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M/E,/1 30|A OvershootOl CHSE Z A}

Es! - sols? - Uue
'EYONSR MR SHEI, Jet AT, CHS AR TR S5

(2010 82 Z4~, 2010 112 AHEH)

o ot

I
B =BOo \N/E,/1 A overshootoﬂ gt ZAMS AQFSte). overshoot-2 79| ZYEs1E}H o] oH A
AL ALoz 233 =7k I 23S o|u|sl=t], overshootd] BE 9 13}, 22} &L Fo| HAHJJEAS F
= F8% 98 gt & —I\E-‘Eoﬂ/ﬂ“ 159k o]F0]A overshooto] B3] thdl o|22 ¢l ANE niglog 3}

o] overshoot®] #25 1A Au|AaAZre] B2}l AFE2e] APAFORE FH = ZAMS Akt 18|n
Alokd ZARA ) HBAIL Feldtr] f)5te] A EH )AL 53l 38 overshoot 2] HE} v w et}

FRE0: M/E,/1 7, overshoot, ZAl.

1. M2

[

2 =RolA e M/G/1 79 583 AeA M/E,/1 7FE 1ejgitt. M/E,/1 7+ 149 A
H|2AZEe] A} ndl Erlang V325 k3l 140] =2pAIZbe] Zokdibydg man Aol 71 1% F
olty. AA}t nQl Erlang #E& FHZA 0|1l UG ALEEE WE+= n/9 SEHFEY Fol B2
= 2xoth. 79 284S SH4che 45 H = (performance measure)oll= A" Woll Sl B 1L
A, uAe] g th7IAZE, ARe] vREIZE 5 ofg] ZRA7E Qe B =EolAle Ao AdRst
o} ARt At =7le Jo For, A7 oA FdFekE
94

2 (workload) ol i3l #4S Zt=
oI% A2 ol Aelzs 59 28] o] ARl ) F9 R E A AHl2Ae T
st Aojth. AWl 71 10]a AYAEFA SR |2k 79 ZYRa=e A 7Pt 7| A1 2t

I L3t AL P 7| A7 (virtual waiting time) o] &, WY AJZ} tof] o m A o] = zbsirid

Elo] Ay kg wj7bA] 7|tk of & A|ZHE o u|gith. Al 7 tol| A A REEE Wi R ®AIS, &

44 (W] t > 0}& A R34 (workload process) o] 2} 32T}

a9 112 AW 471 191 7] ZARs34 2] sample patholth. 7k2%2] O =asks 14 &

o] RAANZE oujetal 27t F L 2 TS A Au|2A TR} ). ARt 2

AR F=zshe AAS AlYstae 71€717F -1 28| = 7} "ok

M/G/1 FtollA 2] Fshaatad of lfa%_‘-gz lim;— 0o Pr(W; < )%= a]—a}a wste] Hez LejA g

t} (Wolff, 1989, p.386). 22|11 B2 AFAEL M/G/1 %«l oe] WEE noA 2HH sk}
Aol FEEE 73Tt Bae % (2002)2 M/G/1 ol PY-Au|=5 2 24%5?} REoA AR

NO
steaAde] 2FEEE 75497, De Kok} Tijms (1985)t Fed W A0l e M/G/1 Fl

Al (130-743) A&A FHET AHHE 13, ASA AR FASH, Rag
E-mail: sgkim@uos.ac.kr
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A
W
riﬁ P S £ £ £ Funt oy f
L) L R W L L) L) L)
I8 1.1, M/G/1 FO0IM 2 202k obA 9| sample path
W, overshoot
overshoot
Kb Wi N_ . overshoot. <
: t
gl 1.2, M/G/1 A L2512k} A O] overshoot 2| O

