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CONTINUITY OF FUZZY PROPER FUNCTIONS ON
SOSTAK’S I-FUZZY TOPOLOGICAL SPACES

RAJAKUMAR ROOPKUMAR AND CHANDRAN KALAIVANI

ABSTRACT. The relations among various types of continuity of fuzzy
proper function on a fuzzy set and at fuzzy point belonging to the fuzzy
set in the context of Sostak’s I-fuzzy topological spaces are discussed. The
projection maps are defined as fuzzy proper functions and their properties
are proved.

1. Introduction

From the work of Chang [3], the research on fuzzy topology has been started
and hundreds of papers on various concepts like neighborhood structures [15,
16, 23], product topology [16, 25], separation axioms [14, 22, 23|, compactness
[10, 12, 13], connectedness [4, 15], continuity of functions [16, 24], etc., have
been published. Sostak introduced I fuzzy topology in a new way. This topol-
ogy is later redefined by various researchers, and is called smooth fuzzy topology
[18]. We prefer to call this topology by Sostak’s I-fuzzy topology. In the con-
text of Sostak’s I - fuzzy topological spaces, neighborhood structures [5], base
and subbase [17], product topology [21], compactness [1, 6, 7, 8], separation
axioms [21], gradation preserving functions [11] are also studied.

Regarding functions in fuzzy setting, the fuzzy proper function and its con-
tinuity on Chang topological spaces are first introduced by Chakraborty and
Ahsanulla [2]. Chaudhuri and Das [4] proved the equivalent statements of
continuity of fuzzy proper function in the context of Chang topology. Fath
Allah and Mamoud [9] introduced the fuzzy graph, strongly fuzzy graph of a
proper fuzzy proper function on Chang topological space. They proved the
closed graph theorem under some sufficient conditions and also proved vari-
ous results relating separation axioms, the continuity of fuzzy proper function
and the closedness of its graph. The notions of smooth fuzzy continuity and
weakly smooth fuzzy continuity of a fuzzy proper function on Sostak’s I-fuzzy
topological spaces and their properties were discussed in [18].
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This paper is organized as follows. In Section 2, we recall some basic defi-
nitions and results from the literature and also prove some preliminary results
required for our discussion.

The section 3 is devoted to discuss the various equivalent statements of
smooth fuzzy continuity and weak smooth fuzzy continuity in Sostak’s I-fuzzy
topological spaces. As in the classical case of continuity of functions between
two topological spaces, we prove that fuzzy continuity on a fuzzy set is equiv-
alent to the fuzzy continuity at every fuzzy point of the fuzzy set. When we
study the weak continuity of a fuzzy proper function at a fuzzy point, obviously,
we have to consider two notions, one is defined in terms of fuzzy neighborhoods
and the other in terms of quasi neighborhoods. We establish that weak fuzzy
continuity on a fuzzy set implies weak fuzzy continuity at every fuzzy point in
the fuzzy set, in both notions, and neither of the converse is true, which is in
contrast with the classical case. To get the converse of one of these results, we
introduce two new notions, namely, a-weakly smooth fuzzy continuous func-
tions and positive minimum Sostak’s I-fuzzy topological spaces.

The projection functions from a product of fuzzy sets into a fuzzy set are
defined in Section 4, as fuzzy proper functions and prove that they are smooth
fuzzy continuous, a-weakly smooth fuzzy continuous and weakly smooth fuzzy
continuous. We also prove that every fuzzy proper function F': A — [[ B; can
be expressed as [Fj] for some suitable F; : A — B; and study the relationship
between continuity of F' and that of its coordinate functions Fj.

2. Preliminaries

Throughout this paper X, Y denote fixed non-empty sets and A, B denote
fuzzy subsets of X, Y respectively, I denotes the closed interval [0,1] and I
denotes the set of all fuzzy subsets of X. Let X = {x1,29,...,2,} and \; € [
for i = 1,2,...,n. By A@i:?j::;:ﬁ:}],
which maps each z; to A\; Vi = 1,2,...,n. A fuzzy point [15] in X is defined
A ?ft - I, where 0 < A < 1 and by adopting [14], we say that
0 ift#x
for A€ IX, P} € Aif A < A(x).

we shall mean the fuzzy subset A of X

by P (t) =

Definition 2.1 ([18]). A Sostak’s I-fuzzy topology on a fuzzy set A € IX is
amap 7 :J4 — I, where 34 = {U € I : U < A}, satisfying the following
three axioms:

(1) 7(0) =7(A4) =1,

(2) T(A1 AN Ag) > T(Al) AN T(A2)7VA1,A2 € Ja,

(3) T(Vjer As) > Njer 7(A;) for every family (A;);cp € Ja.

