(·)]α)

+C sup
0<α≤1

∫ t

0

(
K1dH([xi(s)]α, [yi(s)]α)

+K2M

∫ s

0

dH([xi(τ)]α, [yi(τ)]α)dτ
)
ds

+CD sup
0<α≤1

dH([xi(t)]α, [yi(t)]α)
)2)1/2

≤
( n∑

i=1

(
CH sup

0≤t≤T
sup

0<α≤1
dH([xi(·)]α, [yi(·)]α)

+C sup
0≤t≤T

sup
0<α≤1

∫ t

0

(
K1dH([xi(s)]α, [yi(s)]α)

+K2M

∫ s

0

dH([xi(τ)]α, [yi(τ)]α)dτ
)
ds

+CD sup
0≤t≤T

sup
0<α≤1

dH([xi(t)]α, [yi(t)]α)
)2)1/2

≤
( n∑

i=1

(
CH sup

0≤t≤T
sup

0<α≤1
dH([xi(·)]α, [yi(·)]α)

+C sup
0≤t≤T

sup
0<α≤1

(
K1TdH([xi(s)]α, [yi(s)]α)

+K2M
T 2

2
dH([xi(τ)]α, [yi(τ)]α)

)
+CD sup

0≤t≤T
sup

0<α≤1
dH([xi(t)]α, [yi(t)]α)

)2)1/2

≤
(
C(H + D +

(
K1 + K2M

T

2

)
T

)
× sup

0≤t≤T
sup

0<α≤1

( n∑
i=1

(
dH(([xi(t)]α, [yi(t)]α)

)2)1/2

≤
(
C(H + D +

(
K1 + K2M

T

2

)
T

)
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× sup
0≤t≤T

sup
0<α≤1

dε

(
[G(x(t))]α, [G(y(t))]α

)

≤
(
C(H + D +

(
K1 + K2M

T

2

)
T

)
× sup

0≤t≤T
d∞

(
Gx(t), Gy(t)

)

≤
(
C(H + D +

(
K1 + K2M

T

2

)
T

)
H1(x, y).

By hypotheses (H4), Φ is a contraction mapping. By the

Banach fixed point theorem, (10) has an unique fixed point

x ∈ Ω′.

4. Example

Consider the two semilinear one-dimensional heat

equations on a connected domain (0,1) for a material

with memory on Ei
N (i = 1, 2), boundary condition

xi(t, 0) = xi(t, 1) = 0(i = 1, 2) and with initial

conditions xi(0, zi) +
∑p

k=1(ck)ixi(tk, zi) = x0i(zi),
where x0i(zi) ∈ Ei

N (i = 1, 2),
∑p

k=1(ck)ixi(tk, zi) =
gi(xi), i = 1, 2. Let xi(t, zi)(i = 1, 2) be the internal en-

ergy and

fi(t, xi(t, zi),
∫ t

0

qi(, s, xi(s, zi))ds

= 2̃txi(t, zi)2 +
∫ t

0

(t − s)xi(s, zi)ds, i = 1, 2

be the external heat with memory. Δxi(tk, zi) =
xi(t+k , zi) − xi(t−k , zi) is impulsive effect at t = tk(k =
1, 2, · · · , m, i = 1, 2).

Let A = (A1, A2) =
(
2̃ ∂2

∂z2
1
, 2̃ ∂2

∂z2
2

)
,

f
(
t, x(t),

∫ t

0

q(t, s, x(s))ds)
)

=
(
f1(t, x1(t),

∫ t

0

q1(t, s, x1(s))ds),

f2(t, x2(t),
∫ t

0

q2(t, s, x2(s))ds)
)

=
(
2̃tx1(t, z1)2 +

∫ t

0

(t − s)x1(s, z1)ds,

2̃tx2(t, z2)2 +
∫ t

0

(t − s)x2(s, z2)ds
)
,

g(x) = (g1(x1), g2(x2))

