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REMARKS ON ~-OPERATIONS INDUCED
BY A TOPOLOGY

WoN KEUN MIN

ABSTRACT. Csészér [3] introduced the notions of y-compact and y-opera-
tion on a topological space. In this paper, we introduce the notions of
almost I'-compact, (7, 7)-continuous function and (v, 7)-open function
defined by y-operation on a topological space and investigate some prop-
erties for such notions.

1. Introduction and preliminaries

Let X be a non-empty set with the power set exp X. A function 7 : exp X —
exp X is said to be monotonic [2] if and only if A C B C X implies yA C vB.
The collection of all monotonic functions is denoted by I'(X) and the elements
of T'(X) are said to be operations. If v € T'(X), then a set A C X is said
to be y-open [2] if A C vA. For A C X, we denote by i, A the union of all
~v-open sets contained in A, i.e., the largest y-open set contained in A. The
complement of a y-open set is said to be y-closed. Any intersection of y-closed
sets is -closed, and for A C X, we denote by c,A the intersection of all -
closed sets containing A, i.e. the smallest y-closed set containing A. If 7 is a
topology on X and we write ¢ for closure, ¢ for interior, s = ci, p = ic, o = ici,
B = cic, then c,i,s,p,«a, are all all elements of I'(X) and s-open, p-open,
a-open, -open sets are said to be semiopen [5], preopen [6], a-open [7], S-open
[1], respectively. Let v € I'(X) and 7 € I'(Y). Then a function f : X — YV
is said to be (v,v')-continuous [4] if for each y'-open set V in Y, f=1(V) is
~v-open in X. And f is said to be (vy,7')-open [4] if for each v-open set A in
X, f(A) is 7/-open in Y. In this paper, we introduce the notions of (v, 7)-
continuous function and (v, 7)-open function and investigate characterizations
for such functions. We also introduce the notion of almost I'-compact defined
by ~-operation on a topological space.

Theorem 1.1 ([2]). Lety € I'(X) and A C X. Then the statements are hold:
(1) Any union of v-open sets is y-open.

Received November 26, 2009; Revised December 14, 2010.

2010 Mathematics Subject Classification. 54A05.

Key words and phrases. (v, T)-continuous, (v, 7)-open, I'-closed graph, strongly I'-closed
graph, «y-compact, almost I"-compact.

(©2011 The Korean Mathematical Society
291



292 WON KEUN MIN
(2)inA=X —cy (X —A), cyA=X — i, (X - A).

2. (v, 7)-continuous function and (v, 7)-open function

We recall the notion of vy-operation introduced in [3]: Let (X, ) be a topo-
logical space, and ~ : exp X — exp X a mapping such that

(1) ACB=~yAC~B.

(2)W=0,+X =X.

(3) For AC X and an open set G C X, GNYyA C~(GNA).

Now we call the mapping v an assoctated operation with p on X. We will
denote an associated operation v with p by ~,, (simply 7).

According to [2], a set A C X is said to be y-open if and only if A C vA.
Let (X, 1) be a topological space and v an associated operation with p. Then
an open set is always ~v-open [3].

Definition 2.1. Let (X, 1) and (Y, 7) be topological spaces and «y an associated
operation with p. Then a function f : (X,u) — (Y, 7) is (v, 7)-continuous if
for every open set F in Y, f~(F) is vy-open in X.

Remark 2.2. Let (X, ) and (Y, 7) be topological spaces and let v and ' associ-
ated operations with  and 7, respectively. Then the (v, ~")-continuous function
f: X =Y is (y,7)-continuous if the associated operation ' : expY — expY
is defined by 7/ = int, where int is the interior in Y.

Theorem 2.3. Let f: (X,u) — (Y,7) be a function on topological spaces and
v an associated operation with p. Then f is (v, T)-continuous if and only if for
each © € X and each open set V' containing f(x), there exists a y-open set U
containing x such that f(U) C V.

Proof. Suppose f is (v, 7)-continuous. Then for each x € X and each open set
V containing f(z), f~*(V) is y-open. Now put U = f~!(V), then the v-open
U satisfies that x € U and f(U) C V.
For the converse, let V' be an open set in Y. Then for each z € f~1(V), by
cf

hypothesis, there exists a y-open set U containing x such that U Ly,
and so f~1(V) = UU. By Theorem 1.1(1), f~1(V) is v-open. O

Theorem 2.4. Let f: (X, u) — (Y, 7) be a function on topological spaces and
v an associated operation with u. Then a function f is (v, T)-continuous if and
only if f~'(int(B)) C~vf~(B) for BCY.