The pair (A, 7) is called a Sostak’s I-fuzzy topological space or simply sfts.

Definition 2.2 ([2]). A fuzzy subset F' of X x Y is said to be a fuzzy proper
function from A to B if
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(1) F(x,y) < min {A(x), B(y)} for each (z,y) € X x Y,
(2) for each x € X with A(z) > 0, there exists a unique yy € Y such that
F(z,y0) = A(z) and F(z,y) = 0 if y # yo.

Definition 2.3 ([2]). Let F be a fuzzy proper function from A to B. TU < A
and V < B, then F(U) < B and F~}(V) < A are defined by
FU)(y) sup{F(z,y) NU(z) :2 € X} ,Vy €Y,
FY(V)(z) = sup{F(z,y)AV(y):y€Y}, VzeX.

The following lemma is an immediate consequence of the above definition.

Lemma 2.4. If P) € A and F : A — B is a fuzzy proper function, then

F(P)) = Py/\, where y €Y is unique such that F(x,y) = A(x).

Next we present an easy formula for finding inverse image of a fuzzy set
under a fuzzy proper function.

Lemma 2.5. Let F' : A — B be a fuzzy proper function. If V. € IY and
V < B, then F71(V)(z) = A(z) A V(y), where y € Y is unique such that
F(z,y) = A(x).

Lemma 2.6. If A€ IX, then A=\/{P)}: P} € A}.
Lemma 2.7. If P) € F~Y(V), then F(P}) € V.

Proof. Let P} € F~Y(V). Then, we have A < F~}(V)(x) = A(z)AV(y),
where y € Y is unique such that F(x,y) = A(xz). By Lemma 2.4, we have
F(P}) = P). Hence A < A(z)AV (y) < V(y) implies that F(P}) € V. O

Definition 2.8 ([2]). Let F : (A, 1) — (B, 72) be a fuzzy proper function and
(A,71) and (B, 72) be Chang fuzzy topological spaces. Then F is said to be
fuzzy continuous on A if F~1(V) € 7y for each V € 7.

Definition 2.9 ([4]). Let F': (A, 71) — (B, 72) be a fuzzy proper function and
(A,71) and (B, 72) be Chang fuzzy topological spaces. Then F is said to be
fuzzy continuous at P, € A if for every V € 75 with F(P)) € V, there exists
U € 71 such that P} € U and F(U) < V.

Definition 2.10 ([2]). Let P} € A and U < A are said to be quasi-coincident
referred to A (written as P qU|[A]) if there exists € X such that A+ U(x) >
A(x). If P} is not quasi-coincident with U in A, we write P2gU[A].

Definition 2.11 ([4]). Let F : (4,71) — (B, 72) be a fuzzy proper function
and (A, 71) and (B, 72) be Chang fuzzy topological spaces. Then F is said to
be fuzzy continuous at P, € A if for every V € 7o with F(P)})qV[B], there
exists U € 11 such that P} qU[A] and F(U) < V.

Definition 2.12 ([2]). Let F : A — B and G : B — C be fuzzy proper
functions, where A € IX, B € IY and C € I?. Then G o F is a fuzzy proper
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function from A to C defined by
(GoF)(z,2) = \/ {F(z,y) NG(y,2)}.

yey
Theorem 2.13 ([2]). Let F': A — B and G : B — C be fuzzy proper functions.
Then (G o F)~Y(U) = F~Y(G~1(U)), YU < C.
Lemma 2.14. Let F: A — B and G : B — C be fuzzy proper functions, where
AelX, BeIY and C € I?. Then (Go F)(U) = G(F(U)), VU < A.

Proof. Let U < A and z € Z.

(GoF)(U)(z) = \/ {(GoF)(x,2) AU(x)}

zeX

:\/ \/{F:z:y)/\Gy7 AU (z }
zeX |yey

ZV{V{ny)AGy, }}
yeY \zeX

= \/ {G \/ {F(z,y) NU(z }}
yey zeX

= V {G.2) AFU) ()} = U))(2).
yey

Hence we get the desired result. ([

3. Fuzzy continuity on sfts

We first recall the definitions of smooth fuzzy continuous and weakly smooth
fuzzy continuous functions from the literature.

