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Abstract 

This paper deals with a new adaptive fuzzy sliding mode controller and its application to an inverted pendulum. We propose a new method 
of adaptive fuzzy sliding mode control scheme that the fuzzy logic system is used to approximate the unknown system functions in designing 
the SMC of uncertain nonlinear systems. The controller’s construction and its analysis involve sliding modes. The proposed controller 
consists of two components. Sliding mode component is employed to eliminate the effects of disturbances, while a fuzzy model component 
equipped with an adaptation mechanism reduces modeling uncertainties by approximating model uncertainties. To demonstrate its 
performance, the proposed control algorithm is applied to an inverted pendulum. The results show that both alleviation of chattering and 
performance are achieved. 
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1. Introduction 
 
Variable structure control systems constitute a class of 

nonlinear feedback control systems whose structure changes 
depending on the state of the system. Due to its good 
robustness to uncertainties, sliding mode control has been 
accepted as an efficient method for robust control of uncertain 
systems. Being limited only by practical constraints on the 
magnitude of control signal, the sliding mode controller can 
treat a variety of uncertainties as well as bounded external 
disturbances. A key step in the design of controllers is to 
introduce a proper transformation of tracking errors to 
generalized errors so that an nth-order tracking problem can be 
transformed into an equivalent first-order stabilization problem. 
Since the equivalent first-order problem is likely to be simple 
to handle, a control law may be easily developed to achieve the 
so-called reaching condition [1]. 

Despite the benefits of VSC control, this suffers from two 
major shortcomings. First, the insensitivity property of a VSC 
system is present only when the system is in the sliding mode. 
The second shortcoming is control chattering. To overcome the 
first disadvantage, that is to reduce the reaching time, the use of 
high gain control signal was suggested [2]. On the other hand, a 
time-varing switching surface was suggested in order to 
eliminate the reaching phase, where the initial tracking control 
errors were assumed to be zero [3]. However, this assumption 
rules out many practical situations in which the system initial 
conditions are located arbitrarily. 

The problem for chattering has been addressed by many 
researchers. In [3], the discontinuous control is approximated 
inside a boundary layer located around the switching surface. 
However, although chattering can be made negligible if the 

width of the boundary layer is chosen large enough, the 
guaranteed tracking precision will deteriorate if the available 
control bandwidth is limited.  

The fuzzy logic controller, based on Zadeh’s fuzzy set 
theory has firstly been developed by Mamdani and his 
coworkers about twenty years ago, and has successfully been 
applied to many commercial products and industrial systems 
[4][5]. The main advantages of fuzzy logic controller are it can 
control the complex ill-defined systems by converting the 
linguistic control strategy of operators’ experience or 
experts’ knowledge into an automatic control strategy 
without knowing the mathematical model of the controlled 
systems. 

However, at present there still have some problems in the 
design of fuzzy logic controllers. Control rules that are the most 
important factor in FLC are generally obtained from intuition 
and experience of the experts, and such rules represented by 
linguistic rule sets or fuzzy relation. But there is always 
something difficult to obtain from such control rules and this 
makes the design of the controller difficult and the response 
trajectory of the controlled system is unpredictable. 

Recently, fuzzy logic control has emerged as a paradigm of 
intelligent control capable of dealing with complex and ill-
defined systems [6]. New results have been made recently to 
identify the connection between fuzzy logic and variable 
structure control [7,8,9]. It has been shown that fuzzy logic 
control is a general form of variable structure control. This 
connection has suggested the integration of the two control 
approaches in control system design applications [8,9,10]. 

In this paper, a new approach to the design of an adaptive 
fuzzy sliding mode controller is proposed. By defining a new 
complementary sliding variable to the conventional sliding 
variable, a novel fuzzy logic system is used to approximate nth-
order nonlinear systems. We will provide a new theoretical 
framework for the construction of an adaptive fuzzy sliding 
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mode controller. The proposed controller will be shown to 
result in closed-loop system satisfying a general sliding mode 
condition such that a region containing the hyperplane, defined 
by the two sliding surfaces, is attractive and positively invariant. 
In addition, we will show that this control scheme will reduce 
the ultimate bound tracking error at least by one-half, as 
compared to the conventional sliding mode control. More 
importantly, it will be shown to significantly improve the 
tracking performance during the reaching phase as well as in 
the sliding mode. 

In design of FLC, fuzzy control rules are obtained from 
expert's experience and intuition and it is very difficult to 
obtain them. We proposed an adaptive algorithm which is 
automatically updated by consequence parameters of control 
rules in order to reduce chattering phenomenon and 
simultaneously to satisfy the sliding mode condition. To 
demonstrate its performance, the proposed control algorithm is 
applied to an inverted pendulum system. The results show that 
both alleviation of chattering and performance are achieved. 