Proof. Let f be (v, 7)-continuous and B C Y. Since f~!(int(B)) is vy-open in
X and v is monotonic,

f~Hint(B)) € vf = (int(B)) € vf~H(B).

For the converse, let B be open in Y. Then by hypothesis, f~1(B)
f~Yint(B)) C vf~Y(B), so that f~!(B) is v-open in X. Hence f is (v, 7
continuous.

~—
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Theorem 2.5. Let f: (X, ) — (Y,7) be a function on topological spaces and
v an assocz'ated operation with . Then the following are equivalent:

(1) f is (v, 7)-continuous.

(2) For every closed set F in'Y, f~Y(F) is y-closed in X.

(3) §(int(B)) C i, \(B) for BC Y.

(4) & fN(B) C f(cl(B)) for BCY.
(5) F(esA) C cA(f(4)) for A C X.

Proof. Straightforward. (I

Definition 2.6. Let (X, 7) and (Y, v) be topological spaces and « an associated
operation with v. Then a function f : (X,7) — (Y, v) is said to be (7, v)-open
if for every open set G in X, f(G) is y-open in Y.

Remark 2.7. Let (X, 7) and (Y, v) be topological spaces and let v and ' as-
sociated operations with 7 and v, respectively. Then the (,7’)-open function
f: X = Y is (r,7)-open if v : expX — expX is a mapping defined by
~v = int, where int is the interior in X.

Theorem 2.8. Let f: (X, 7) — (Y,v) be a function on topological spaces and
v an associated operation with v. Then the following equivalent:
(1) f s (1.7)- Open
(2) mt( Y(B)) C f~'(iyB) for BCY.
(3) fHeyB) Ce ( '(B)) forBCY.
(4) f(mt( ) S iy f(A) for AC X.
(

Proof. (1) = (2) For BCY, by (1), f(mt(f’l(B))) is a y-open set such that
flint(f~Y(B))) C B. It 1mphes f(int(f~*(B))) C i, B, and hence int(f~(B))
C iy B).

(2) & (3) It follows from Theorem 1.1.

(2) = (4) Obvious.

(4) = (1) Let A be open in X; then by (4) f(A) = f(int(A)) C i, f(A), and
so f(A) =iy f(A). Thus f(A) is y-open. O

Theorem 2.9. Let a function f: (X,7) = (Y,v) be topological spaces and ~y
an associated operation with v. Then f is (1,7)-open if and only if for A C X,

fint(A)) € ~f(A).

Proof. Suppose that f is (7,7)-open. Then for A C X, by Theorem 2.8,

fint(A)) C iy f(A) and since i, f(A) C vi, f(A) and ~ is monotonic, we have
flint(A)) C iy f(A) C viy f(A) S v f(A).

The converse is obvious. U

Definition 2.10. Let (X, u) be a topological space and v an associated oper-
ation with g. Then X is I'-T5 if for every two distinct points x and y in X,
there exist two y-open sets U and V' containing x and y, respectively, such that
Uunv =40.
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Definition 2.11. Let (X, ) and (Y,7) be topological spaces and v an as-
sociated operation with p. A function f : X — Y has a I';-closed graph
(resp. strongly T'r-closed graph) if for each (z,y) € (X xY) — G(f), there
exist a y-open set U and an open set V containing x and y, respectively,
such that (U x V) N G(f) = 0 (resp. (U x cl(V)) N G(f) = 0), where
G(f) = {(z, f(2)) 1 v € X}.

Lemma 2.12. Let (X, u) and (Y, T) be topological spaces and v an associated
operation with u. A function f: X =Y has a T'r-closed graph (resp. strongly
I, -closed graph) if for each (x,y) ¢ G(f), there exist a y-open set U and an
open set V' containing x and y, respectively, such that f(U) NV = ( (resp.
FUYNe(V) = 0).

Theorem 2.13. Let (X, ) and (Y, 7) be topological spaces and v an associated
operation with w. If f: X =Y is (v, 7)-continuous and Y is a Ty space, then
f has a strongly I -closed graph.