=
( p∑

k=1

(ck)1x1(tk, z1),
p∑

k=1

(ck)2x2(tk, z2)
)
,

x(0) + g(x) = (x1(0) + g1(x), x2(0) + g2(x)),

x0 = (x01 , x02) = (0̃, 0̃),

Δx(tk) = (Δx1(tk), Δx2(tk)),
t �= tk, k = 1, 2, · · · , m,

Ik(x(tk)) = (Ik(x1(tk)), Ik(x2(tk)))
= (x1(t+k ) − x1(t−k ), x2(t+k ) − x2(t−k ))
= (x1(t+k , z1) − x1(t−k , z1),

x2(t+k , z2) − x2(t−k , z2)),

and G(t − s) = (e−(t−s), e−(t−s)), then the balance equa-

tion becomes

dx(t)
dt

= A

[
x(t) +

∫ t

0

G(t − s)x(s)ds

]
(11)

+f(t, x(t),
∫ t

0

q(t, s, x(s))ds) on (Ei
N )n,

x(0) + g(x) = x0 ∈ (Ei
N )n, (12)

Δx(tk) = Ik(x(tk)), t �= tk, (13)

k = 1, 2, · · · , m, i = 1, 2, · · · , n.

The α-level set of fuzzy numbers are the following:

[0̃]α = [α − 1, 1 − α], [2̃]α = [α + 1, 3 − α] for all α ∈
[0, 1]. Then α-level sets of f(t, x(t),

∫ t

0
q(t, s, x(s))ds) is

[
f(t, x(t),

∫ t

0

q(t, s, x(s))ds)
]α

=
[
2̃tx1(t)2 +

∫ t

0

(t − s)x1(s)ds
]α

×
[
2̃tx2(t)2 +

∫ t

0

(t − s)x2(s)ds
]α

=
(
[2̃]α · t[x1(t)2]α +

∫ t

0

(t − s)[x1(s)]αds
)

×
(
[2̃]α · t[x2(t)2]α +

∫ t

0

(t − s)[x2(s)]αds
)

=
[
(α + 1)t(xα

1l(t))
2 +

∫ t

0

(t − s)xα
1l(s)ds,

(3 − α)t(xα
1r(t))

2 +
∫ t

0

(t − s)xα
1r(s)ds

]

×
[
(α + 1)t(xα

2l(t))
2 +

∫ t

0

(t − s)xα
2l(s)ds,

(3 − α)t(xα
2r(t))

2 +
∫ t

0

(t − s)xα
2r(s)ds

]
.

Further, we have

dH

([
fi

(
t, xi(t),

∫ t

0

qi(t, s, xi(s))ds
)]α

,



[
fi

(
t, yi(t),

∫ t

0

qi(t, s, yi(s))ds
)]α)

= t[α + 1, 3 − α]
(
dH([xi(t)]α, [yi(t)]α)

+
∫ t

0

(t − s)dH([xi(s)]α, [yi(s)]α)ds
)

≤ t[α + 1, 3 − α]
(
dH([xi(t)]α, [yi(t)]α)

+
T 2

2
dH([xi(t)]α, [yi(t)]α)

)
≤ k1idH([xi(t)]α, [yi(t)]α)

+k2idH([xi(t)]α, [yi(t)]α),

dH

(
[gi(xi(·))]α, [gi(yi(·))]α

)
= dH

([ p∑
k=1

ck(xi(tk)
]α

,
[ p∑

k=1

ck(yi(tk)
]α)

≤
∣∣∣ p∑

k=1

ck

∣∣∣dH([xi(tk)]α, [yi(tk)]α)

= hidH([xi(·)]α, [yi(·)]α),

where k1i, k2i and hi satisfy the inequality (4), (5) and (6)

respectively. Then all the conditions stated in Theorem 3.1

are satisfied, so the problem (11)-(13) has a unique fuzzy

solution.
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