Definition 3.1 ([18]). Let F': (A,71) — (B,72) be a fuzzy proper function
and (A, 71) and (B, 72) be Sostak’s I-fuzzy topological spaces. Then F is said
to be smooth fuzzy continuous on A if 71 (F~1(V)) > m(V).

Definition 3.2 ([18]). Let F': (A, 1) — (B, 72) be a fuzzy proper function and
(A,71) and (B, 72) be Sostak’s I-fuzzy topological spaces. Then F is said to be
weakly smooth fuzzy continuous on A, if 71 (F~1(V)) > 0 whenever m2(V) > 0.

To discuss the point-wise continuity of a fuzzy proper function, in the context
of sfts, we introduce smooth fuzzy continuity at a fuzzy point, weakly smooth
fuzzy continuity at a fuzzy point and gqn-weakly smooth fuzzy continuity at a
fuzzy point as follow.

Definition 3.3. Let F : (A,71) — (B, 72) be a fuzzy proper function and
(A,71) and (B,7) be Sostak’s I-fuzzy topological spaces. Then F is said to
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be smooth fuzzy continuous at a fuzzy point P} € A if for every V < B
with F(P)}) € V, there exists U < A such that P} € U, F(U) < V and
71(U) > (V).

Definition 3.4. Let F' : (A,71) — (B, 72) be a fuzzy proper function and
(A,71) and (B, 72) be Sostak’s I-fuzzy topological spaces. Then F is said to be
weakly smooth fuzzy continuous at a fuzzy point P} € A if for every V < B
with 7(V) > 0 and F(P)}) € V, there exists U < A such that 7 (U) > 0,
P)cUand F(U)<V.

Definition 3.5. Let F' : (A,71) — (B,72) be a fuzzy proper function and
(A,71) and (B,7) be Sostak’s I-fuzzy topological spaces. Then F is said to
be qn-weakly smooth fuzzy continuous at a fuzzy point P, € A if for every
g-neighborhood V' of F(Py), there exists a g-neighborhood U of P such that
FU)<V.

In the above definition, by g-neighborhood of a fuzzy point, we mean a
fuzzy set which is quasi-coincident with the fuzzy point and whose gradation
of openness is positive.

Theorem 3.6. A fuzzy proper function F' is smooth fuzzy continuous on A if
and only if ' is smooth fuzzy continuous at every fuzzy point Py € A.

Proof. Assume F is smooth fuzzy continuous on A. Let P} € A, V < B with
F(P}) = P} € V, where y is such that F(z,y) = A(x). If we take U = F~1(V),
then we have 71(U) > (V) and F(U) = F(F~1(V)) < V. The inequalities
A < A(z), A < V(y) imply that U(z) = F~Y(V)(z) = A(z) A V(y) > X and
hence P} € U. Hence F is weakly smooth fuzzy continuous at every fuzzy
point of A.

Conversely, assume that F' is smooth fuzzy continuous at every fuzzy point
P) € A. Let V < B. For every P} € F~1(V), there exists U,, < A such that
P) € U,, and F(U,,) <V, and 7,(U,,) > (V). Then clearly F~*(V) =
VU, and 71 (F71(V)) =11 (VU ) > A1 (Us,) > 12(V).

Hence F' is smooth fuzzy continuous on A. O

Theorem 3.7. If a fuzzy proper function F' is weakly smooth fuzzy continuous
on A, then F is weakly smooth fuzzy continuous at every fuzzy point P} € A.

Proof. Assume that F is weakly smooth fuzzy continuous on A. Let P) €
AV < B with (V) > 0 and F(P)) € V. If U = F~Y(V), then 7 (U) =
m(F~1(V)) > 0, F(U) < V and P} € U. Hence F is weakly smooth fuzzy
continuous at every P} € A. O

Counter example 3.8. There exists a weakly smooth fuzzy continuous func-
tion at every fuzzy point of a fuzzy set A which is not weakly smooth fuzzy
continuous on A.
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Let X = {r,s}, Y ={&,(} and A%S'f]’o'ﬂ, B[[g.?],os} be fuzzy subsets of X and

_ g1
Y respectively. Define the fuzzy subsets U, <A, V1 <B by U, %2; w207 n+1]’
¥n=1,2,3..., and vl{g'z]’o'”
If 4 : 34— 1 by

1, U=0orA,

nU) = {1 U=U,v=123..,

0, otherwise,

and 75 : Jp — I by
1, V =0or B,
TQ(V) - 06, V = Vl,

0, otherwise,

then obviously (A, 71), (B, 72) are Sostak’s I-fuzzy topological spaces.
Let the proper function F : (A,71) — (B, 72) be defined by

F(r,§) =08, F(r,¢) =0, F(s,§) = 0.7, F(s,¢) = 0.