Proof. Let z,y € (X xY) — G(f). Then y # f(x) and since Y is T, there
exist two open sets U and V such that f(z) e U,y € Vand UNV = and
so UnNcl(V)=0. Since f is (v, 7)-continuous, by Theorem 2.3, there exists a
y-open set W of z such that f(W) C U, and so f(W)Ncl(V) = 0. Thus by
Lemma 2.12; f has a strongly I';-closed graph. t

Theorem 2.14. Let (X, ) and (Y, 7) be topological spaces and v an associated
operation with . If f : X =Y is a surjective function with a strongly I';-closed
graph, then'Y is Ts-space.

Proof. Let y and z be distinct points in Y. Then there exists an z € X such
that f(x) = y. Thus (z,2) ¢ G(f), since f has a strongly I'.-closed graph,
there exist a «-open set U and an open set V' of = and z, respectively, such
that f(U)Ncl(V) = 0. This implies y ¢ cl(V), so there exists an open set W
such that W NV = (. Consequently, Y is T5. O

Theorem 2.15. Let (X, ) and (Y, T) be topological spaces and ~y an associated
operation with . If f : X =Y is a (7, 7)-continuous injection with a I';-closed
graph, then X is I'-Ts.

Proof. Let 1 and x2 be two distinct elements in X. Then f(z1) # f(z2).
This implies that (z1, f(z2)) € (X xY) — G(f). By hypothesis, there exist
a y-open set U and an open set V of x; and f(z2), respectively, such that
(UxV)NG(f) = 0. Since f is (v, 7)-continuous, there exists a y-open set
W containing x5 such that f(W) C V. Hence f(WNU) C f(W)N f(U) = 0.
Therefore W NU = () and so X is [-T5. O

Let (X, i) be a topological space and « an associated operation with u. A
collection S = {S; C X : S; is v-open, ¢ € I} is called a y-open cover for X if
X = U;erS;. The space (X, p) is said to be y-compact (resp. almost ~-compact)
[3] if for each y-open cover S = {S; C X : S; is v-open, ¢ € I}, there exists a
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finite index set F' C I such that X = U;cpS; (resp. X = Ujepcl(S;)). And we
recall that a topological space (X, ) is said to be quasi H-closed [8] if for each
open cover C = {G; C X : G, is open, i € I}, there exists a finite index set
F C I such that X = Ujepd(G;).

Definition 2.16. Let (X, 1) be a topological space and 7 an associated opera-
tion with p. The space (X, ) is said to be almost I'-compact if for each y-open
cover S = {S; C X : S, is y-open, i € I}, there exists a finite index set FF C I
such that X = UjepcyS;.

Remark 2.17. Let (X, u) be a topological space and v an associated operation
with 4. Since every open set is y-open, in general, ¢, (A) C cl(A). So obviously
the following implications are obtained but the converses may not be true as
shown in the next example.

y-compact = almost I'-compact = almost y-compact

Example 2.18. (1) Let X be a topological space and the associated oper-
ation v = int in X. Then since ~-compactness is compactness and almost
I-compactness (almost y-compactness) is quasi H-closedness, generally the
converse is not true.

(2) Let N denote the set of natural numbers. Consider a topology p =
{0, Ny, Ne, N} where N, ={2n —1:n € N} and N. = {2n : n € N}. Define
v:expN — exp N by v(A4) = int(cl(A)) for A € exp(N). Then the mapping
v is an associated operation with 4 on N. Obviously the set of all y-open sets
is exp N, and so we get the conclusion that the space N is almost y-compact
but not almost I'-compact.

Theorem 2.19. Let (X, i) and (Y, T) be topological spaces and v an associated
operation with . Let f : X — Y be a surjective (v, T)-continuous function.
Then if X is y-compact, then Y is compact.

Proof. Obvious. (I

Theorem 2.20. Let (X, u) and (Y, T) be topological spaces and ~y an associated
operation with p. Let f : X =Y be a (v, T)-continuous and surjective function.
If X is almost I'-compact, then Y is quasi H-closed.

Proof. Let S = {S; : i € J} be an open cover of Y. Then {f~1(S;) : S; €
S,i € J} is a y-open cover of X and by almost I'-compactness, there is a finite

subcover {cy f71(S;,) ey F7H(S)), ooy ey fTHS) 2 S € 8.5 = J1,d2, -y dn}
such that X C Uc, f~*(S;). Then from Theorem 2.5(4),

Y = f(X) C f(Uey f71(S5)) S UF(FH(el(S5))) S Uel(S;).

Hence Y is quasi H-closed. (I
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