Al ARt Y] FIHEEE ok a7b K oolskel Apollwt faigith 474 K+ a7 e] Y
akste}, 18]al Bae 5 (2001)2 %%é fe el e M/G/1 F
2} stk o] 2R E etk o ]_,4 oAl AAF3+ Bae 5 (2001,
2002)-/] Oq:rL% 23] HAEAR EE el 9 =EolA 44T RS HHJEAE 7] S3iA
= QR gaA ] §AH 2 (overshoot) ol Thst A7} 'é"?’ﬂ O]D} AAZ Kim 5 (2006)2
Bae 5 (2002)0ll4 738 2] HH3}EAE thRg I BAlE= M/G/1 FollAl overshooto] £
9} overshoot®] 12}, 22+ AES R E 3tk o]7]A] overshoot &, AW o] vpE 7]7ko] AJ<td & 2
FHatFo] o FAFE AR Hol F2 A I SAAE 29 ¢ gtk 39 1.2&
M/G/1 5ol A wg] AAH SdAF ] KD o 2531374 ] overshoot 2] of o]t
Kim % (2006)°] 2]3td M/G/1 T 2&olA overshoot, & Sk — K| &3t FA3} 12 AEL o}
ek 2t

pH(K) "
Pr(Sk —K<y)=1- W/Oi(l—G(K—i—y—u))dH(u)

m/ 1-G(K+y—w)H(u)du, y=>0.
H(K)

B(Sx — K) = g (1= (1= H() = [ (1= (1= p)H () du
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o714 pe 7 AFEECAL St uAL AujaAItoln, G()& S¢ ExFolrt. aFa T

H(-)o] ]9} Sk — K9] AEst Aol thadolA a7jdct

a9 FAL UF BRste] Aol offrh. AAR S7F ASREE WmEE FE AYstae

H(-)E RAE3] Aret= 2o A 27b53tt. webAl overshootd] 2o AEsl F4]2 Az|o] A

£317] wl-$ oJF a1, overshoot] 12}, 23} AE2] A4tz E7ls3lth oA AFAS

Bz 4 13} 221 AEL Bae 5 (2001, 2002)04 A7E 23] HA3) BEAS F=0) I4AYos
ET3HIL overshooto] #3Z9] o] 2AQ FAT oS ¥, AAZ Aibe] 7Fed AL g7l 2 2
Age Feke A 2otk B =RolAE M/G/1 7 €59 M/E,/1 7142 overshoot ]

BIE ZAR 02 AAeH= vHHE Hol3, AR & £33t overshootd] EX 71 A& o] E3)

de Fx&} duht AR vl Zlojth

o AHH = o8 7=

=2
X
rlr
o i
Mo
=2
X
>
ox,
%
il
ol
tlo
>
ofL
ok
kl
i)
N
N
B
N
N
o
tlo
s
£
L
v
r(
r{u

g vl XopRgHA o7 Aade masttia st FEHS S& T4 AH|AA
o, So] ExsrE G()E ZAST GO H3EEZ T (equilibrium distribution func-

Coly) = - / (1-G(s))ds, y>0.

EFUE pE p = vE(S)E Bolsketl 7o AAAL 3ol 0 < p < Lole} AR@T 2
A (Wy] ¢t > 0}2] 2713 Wos 022 T W, 7F 459 Uoﬂ/ﬂ‘_ P DI O]Q
L= Wi B M8k W7t K& Loz Jdojd <7ke ARk SKE T AL
an{t>0\Wt>K} 0]14— ﬂ'ﬁ‘v‘d'a:-‘}x'] O] X1 S og K 5_"’]'6]"_‘ /\7}‘-/] _1_.-‘4' SK - KE At
4 =l Sk — K& overshooto] g} £E Zo|th
A T ZANAAN T ARAA T = o]l R IF ASFREZT) ofd FE —Ev-’ﬂ.f;} W) 22517 o] 8o
7} B2 A g4 (auxiliary renewal function) o]ty HZAAFS H ()= G} poll B3 207 A

n=0

2 A"t} o714 GU* Heaviside 24 GU* (z) = Iz>0y(2) 02 GL* &

4z to

rBL'COI-l'ImQ:tlJ
%—1—’