We first note that F' is not weakly smooth fuzzy continuous on A, since

0.7,0.7 _ 0.7,0.7
» (V™) =06 > 0but i (F1 )P0 =0,

Next we prove that F' is weakly smooth fuzzy continuous at every fuzzy
point in A. Let P} € A. Then 0 < A < 0.8 and F(P}) = P.

Case 1: 0 < A <0.7.
In this case, if V € Jp, with (V) > 0 and F(P}) = P} € V, then
A< Vi(€) =0.7 and V is either V; or B.
V =Vi: Now by using 0.7 — %‘1‘2 1 0.7 as n — oo, we can choose a
positive integer n such that A < U, (r) < 0.7. For this n, we get

N [0.7—+45,0] [0.7,0.7)
P} e U, and F(Un)[&c] < Vil

V = B: Clearly P} € A and F(A)Fg‘?]’o'ﬂ < B[[g.?],o.s].
Case 2: 0.7 < X <0.8. 7 7
Here B is the only fuzzy set such that 7(B) > 0 and F(P}) € B and
hence A does the required job.

Consequently, F is weakly smooth fuzzy continuous at every P} € A. Similarly,
we can prove that I is weakly smooth fuzzy continuous at every P} € A.

The converse of Theorem 3.7 can be achieved under some sufficient condi-
tions, for which we need to introduce the following definitions.

Definition 3.9. Let F : (A,71) — (B, 72) be a fuzzy proper function and
(A, 1) and (B, 7) be Sostak’s I-fuzzy topological spaces. Then F is said to be
a-weakly smooth fuzzy continuous on A, if 7 (F~1(V)) > a whenever V € Jp
and 72(V) > a.
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Definition 3.10. Let F': (A, 1) — (B, 72) be a fuzzy proper function, (4, 7)
and (B, 73) be Sostak’s I-fuzzy topological spaces and a € (0, 1]. F is said to be
a-weakly smooth fuzzy continuous at a fuzzy point P} € A if for every V < B
with 75(V) > a and F(P)) € V, there exists U < A such that 7 (U) > a,
P)cUand F(U)<V.

Definition 3.11. Let (A,7) be a Sostak’s I-fuzzy topological space. Then 7 is
said to be positive minimum Sostak’s I-topology if A,.p 7(U;) > 0, whenever
Ui€Jysand 7(U;) >0 foralli €T

This is a natural expectation in a Sostak’s I-fuzzy topology, because if we call
a fuzzy set U with 7(U) > 0, an open fuzzy set, then we get that arbitrary union
of open fuzzy sets is open in a positive minimum Sostak’s I-fuzzy topological
space, whereas this does not hold in a Sostak’s I-fuzzy topological space.

Theorem 3.12. A fuzzy proper function F is a-weakly smooth fuzzy continu-
ous on A if and only if F is a-weakly smooth fuzzy continuous at every fuzzy
point P} € A.

Proof. Assume that F' is a-weakly smooth fuzzy continuous on A. Let P} € A.
If V < B is given with (V) > o and F(P)) € V, then we take U = F~1(V).
As in the proof of Theorem 3.7, we get P, € U. Since 72(V) > a, i (U) =
T (F~YV)) > a and F(U) = F(F~Y(V)) < V. Hence F is a-weakly smooth
fuzzy continuous at P

Conversely, assume that F' is a-weakly smooth fuzzy continuous at every
fuzzy point P) € A. Let V < B and (V) > «a. For any P} € F~1(V),
by Lemma 2.7, we have F(P)}) € V. Therefore, by assumption, there exists
Us, < A with 71(U,,) > a such that P} € U,, and F(U,,) < V. Then
by using Lemma 2.6, we get F~1(V) = VU,, and 7 (F~1(V)) = 71 (VU,,) >
AT1(Uyg, ) > a. Thus F is fuzzy a-weakly continuous on A. O

Similarly, we can prove the following theorem.

Theorem 3.13. Let F : (A,11) — (B,72) be a fuzzy proper function and
(A, 71) be a positive minimum Sostak’s I-fuzzy topological spaces. F is weakly
smooth fuzzy continuous on A if and only if F' is weakly smooth fuzzy continuous
at every fuzzy point of A.