 
 

2. Adaptive Fuzzy Systems 
 

2.1 Fuzzy model identification 
A fuzzy system consists of three parts: fuzzifier, fuzzy rules 

and defuzzifier. 
The fuzzifier maps an input point in the input space 

nRU ∈ to a fuzzy set xA in the space. Fuzzy sets are 
characterized by their membership functions )(⋅μ s. The 
inference engine performs a mapping from fuzzy sets in the 
input space to fuzzy sets in the output space mRV ∈  based on 
fuzzy rules 

In this paper, we consider the case where the fuzzy rule base 
consists of ∏ == n

j jNN 1 rules for a multi-input and single-

output (MISO) in the following form: 

 niiiR ,,, 21 : IF 1x is
1
1iA and 2x is

2
2iA and and nx is

n
in

A  

 THEN y is 
niiiC ,,, 21

  (1) 

with 11 ,,2,1 Ni …= , 22 ,,2,1 Ni …= , … , nn Ni ,,2,1 …= , jx , 
nj ,,2,1 …= are the input variables of the fuzzy system, y  is 

the output variable of the fuzzy system, and fuzzy set 
j

j
i UA

j
∈ and VC

niii ∈,,, 21
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fuzzy membership functions )( j
j

i xA
j
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respectively. By using the singleton fuzzifier, product inference 
engine, and the center-average defuzzifier, the set of fuzzy 
systems can be expressed as follows:  
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Where [ ] n
n

T
n RUUUUxxx ∈=×××∈= 2121 ,,,x is state 

vectors and 
niiiy ,,, 21

is the point in V  at which )(,,, 21
yC
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achieves its maximum value and ∏ == n
j j

j
iiii xAA

jn 1,,, )()(
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x . 

Without loss of generality, we assume that )( ,,,,,, 2121 nn iiiiii yC is 

1. 
From (2) of the fuzzy system, it is easy to fine that the fuzzy 

system in fact can be represented by a linear combination of the 
functions 
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These functions can be defined as the fuzzy basis functions 
(FBFs) of the fuzzy system. Now the fuzzy system of (2) is 
equivalent to the FBF expansion 
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In order to develop learning algorithms for these fuzzy 
systems, we need to specify the functional form of fuzzy 

membership function for a fuzzy set )( j
j

i xA
j . The membership 

function used in this paper is a Gaussian-shaped form 
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with the centroid jip and the width jiq . If we view all the 

parameters jip and jiq  in (5) as free design parameters, then 

the FBF expansion (4) is nonlinear in the parameters. On the 
other hand, we can fix all the parameters in ),,( jijij

j
i qpxA

j
 at 

the very beginning of the FBF expansion design procedure, so 
that the only free design parameters are 

niiiy ,,, 21
; in this case 

y  of (4) is linear in the parameters. The advantage of being 
linear-in-the parameters is that we are able to use some very 
efficient linear parameter estimation methods. If we view the 

niiiy ,,, 21
 as adjustable parameters, then (4) can be written as  

 )(xξθ Ty =   (6) 

where θ  is the collection of 
niiiy ,,, 21

 and )(xξ  is a 

collection of )(,,, 21
x

niiiξ . The fuzzy system in the form of (6) 

with (5) is the most frequently used one in control application. 
 

2.2 Adaptive fuzzy controller design 
In this section, we first set up the control objectives and then 

show how to design an adaptive controller based on the fuzzy 
system to achieve these control objectives. 

Consider the nth-order nonlinear system of the form  

 
xy

uxxxgxxxfx nnn

=
+= −−   ),,,(    ),,,( )1()1()(

  (7) 

where f and g are unknown continuous smooth nonlinear 
functions, Ru∈ and Ry∈ are input and output of the system, 
respectively, and nRx∈ is the state vector of the system that is 
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assumed to be available for measurement.  
The control objective is to determine a feedback control 

input u  in order to force the output y  to track a given 
bounded reference signal my and an adaptation law for 
adjusting the parameter vector θ , under the constraint that all 
signals involved must be bounded. 

In many practical applications, the control design has rough 
estimates of any unknown nonlinearities. To incorporate any 
such a priori information into our control design, the unknown 
functions f and g are expressed as 

 )()()( xxx fnff φ+=   (8) 

 )()()( xxx gngg φ+=   (9) 

where nf and ng are known functions (representing some 
nominal estimates of f and g , respectively) and fφ and 

gφ are unknown functions representing the system uncertainty.  