1%
‘{)’ J::, ﬂJo"

GZ*(m):Gé”_l)**Ge(m):/ Golz—w)dGT D" (), n=1,2,3,...
o2 Aojdr)

BEAGRS H()E okdhe] 48 AT Qe

(b) H(z)e 2o B3t Z7F840) 1 limg oo H(z) = 1/(1 — p).
)& x> 00| BlR7ksst H(0+) = p/E(S).
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owershoot

Ly —
H

/0 T, (pGe(y)) = 1

< WEFe FLT Frelh. 2EL f(2) & g(2)E limesoo f(2)/g(z) = 1€ @)
(2001)°ll, (d)+= Tijms (1986)°] L Zw o] d)ollA A2 (1-p)H (z)

M/G/L 71N BRSNS FEREB oIS

3. Overshoot?| 230 U5t 2At

M/G/1 FoNA Sk — Ko 2323 ol thek A&st 342 ofgiet 2t} (Kim 5, 2006).

Pr(sK—Kgy)_1—%/07(1—G(K+y—u))dH(u)
—ELS) (0= G(K +y—w) Hudu, y20. (3.1)

overshoot ] EXx&o) tf st ZAM]E Kol &3 &2 3317 98t K9 kol w2 overshoot 2]
AAE o Astd o3 2}

(1) K — 0+°]9 Pr(Sx — K < y) — G(y).
(2) K = o0°]® Pr(Skx — K <y) = Ge(y).

()& oldshe A2, K7F00o]™ 3 A o] xuo] =2kAukA} overshoot ©] ¥ 8kl 1 1172 Aju]
22 A7) 2 overshoot o] & 7] wfeltt. (1) 4] (3.1)ollA K& 0+2 Emgiw 293 2 Qr}
(2)5 Adste ot 2% 313 Zoh K7 o Athd vl B2 3o AYRskgagel A
27} A9 Fo K& 97 2 Aol 2 K& b1 &l overshooto]th. ﬂﬂ ZH BANTE] &
EE7 G() D AARY agedtd A()S AAstaE 27 31004 He AA-H A STEE
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20 7 S~Gamma(3, 1/3) p=0.8, K=7
15 4

10

0 1 2 3

=

—overshoot®] SHE R EES(AIGH 0] ~= Geyjo] BEERETS

% 3.2, Ge(y)2 overshootl| EEL2Z H|W

B limy— oo Pr(A(t) < y)7} limg oo Pr(Sx — K <y)&F FAFE Zlog o8 + Qith
lime_so0 Pr(A(t) < y)= Ge(y)Sh 280] & AeiA 9rh. AAE LeeSh Ahn (1998)S o] A2
st K71 2 of overshoot ] 33 thAl Ge(y) & SAFRI2 S v} Qi)

a4 (2)9) A A tran) ustE K — o W) E(Sk — K)7F 3% G.9 7oz 714
%7) WEoltt. &,

g
A

ol K

mlo

. E (%)

dm B (Sk — K) # 2E (S)
limg o B (Sk — K)Y A& F42 A7 3.10A4 fF=HTh & (2)Y oo EXte 22 AlE
Hold 35 FAE AT ¢+ ok I¥ 3.2+ SV YARS 3, W 19 PuEE2E mEy
p =08, K =79 Afof AlE AL 53 +3 overshoote] FEUET:2} dG.(y)/dyE B2

5
Aoty Fa=R, E(S) =19 wf) K =7°|H K+ 383 2 #telth
I 9 limg oo Pr(Sx — K <y)7} Ge(y
<3} Zth overshoot2 o] 1A o] Al So]2+ ’:7J Z‘%‘?SPF/U @iﬂ] -4°H *“ﬂrtﬂ a
A7} dojupr] Aol et g Rape 7F EAgt}t. 2812 & overshootd] I 7] AWHAQl
A ageos BAACZ thg EAL 7HA 1 Slth. wekA] K71 Z w9 overshoot o] 232
2} A9 ages] FhEErt thEA H= Aotk 27 3.28 ¥ K71 9] overshoot ] &