Theorem 3.14. If a fuzzy proper function F : (A,71) — (B, T2) is weakly
smooth fuzzy continuous on A, then F' is gn-weakly smooth fuzzy continuous at
every fuzzy point P} € A.

Proof. Assume F' is weakly smooth fuzzy continuous on A. Let V' < B be
a g-neighborhood of F(P)) = Py)‘, where y € Y is such that F(z,y) = A(z).
Then we have 75(V) > 0 and P,\qV[B]. Take U = F~'(V). By our assumption
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71(U) > 0. We claim that P}qU|A].

AU) = A+FIV)() =2+ (Alz) AV(y))
= (A+A@)ANA+V(y)
> (A4 A(x)) A B(y) since A+ V (y) > B(y)

> A(z)AB(y) > A(z)  since B(y) > A(x).
Hence F' is qn-weakly smooth fuzzy continuous at every fuzzy point of A. [

Counter example 3.15. There exists a fuzzy proper function on A such that
it is qn-weakly smooth fuzzy continuous at every fuzzy point of A but it is not
weakly smooth fuzzy continuous on A.

108 pl1,09] 710807 9 \/1%0'8’0'8]

_ _ [
Let X={r,s}, ¥V ={& Ch AL g™ Bleg s Uiy e

We define 7 : J4 — I by
1, U=0or A,
Tl(U): 097 (]:[]17
0, otherwise,

and 75 : Jp — I by
1, V=0or B,
TQ(V) = 08, V= Vl,
0, otherwise.

Define a fuzzy proper function

F:(A,n)— (B,m2) by F(r,§) =1,F(r,{) =0,F(s,§) =0, F(s,¢) = 0.8.
F is not weakly smooth fuzzy continuous on A, since 7, <V1 %2'?1’0'8]) = 0.8 and
n (P ps) <o

We claim that F is qn-weakly smooth fuzzy continuous at every fuzzy point
of A. We note that if P} € A, then F(P}) = Pg‘.
Case 1: 0 < A <0.2.
In this case, B is the only g-neighborhood for Pg‘ in B, clearly A is a
g-neighborhood of P} such that F(A) < B.
Case 2: 0.2 <\ < 1L
In this case, V1 and B are the possible g-neighborhoods of Pf’\ in B. For

Vi, we find that Uy {S‘Z’O‘ﬂ is g-neighborhood of P, and F(Ul)%g'i]’o'ﬂ <
[0.8,0.8]

Vi € And for B, we choose A as before.

Hence F is qn-weakly smooth fuzzy continuous at every P2 of A. Similarly, we
can prove that F is qn-weakly smooth fuzzy continuous at every P} € A.

Remark 3.16. At this juncture, it is necessary to compare [4, Theorem 3.3], in
which it is stated that “Let A € I*, B € IV and T, T’ be the Chang topologies
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on A and B respectively. (i) F : (A,T) — (B,T’) is fuzzy continuous if and
only if (v) Vx, € A and Vy € Y such that F(x,y) # 0 and YV € T’ with
ypqV[B], 3U € T such that F(U) < V.”

Unfortunately, the proof of (v) = (i) is not correct, because they used the
statement “B(y) —b > p = x, W[A]”, where x € X and y € Y such that
F(z,y) # 0 and W(x) = b, which does not hold. From F(x,y) < A(z) A B(y)
and F(z,y) # 0 = F(x,y) = A(x), we conclude that B(y) > A(z). Using
B(y)—b > pand b= W(z), it is immediate that B(y) > W (z)+p. From these
two inequalities, we could not arrive at A(x) > W(z) + p. We deliberately
justify our argument that the statement (v) does not imply the statement (i)
by slightly modifying the Counter example 3.15.

Counter example 3.17. There exists a fuzzy proper function which satisfies
the statement (v) and does not satisfy the statement (i).

Let X = {rs}, ¥ = {6,¢h Ag®, Big®, Un ") and Vi, 1
T ={0,A,U1} and T = {0, B, V1 }, then (X,T) and (Y,T") are Chang fuzzy

topological spaces. Define a fuzzy proper function
F:(AT)— (B, T") by F(r,§) =1, F(r,{) =0, F(s,§) =0, F(s,() =0.8.

Here F satisfies the statement (v) but F' is not fuzzy continuous on A, since
Vi € T' but F~1(V}) ¢ T. For details c.f. Counter example 3.15.