Using this form allows the fuzzy systems to approximate the 
uncertainties fφ and gφ  (whose magnitudes are often small) 
rather than the overall functions f and g , respectively. An 
advantage of the above formulation is derived from the fact that 
if we turn off adaptation of the fuzzy system then we have a 
nominal for a nominal model, then nf and ng may be simply 

set to zero. 
The unknown functions fφ and gφ , representing the system 

uncertainties, are approximated by the fuzzy systems with rules 
of (1) in the form of (13) as follows; 

 )(),(ˆ xx f
T
fff ξθθφ =   (10) 

 )(),(ˆ xx g
T
ggg ξθθφ =   (11) 

where fθ and gθ are adjustable parameter vectors with 

appropriate dimensions, and )(xfξ , )(xgξ are regressive vectors 

whose elements are fuzzy basis functions with the form of (3).  
The uncertainties fφ and gφ can be expressed as 

 )(),(ˆ)( * xxx ffff δθφφ +=   (12) 

 )(),(ˆ)( * xxx gggg δθφφ +=   (13) 

where *
fθ  and *

gθ are some unknown optimal parameter 

vectors, and fδ and gδ represent the reconstruction errors for 

each fuzzy system. In general, increasing the number of the 
rules of the fuzzy systems reduces the reconstruction errors.  

The optimal parameter vectors *
fθ , *

gθ are artificial quantities 

required only for analytical purposes. Typically, *
fθ  and 

*
gθ are chosen as the values of fθ and gθ , respectively that 

minimize the reconstruction errors, i.e. , 
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3. Adaptive Fuzzy Sliding Mode Control 
 

3.1 A new fuzzy sliding mode control scheme 
In this section, we will present a new sliding mode control 

scheme to serve as a theoretical basis on which development of 
a fuzzy sliding mode control can rest. The object is to find a 
continuous sliding control u such that the output y of (7) will 
approximately track a desired signal, dy , which is assumed to 

be nth-order continuously differentiable and all of its derivates 
are uniformly bounded. Given the tracking 
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provides a useful transformation such that the original nth-
order tracking problem can be transformed into an equivalent 
1st-order stabilization problem s  variable. Obviously, on the 
sliding surface, 0=s , the tracking error , 0)( →te  as ∞→t .  

Differentiation of s  with respect to t , yields 
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If f and g were known, the equivalent control 

[ ]wf
g

ueq −−= )(
)(

1 x
x

 would render 0=s . However, f and 

g  are unknown, fuzzy approximators f̂ , ĝ , for f and g , 
respectively, should be employed and certainty equivalent 
control law would be of the form   

 [ ]wf
g
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)(ˆ

1ˆ x
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where  

 )()()(ˆ)()(ˆ xxxxx f
T
fnfn fff ξθφ +=+=   (20) 
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 )()()(ˆ)()(ˆ xxxxx g
T
gngn ggg ξθφ +=+=   (21) 

If, instead, the variable of interest involved in transform (17) 
is the integral of tracking error, we obtain the so-called integral 
sliding mode control. Specifically, if transformation (17) is 
defined by  
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Similarly, the equivalent control input (19) is modified into  
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Next, we will define an additional complementary 
transformation to the generalized error transformation (22) such 
that a more meaningful error measure may be obtained. 
Corresponding to the same parameter 0>λ , define 
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A striking result concerning about the relationship between 
is and cs is  

 icic ssss =++ )(λ  (26) 

 
3.2 Main results 

The control input is also composed of two terms, namely, 

 seq uuu += ˆ   (27) 

with eqû defined in (24) and su defined by 
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1
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It is easy to show the control input (27) will result in a 
closed-loop system satisfying the reaching condition 
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2
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Finally, from definitions (22) and (25) of is and cs , 

respectively, one has   
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Substituting the control law given by (27) into (23) yields 
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With the definition of (14) and (15), equation (31) can be 
expressed as 

 ruguggffs seq ++−+−= )(ˆ))(ˆ)(()(ˆ)( ** xxxxx   (32) 

where  
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is the reconstruction error. 
From definition (20) and (21), respectively, one has 

 rugus seqg
T
gf

T
f ++Φ+Φ= )(ˆ)()( xxx ξξ   (34) 

where ff
T
f θθ −=Φ * , gg

T
g θθ −=Φ * and )(xfξ , )(xgξ  are fuzzy 

basis functions. 
The control input will be designed for compensating the 

variations of the unknown parameters such that the tracking 
error )(te  will be driven arbitrarily close to zero. To this end, 
choose the following Lyapunov function candidate. 
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where fγ , gγ are arbitrary positive numbers. The derivative of 

V  along the system trajectories is  
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The adaptation laws for fθ and gθ are designed as follows: 

 )()( xfciff ss ξγθ +=   (37) 

 eqgcigg uss ˆ)()( xξγθ +=   (38)  

Substituting the adaptation laws given by (37) and (38) into 
(36) equation (36) can be expressed as 
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In order to satisfy 0<V , the switching gain K  is designed 
as follows 
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3.3 Control gain K 
In this section we present a solution to the sliding mode 

control design using concepts from fuzzy set theory. In the 
design of switching control su , the control gain K has to be 
selected according to the following rules. At each instant time, t, 

ci ss + is the algebraic value of the switching function s. Then 

these rules are: 
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where SL, SM, SS and SZ are fuzzy sets of the variable 
ci ss + . LK , MK , SK and ZK  are different values of the 

control gain corresponding to a large, medium, small and zero 
gain value, respectively. 