J[m L
- U}l_,
I->

© oae] AFEES SATE BT 4 AT ANlasl REA QPRE A0 po} Kol T gk
£ A= Wse Aako] Bau,
TeA el Thedt 2 2AA S A AT

71 limgsow(K) = 1, limg— e w(K)
o

limg oo B (Sk — K) AFEEe Fx3Folnt. 5,

oltt.
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EiSeX| 4 E{SeK] 4
o A Z 0|48 overshoot?) 7|zt o N B[4t overshoot)] 7|zt
(5~Gamma(2,1/2), p=0.5) (5~Gamma(3,1/3), p=0.2)
*
081 o 08 { ¢
..‘Now ¢
08 *4ete + + + + 08 +

L%
Yeosbases ° . + +
04 04

02 02

0 4
] 1 2 3 4 5 [ 7 8 0 1 2 3 4 5 [ 7 8
I8 3.3. KOl U3t E(Skx — K)ol D=

w(K)E A7) 93l E(Sk — K)7} Kell w2} oj® A wah=x Bt 27 338 E(Sk — K)&
Kol = Hol agj=E I Zlojt}h. o7]A overshoot®] 7|HZ-E Kol thal| Al4A oz Zashe=
XY Bl

olide] BE 2L Tt SElt Sk — KO Exggol thgk ZAMS ofefe} o] Ert.

Pr(Sx — K <y)~e "NG(y) + (1 - e*aK) F(y), y>0, K >0. (3.2)
9 AelA ax A" Fgelth. F as) limk oo B (Skx — K)9 30 A7) A3t oha9 A7t
2 3}
el 3.1 0< p< 10|22 G(0) =00|04 G'(0)7F =AM M,

_ pE(S?)

. 1
A ESk —K) =5 21— p)E(s)’

. d o
Jm o Sk~ K) = G (0)E(S) ~ 1.

=94 Kim 5 (2006)°] 23}%

B (Sx ~ K) = gy (1= (= H(K) = [~ (1= (1= p)H(w) du (3.3)
ol A
Jim H() =

olaL of g4 cof] o st

SEEEd
7 -~ c —§K
H'(K) = e
ojt}. 1R =E
Jim_ 5((?) (1 - (= p)H(K) = +
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otk B3, W = limyoo W B FETHE, W M/G/1 79| B3 eill Ao 2 5atege] =,

K K

Klgn (1-(1-p)H(u))du= KhLHOO Pr(W > u)du
= E[W]
__PESY)
2(1 - p)B(S)
e
1 pE(S?)
dm E(Sk —K) =5 =55 = p)E(s)
oA A S5 Sletel 4 (3.3)9] PRL Kol Bl 0]
d _ —H(K)H"(K)
T (S~ ) = =1 8 (1 (L= PH(K)) - (1= ) H(K)

=102 H'(04+)7 H"(0+)%
wlE59 AAE (2007)0] J3HH H (z)& thHee]

’ p
S H(@) = 55y
£ derh P o2 R
H' () = —%G’(w) + % / H"(z—y) (1~ G(y)) dy+ %H’(O)(l ~ G(x))
Atk 37N 2B 0+2 RO A
" 14 / P

S @) =g (G 0) E(S))
A h=R-4

Jim diKE (Sk — K) = G'(0)E(S) — 1
< derh O

oAl Sk — Ko BZFF] 2AH (32)°04 o T3] 913
d —a
KILH&+ 1K E(Sxk — K _Klgr%+ dK/ yd Ka (1_e K) F(y)}
i%‘;‘gl—iq;7
/ d [ _a —a F(S?
6'0e(s) 1= g gie (29 + (1= (5= 52507

(L pE(S?)
”‘(TW*E“))
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i 4.1. 0{e] 2 SHOIA 62t a2l g