Theorem 3.18. If F is a-weakly smooth fuzzy continuous Yo € (0,1] on A,
then F is weakly smooth fuzzy continuous on A.

Proof. Let V< B with 72(V) > 0. Choose « such that 0 < a < 7»(V). Since
F is a-weakly smooth fuzzy continuous, 71(F~1(U)) > o > 0 and hence F is
weakly smooth fuzzy continuous on A. O

Counter example 3.19. There exists a fuzzy proper function F' which is
weakly smooth fuzzy continuous but not a-weakly smooth fuzzy continuous for
some « € (0,1].

— _ [0.7,0.5] [0.8,0.6] [0.6,0.5] [0.5,0.4]
Let X = {rs}, Y = {& ¢} I A", B U™, Ua 0%,
Vig ™%, Vo™, then Uy, U < A € I, V3,V < B € IY. We define

smooth fuzzy topologies 71 on A and 75 on B by

1, U=0or A,
0.6, U =1U,
0.5, U = Uy,

0, otherwise

7’1<U) =
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and
1, V=0or B,

0.7, V=0,
72(V) = 03, V="V,
0, otherwise.

It is clear that (A,71), (B, 72) are two Sostak’s I-fuzzy topological spaces.
Let the proper function F : (A,71) — (B, 72) be defined by

F(r,§) = 0.7, F(r,¢) = 0,F(s,£) = 0, F(s,¢) = 0.5.
We note that F_I(Vl)[O'G’O'E’], F_l(Vg)[O'E”O'Ll]7 and F_l(B)[O'7’O'5]. Therefore

[r,s] [r,s] [r,s]
F is weakly smooth fuzzy continuous on A. But F' is not a-weakly smooth
fuzzy continuous for o = 0.65. Because m2(V1) = 0.7 > « but 7 (F~1(1})) =

T1(U1) =0.6 )é .

Theorem 3.20. If F is weakly smooth fuzzy continuous at P} € A and G is
weakly smooth fuzzy continuous at F(P)) € B, then G o F is weakly smooth
fuzzy continuous at P € A.

Proof. Let W be a neighborhood of (GoF)(P)) = G(F(P))). Since G is weakly
smooth fuzzy continuous at F(P;) and W is a neighborhood of G(F(Py)),
then there exists a neighborhood V of F(P}) such that G(V) < W. Since F
is weakly smooth fuzzy continuous at P, and V is a neighborhood of F(Py),
then there exists a neighborhood U of P, such that F(U) < V. By Lemma
214, (Go F)(U)=GFU)) <GV)<W. O

Theorem 3.21 ([18]). If F : A — B is smooth fuzzy continuous on A and
G : B — C is smooth fuzzy continuous on B, then Go F' : A — C is smooth
fuzzy continuous on A.

Similarly, we can prove the following theorems.

Theorem 3.22. If F': A — B is weakly smooth fuzzy continuous on A and
G : B — C is weakly smooth fuzzy continuous on B, then Go F : A — C s
weakly smooth fuzzy continuous on A.

Theorem 3.23. Let o € (0,1]. If F : A — B is a-weakly smooth fuzzy
continuous on A and G : B — C is a-weakly smooth fuzzy continuous on B,
then Go F : A — C is a-weakly smooth fuzzy continuous on A.

Theorem 3.24. If F is a-weakly smooth fuzzy continuous at P} € A and G
is a-weakly smooth fuzzy continuous at F(P)) € B, then G o F is a-weakly
smooth fuzzy continuous at P} € A.

Theorem 3.25. If F is gn-weakly smooth fuzzy continuous at P} € A and G
is qn-weakly smooth fuzzy continuous at F(P)) € B, then G o F is qn-weakly
smooth fuzzy continuous at P} € A.
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4. Projection maps on product of fuzzy sets

In this section, we define projection maps on product of fuzzy subsets as
fuzzy proper functions. Throughout this section, we use [] to denote [] jeds
where J is a fixed index set. Now we recall the product topology on product
of fuzzy sets from [21].