Given the value ci ss + at the instant time, t, the value of the 

control gain K at the time t is inferred using the above four 
fuzzy if then rules following procedure. 
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This strategy of selecting the variable control gain K(t) has 
following advantages over choosing a fixed control gain K: 

1) A large control gain is applied only when the system state 
is far away from the sliding mode. 

2) When the system state is close to the sliding manifold, a 
small control gain used. 

 
3.4 Modification of the rules 

Control rules that are the most important factor in FLC are 
generally obtained from intuition and experience of the experts, 
and such rules represented by linguistic rule sets or fuzzy 
relation. But there is always something difficult to obtain from 
such control rules and this makes the design of the controller 
difficult. Here, a self-organizing fuzzy sliding mode control 
algorithm using gradient descent method is proposed. 

The learning algorithm is to modify the consequent 
parameter such that the system trajectory stays on the sliding 
manifold. If the sliding condition, 0<ss  is, is satisfied, the 
switching function will converge to zero, leading to the desired 
dynamics. According to the sliding condition, the consequent 
parameters should be adjusted in the direction that minimizes 
the value ss . These consequent parameters are adjusted to 
reduced ss−  means that the controller is tuned to satisfy the 
sliding condition and consequently have a sliding behavior. 

According to the gradient descent method, the parameters are 
updated from 
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in which Γ  is the learning gain. By the chain rule, (42) 
becomes 
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As eqû  depends on current state variable only, 0
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Therefore we have 
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Using (31) we can find  
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Also using (28) and (41) the switching control input is 
calculated as follows. 
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Substituting (45) and (46) into (44), we obtain the following 
learning law for consequent parameters: 
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Because the sign of )(xg is generally known we 
approximate the learning law for consequent parameters as 
follows.  
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4. Computer Simulations 
 
We apply the stabilization algorithm given in the previous 

section to balance an inverted pendulum mounted on a cart. 
The equations of motion for the pendulum are 
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where 1x is the angle of the pendulum from the vertical line, 

2x is the angular velocity of the pendulum, u is the control 
force applied to the cart, and 2/8.9 smg = is the magnitude of 
the acceleration due to gravity. 

Numerical values of the parameters are given in Table 1. 
The control objective is to track the reference 

signal )sin(
30

tyd
π

= . The initial state is T]02.0[)0( =x and 

the sampling time is 1ms. In design example we choose the 
switching surface given by 
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Fig.1 The inverted pendulum system 

 
Table 1 The parameters of the inverted pendulum 

symbol Value 

Acceleration of gravity g  2/8.9 sm  

Mass of cart cm  1kg 

Mass of pole m  0.5kg 

Length of pole l  0.5m 

 
 ∫ =++= 010020 τedeesi   (50) 

 0100 =−= ∫ τedesc   (51) 

 
seess ci =+=

+ 10
2   (52) 

The membership function for 1x and 2x are chosen as a 
Gaussian-shaped in Fig. 2.  
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For the proposed control algorithm, the membership 

functions of the fuzzy subsets SZ, SS, SM and SL are shown in 
Figure 3.  
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Fig.3 The membership functions of ci ss +  

 

 
Fig.4 System output and desired trajectory 

 
The simulation results are depicted in Figure 4 and Fig 5. By 

comparison, the tracking precision is significantly improved by 
the complementary control. The error trajectory starting from 
any initial state( 2.0=e , 0=e ) approaches to the zero very 
quickly when the complementary sliding mode control was 
employed.  

Fig 6. illustrates the history of control input u. It is clear 
from the simulation results that the proposed control approach 
reduces the chattering. 

 

 
Fig.5 Trajectories of error 
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5. Conclusions 
 
In this paper, an adaptive fuzzy sliding mode controller for a 

class of uncertain nonlinear dynamical systems is proposed and 
analyzed. The controller’s construction and its analysis 
involve sliding modes. The proposed controller consists of two 
components. Sliding mode component is employed to eliminate 
the effects of disturbances, while a fuzzy model component 
equipped with an adaptation mechanism reduces modeling 
uncertainties by approximating model uncertainties. To 
demonstrate its performance, the proposed control algorithm is 
applied to an inverted pendulum. The results show that both 
alleviation of chattering and performance are achieved. 
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