S ~ Gamma(2,1/2) S ~ Gamma(3,1/3) S ~ Gamma(5,1/5)
’ 0 a 0 a 0 a
0.1 1.5000 2.4000 1.8936 1.8316 2.3663 1.5526
0.2 1.2597 2.5403 1.5419 1.9301 1.8655 1.6288
0.3 1.0610 2.6390 1.2733 1.9987 1.5096 1.6815
0.4 0.8835 2.7165 1.0447 2.0525 1.2202 1.7227
0.5 0.7192 2.7808 0.8405 2.0970 0.9701 1.7569
0.6 0.5642 2.8358 0.6529 2.1353 0.7462 1.7863
0.7 0.4161 2.8839 0.4775 2.1687 0.5411 1.8121
0.8 0.2734 2.9266 0.3113 2.1986 0.3503 1.8351
0.9 0.1349 2.9651 0.1527 2.2255 0.1706 1.8560

L GUOE(S) -1
) (3.4)

=z

A2Aog gt oY overshoot®] LE a2 2ABIE A9 A AAZF S7F AR nol Er-
lang BEE w2 M/G/1 FolA A ARt HLS (Wi [t > 0}ole} 3xh. Wy = 0o]ghe
71l Sicg thet 2ol Aejetak

Sk = Wint{t>0|w, > K}
ol Kol thdt overshoot Sk — K2 X345 t}2-28 ZA}sic}.

Pr(Sk — K <y)=e Gy + (1- ) Fly), y>0,K >0,

471 G(y) S BEFFOIT F(y) Bol 1/5 — {pE(S*)}/{2(1 - p)E(S)} A AFLEY 22
ooltt. p Fo LEDT o)L 5 G(-)o] BRRZHRSA Go(-)ol thste]

o
rtﬂ
A
HF
Jo
e
o
OO
%
o,
&
[
i)
[
IS
rlr
w
=
=2
1o
4
9
N,
v

H7}8H7] 9 3ke] S7F Gamma(2,1/2), Gamma(3,1/3),
o Zoll diste] overshoot®] HEEZra=of Hidh ]9
AR T} *]Eﬁﬂ He B Ao Hydhsol ZAXE uasth A7 AALL zATO =M
E(S) = 1°]g} 71Asth. & 4.1 MuaA ke B2 @ off poll tidte] A< 69 a2 AL 3t
ot}

A(y)% overshoot®] Ex 3ol 3t ZAOo® 37 A(y)g ABHo|HS E3F Byglse =4
Sk g F21(100,0008] 2] AlEF]A). 27 4.12 S7} Gamma(2,1/2), Gamma(
1/5) 222 w2 uf p=0.3, 0.6, K = 30l thate] A(y)<}t A(y)S 7 28 Ao|th

JQJ
-
~
w
&
Q
&
=)
=)
&
2
Eﬂ



Q%0 THEH 2AL 355

S~Gammal(2, 1/2) p=0.3, K=3 S~Gammal(2, 1/2) p=0.6, K=3
1 1
08 08
0.6 06
=—Hat[Aly]] = Hat[Aly]]
oa | ——Tilde[Aly]] oa | ——Tilde[Aly]]
02 02
a T T T T T 1Y a T T T T T Ty
0 05 1 15 2 25 3 0 05 1 15 2 25 3
S~Gamma(3, 1/3) p=0.3, K=3 S~Gammal(3, 1/3) p=0.6, K=3
1 1
08 08
06 06
—Hat[Aly)] —HatAly]]
04 1 —Tilde[Aly]] 04 4 —Tilde[Aly)]
02 02
a T T T T T Ty a T T T T T Ty
0 05 1 15 2 25 3 0 05 1 15 2 25 3
S~Gammal(5, 1/5) p=0.3, K=3 S~Gamma(5, 1/5) p=0.6, K=3
1 1
08 08
06 06
=—Hat[Aly]] = Hat[Aly]]
oa | —Tilde[Aly]] o0a | ——Tilde[A(y]]
02 02
a T T T T T Ty a T T T T T 1Y
0 05 1 15 2 25 0 05 1 15 2 25 3