Definition 4.1 ([21]). Let {(X;,7;) : j € J} be family of sfts and Py : [[ X; —
X}, denote the k-th projection map. Let .77 = { P, "(U;) : 74(Uy) > 0,k € J}
and A« be the collection of all finite intersections of members of .. Define
71 — I by 7(P; '(Uy)) = 7(Ux). Then 7 is defined as follows:
inf {7(E1),7(F2)}, U = Ey A Ey where Eq,Es € .7,
19 (U) = sup 7(W;), U= \/Wl where each W; € Z.&,
K3

0, otherwise,
T is called the product of 7;’s and ([[ X;,7.») is called the product of fuzzy
topological spaces {(X;,7;) : j € J}.
Definition 4.2. Let A € IX, B; € IYi, Vj € J. If F; : A — B, then we
define [F}] : A — [[ B; by
(IF) (@ [ys) = inf Fy(,9), ¥ (@, [ys]) € X < [ [

Definition 4.3. Let A; € I%J for every j € J. For every k € J, the k-th
projection map Py : [[ A; — Ay, is defined as a fuzzy proper function such that
for every [z;] € [[ X;, and y € Xy,
[TA;([z5]) vk =
0 Yk 7# T
Lemma 4.4. Let Py : [[A; — Ax be a smooth projection map. If Uy < Ay,
then P (Ux) =TT, Aj X Uk
Proof. For an arbitrary [z;] € [] X},

Pt (U) ([24])) 1T 4] A Us(ar)

= <1n§Aj(xj)) A U ()

= JlIelg (Aj(z;) A Ug(zg))

Pk;([xj]vyk) = {

= Inf (4;(2)) A Uk(w)) (since Ay(wy) > Uy(wr))
= (inf 4560)) AT (o)

= ([T 4 % V)l
M e
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Theorem 4.5. Let Py : [[ Aj — Ay, be the k-th projection, where k € J. Then

(1) Py is smooth fuzzy continuous on [[ A;,
(2) Py is weakly smooth fuzzy continuous on [[ A;,
(3) Py is a-weakly smooth fuzzy continuous on [[A;, Ya € (0,1].

Proof. Let Uy, < Aj. From the previous lemma, and by using the definition of
product topology 7 on sfts, we have T(Pk_l(Uk)) = 7(Uy x Hﬁék Aj) = 1(Ug).
Consequently, the theorem follows. ([

Lemma 4.6. If F : A — [[ By, then F' = [Pj o F'|, where P; : [[ By — Bj is
the j-th projection map for every j € J.

Proof. Let x € X be arbitrary. By definition, there exists unique [y;] € []Y;
is such that F'(z, [y;]) = A(z). To prove this lemma, we shall show that

A(z)  [2] = [y)]
0 2] # [y;]-

Assume that [z;] = [y;]. Let k € J be arbitrary. Then we have 2z, =y, and
hence

([P o F)(x, [2]) = {

(ProF)(w,2) = (ProF)(z,yk)
= \V  A{F (@, [w]) A Pellw;], ue)}
[w;]€ITY;
= F(z,[y;]) A Pe(ly;], yr)
= A@) A ] Bi(l])
= A(z) (since F(x,[y;]) = A(z) <[] B;(lws)))-

Therefore ([P; o F|)(x, [2j]) = infjc;(Pj o F)(z, z;) = inf;c y A(x) = A(z).
Next assume that [z;] # [y;]. Then there exists ¢ € J such that z; # ;.
Now

(PioF)(z,z;) = \ AP (@ w)) A Pi([ws], z)}
[w;]€ITY;
= F(z,[y;]) A Pi([ys], 2:) = 0.
Thus ([P o F])(x,[2;]) = infjes(Pj o F)(z,2;) = 0, since (P; o F)(x,2;) =0
and 7 € J. O

From the above lemma, it follows that if F': A — [[ B; and F' = [F}], then
F; = Pjo F,Vj e J, where P; is the j-th projection on [ B;.

Remark 4.7. If x € X and [y;] € []Y; such that F(z, [y;]) = A(z), then for
every k € J, for the same given « € X, the k-th coordinate y; of [y;] gives
(P o F)(z,yr) = A(z).
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Theorem 4.8. Let F : (A,0) — ([[A;,7) be a proper function such that
F = [F}], where F; : (A,0) — (Aj,7;) for every j € J. If F is smooth fuzzy
continuous on A, then Fj is smooth fuzzy continuous for every j € J on A.

Proof. Assume that F' is smooth fuzzy continuous. By using Lemma 4.6, we
have F; = Pj o F for every j € J. Since each P; is smooth fuzzy continuous
and F' is smooth fuzzy continuous, applying Theorem 3.21, we get F; = Pjo F
is smooth fuzzy continuous on A for every j € J. O

Counter example 4.9. The converse of the above theorem is not true.