2 4.1. A(y): overshoot®

£
2
[l

5t ZALAL A(y): overshooto| X st (AlIE0]4)

[E—
=31y

2|7} AN 2AEEe A4S o S BHelkr] S8k, sup,, [A(y) — A(y)|9) & & 4.290
A= s,

427} HojRE BE A9l sup,., |A(y) — A(y)|= 012t} 2o K7} 10]3 S ~ Gammal(5,
1/5)Q1 A5 ALdstd sup,., [A(y) — A(y)|E 0.058 T Fgg & 4 9} =3 Erlang £x9] 7
Ak A2 W 2Ae AUES} 2ERE 2 4 Ak

5. 28

M/G/1 5 A overshoot®] X+ FSA ¢l 2] A+ M/G/1 FEY, M/G/1 H BPAEF of
Hg P2 AdR ol Aol YAY M/G/1 TN Anls S8 PMA2 ol os) 2
Ao FRYY A8 BAL Ak e FoATh 18 7122 ATIAE overshootd] 2
3zof thgk o] 2A A FARE P 7ol overshoot ] #3zo] thak A4 o] &g sjrt.
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4.2. A(y)8t A(y)el 2|t xt0|t
S ~ Gamma(2,1/2) S ~ Gamma(3,1/3) S ~ Gamma(5,1/5)

K=1 K=3 K=5 K=7 K=1 K=3 K=5 K=7 K=1 K=3 K=5 K=7
0.1 .0406 .0143 .0114 .0106 .0214 .0102 .0063 .0127 0869 .0126 .0124 .0347
0.2 .0352 .0112 .0103 .0061 .0173 .0164 .0160 .0135 0892 .0205 .0198 .0281
0.3 .0323 .0109 .0114 .0100 .0180 .0169 .0199 .0182 .0872 .0265 .0262 .0280
0.4 .0288 .0154 .0124 .0152 0195 .0230 .0232 .0231 .0856 .0317 .0330 .0321
0.5 .0270 .0154 .0165 .0171 0213  .0234 .0284 .0255 .0850 .0345 .0372 .0364
0.6 0272  .0173 .0165 .0193 .0212  .0290 .0265 .0286 .0812 .0386 .0400 .0408
0.7 .0253 .0199 .0182 .0175 .0232  .0303 .0285 .0291 0787 .0424 .0443 .0405
0.8 .0270 .0197 .0186 .0190 .0225 .0265 .0312 .0299 0751 .0419 .0441 .0461
0.9 .0240 .0219 .0195 .0183 .0229 .0311 .0317 .0321 0764 .0464 .0493 .0474

i

p

2 A= A9 Auj2AZbe] Erlang 3291 M/E, /1 oA overshoot®] F3xof thst 7h3t
A S AIABEE, overshoot o] R3S AAL] An|2AIZEe] B9} ofd AeRxe] AP 2 ¥
Ao ga] mfg- Tesh ZARAS AASATE 2Ea PR ZAA S FEEE FRls] fete] of
B B oA AlEd o] Aol B AFolA] AtE ZAME vlAETE Bl

K7} &2 A& Agstas £ TAE BYS s nol 33 K7t 32 A
a7t aokA] 3R] g2 Eelstict
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Abstract
In this paper, we propose an approximation to the overshoot in M/E,/1 queues. Overshoot means the
size of excess over the threshold when the workload process of an M/E,/1 queue exceeds a prespecified
threshold. The distribution, 15* and 2"? moments of overshoot have an important role in solving some kind
of optimization problems. For the approximation to the overshoot, we propose a formula that is a convex
sum of the service time distribution and an exponential distribution. We also do a numerical study to check
how exactly the proposed formula approximates the overshoot.
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