0.6,0.7 0.8,0.7 0.7,0.9
Let X = {T,S}, Y = {5a§}7 A%r,s] ] S IX7 Bl&,g] ]a BQ{&G ] S IYa

_ 1 _g5__1_ _ 1 0g__1
Ui 72007702 g = 10,3, 250 and W on TR v =
1,2,3,....If 0 : 34 — [ is defined by
1, U=0orA,
oU)=<2% U=U,, n=123,...,
0, otherwise,
T1 : jBl — I by
1, V =0or Bi,
Tl(V): 0.1, ‘/:Vvo7
0, otherwise,
and 79 : Jp, — I is defined by
1, W =0 or By,
n(W)=qmg, W=Wun=123,...,
0, otherwise,

then (X,71) and (Y, 7) are Sostak’s I-fuzzy topological spaces. Define a fuzzy
proper function F' : (A,0) — (By X Ba,7) by

E(r, (§,¢) = A(r), F(r, (§,€)) = 0, F(r, (¢,£)) = 0, F(r, (¢, () = 0;

and

F(s,(¢,8) = A(s), F(s, (£ €)) = 0, F(s, (£,¢)) = 0, F(s, (¢, ¢)) = 0.
Let U = \/neN(Bl x W,). Since o (F_l(U)E'S]an)]) =0<7(U)=0.5, we get
F is not smooth fuzzy continuous on A. But F; : (A,0) — (B;, ;) are weakly
smooth fuzzy continuous for i = 1, 2.

Theorem 4.10. Let F = [F}]: (A4,0) — (I[ 4;,7) be a proper function. If F
is weakly smooth fuzzy continuous, then F} is weakly smooth fuzzy continuous
for every j € J.
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Proof. Assume that F' is weakly smooth fuzzy continuous. By Lemma 4.6,
we have F; = Pj o F for every j € J. Since each P; is weakly smooth fuzzy
continuous and F' is weakly smooth fuzzy continuous by using Theorem 3.22,
we get that F; = P; o F' is weakly smooth fuzzy continuous on A for every
jed. O

Counter example 4.11. The converse of the above theorem is not true.

See the same function given in Counter example 4.9.
The converse holds when we use a positive minimum Sostak’s I-fuzzy topol-
ogy in the domain of F' or when F' is a-weakly smooth fuzzy continuous.

Theorem 4.12. Let (A,0) be a positive minimum Sostak’s I-fuzzy topological
space and (A;,7;) be a fuzzy topological space. A fuzzy proper function F :
(A,0) = ([T Aj,7) is weakly smooth fuzzy continuous if and only if F; is weakly
smooth fuzzy continuous for every j € J.

Proof. Since one part of the proof is analogous to that of Theorem 4.10, we
prove only that if F}; is weakly smooth fuzzy continuous on A for every j € J,
then F' is weakly smooth fuzzy continuous on A. Let B € 5. Then B = [[Uj,
where Uj = Aj, VJ S JWlth] 7& J1502s 5 Jn and Tj(Uj)>07 VJ = 71,72, Jn,
for some ji, j2,...,jn € J. We claim that F~(B) = Njes(Pjo F)y=L(U;).

(F~H(B))(x) = A(x)AB([z;))
(Where[xj] € [ %, is such that F(z,[z,)) = A(:c))
= A@) A ][0 () = A=) A inf Uj(x;)
= ji_gg(A(x) ANUj(z;)) = jigg((Pj o F)™H(U;))(x)
(by using Remark 4.7)
= (A\F;'(U))(x) (since PjoF =Fy).

jeJ
Therefore
o(F'(B) = of| \F'U)
jed
= 0o /\F;l(Ua)/\ /\ Fjﬁl(AJ’)
i=1 J#T1:d25--0n

= o0 </"\ Fj?l(Uji)> (since Fj_l(Aj) = A, Vj)

Y4
=
2
G
=
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Since Fj, is weakly smooth fuzzy continuous, we have U‘(szl(Uji)) > 0 for
every i = 1,2,...,n. Hence o(F~1(B)) > 0.

If U € [TA; with 7(U) > 0, then U = \/, _j By, where each By € %o
and K is any index set. Since o(F~1(By)) > 0,Vk € K, and o is a positive
minimum Sostak’s I-fuzzy topology, we get o(F~1(U)) = o(F~ (Ve Br)) =
oVer FHB) = Aeex o(F1(BL)) > 0. 0

Theorem 4.13. Let o € (0,1]. F : A — [[Bj is a-weakly smooth fuzzy
continuous if and only if F; is a-weakly smooth fuzzy continuous for every
jeJ.
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