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STABILITY OF A QUADRATIC FUNCTIONAL EQUATION
IN INTUITIONISTIC FUZZY NORMED SPACES

JAE-HYEONG BAE AND WON-GIL PARK

ABSTRACT. In this paper, we determine some stability results concern-
ing the 2-dimensional vector variable quadratic functional equation f(z+
Y,z +w) + f(z —y,z —w) = 2f(x,z) + 2f(y,w) in intuitionistic fuzzy
normed spaces (IFNS). We define the intuitionistic fuzzy continuity of the
2-dimensional vector variable quadratic mappings and prove that the ex-
istence of a solution for any approximately 2-dimensional vector variable
quadratic mapping implies the completeness of IFNS.

1. Introduction and preliminaries

Fuzzy set theory is a powerful hand set for modelling uncertainty and vague-
ness in various problems arising in the field of science and engineering. It has
also very useful applications in various fields, e.g. population dynamics [5],
chaos control [9, 10], computer programming [11], nonlinear dynamical sys-
tems [12], nonlinear operators [21], statistical convergence [20], etc. The fuzzy
topology proves to be a very useful tool to deal with such situations where
the use of classical theories breaks down. In 1984, Katsaras [15] defined fuzzy
norms on linear spaces and at the same year Wu and Fang also introduced a
notion of fuzzy normed spaces and gave the generalization of the Kolmogoroff
normalized theorem for fuzzy topological linear spaces. In [6], Biswas defined
and studied fuzzy inner products on linear spaces. Since then some mathe-
maticians have defined fuzzy metrics and norms on linear spaces from various
points of view [4, 8, 16, 31, 33]. In 1994, Cheng and Mordeson introduced a
definition of fuzzy norms on linear spaces in such a manner that the correspond-
ing induced fuzzy metrics are of Kramosil and Michalek type. In 2003, Bag
and Samanta [3] modified the definition of Cheng and Mordeson by removing
a regular condition. Following [3], we give the following notion of fuzzy norms.

Let X be a real linear space. A function N : X x R — [0, 1] (the so-called
fuzzy subset) is said to be a fuzzy norm on X if for all z,y € X and all s,t € R,

(N1) N(z,¢) =0 for ¢ < 0;
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(N2) z = 0 if and only if N(z,¢) =1 for all ¢ > 0;

(N3) N(cx,t) = N(z, \%I) if ¢ £ 0;

(N4) N(x +y,s+t) > min{N(z,s), N(y,t)};

(N5) N(z,-) is a non-decreasing function on R and lim; o, N(z,t) = 1;
(N6) For z # 0, N(z,-) is continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard
N(xz,t) as the truth value of the statement ‘the norm of x is less than or equal
to the real number ¢’.

There are many situations where the norm of a vector is not possible to
find and the concept of intuitionistic fuzzy norm [23, 26, 27| seems to be more
suitable in such cases, that is, we can deal with such situations by modelling
the inexactness through the intuitionistic fuzzy norm. Stability problem of a
functional equation was first posed by Ulam [32] which was answered by Hyers
[13] and then generalized by Aoki [1] and Rassias [24] for additive mappings
and linear mappings, respectively. Since then several stability problems for
various functional equations have been investigated in [14, 25]; various fuzzy
stability results concerning Cauchy, Jensen, quadratic and cubic functional
equations were discussed in [17, 18, 19, 22, 29]; and some random stability
results concerning Jensen and cubic functional equations were discussed in
[7, 30]. The stability problem for the 2-dimensional vector variable quadratic
functional equation was proved by the authors [2] for mappings f : X x X — Y,
where X is a real normed space and Y is a Banach space. In this paper, we
determine some stability results concerning the 2-dimensional vector variable
quadratic functional equation

f@+yz+w)+ flx—y 2z —w)=2f(z,2) + 2f(y, w)
in intuitionistic fuzzy normed spaces. We define the intuitionistic fuzzy continu-
ity of the 2-dimensional vector variable quadratic mappings and prove that the
existence of a solution for any approximately 2-dimensional vector variable qua-
dratic mapping implies the completeness of intuitionistic fuzzy normed spaces
(IFNS). In this section we recall some notations and basic definitions used in
this paper.

Definition 1.1 ([28]). A binary operation x : [0, 1] x [0, 1] — [0, 1] is said to be
a continuous t-norm if it satisfies the following conditions: (a) * is associative
and commutative, (b) * is continuous, (¢) a *x 1 = a for all a € [0,1], (d)
a*b < cxd whenever a < ¢ and b < d for each a,b,¢,d € [0,1].

Definition 1.2 ([28]). A binary operation < : [0,1] x [0,1] — [0, 1] is said
to be a continuous t-conorm if it satisfies the following conditions: (a’)
is associative and commutative, (b’) ¢ is continuous, (¢’) a0 = a for all
a €10,1], (d’) adb < ¢dd whenever a < ¢ and b < d for each a,b,c,d € [0, 1].

Using the notions of continuous ¢-norm and ¢-conorm, Saadati and Park [27]
have recently introduced the concept of intuitionistic fuzzy normed space as
follows:
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Definition 1.3. The five-tuple (X, u,v,*,<) is said to be an intuitionistic
fuzzy normed space (for short, IFNS) if X is a vector space, * is a continuous
t-norm, < is a continuous t-conorm, and u, v are fuzzy sets on X x R satisfying
the following conditions for every z,y € X and s,t > 0,

(i) plx,t) +v(x,t) <1, (i) p(z,t) > 0, (iii) p(x,t) =1 if and only if z =0,
(iv) plax,t) = u(;mﬁ) for each o # 0, (v) p(x,t) * p(y,s) < plx +y,t +
s), (vi) p(zx,-) : (0,00) — [0,1] is continuous, (vil) lim;—, .o p(z,t) = 1 and
limy o p(z,t) = 0, (viil) v(z,t) < 1, (ix) v(z,t) = 0 if and only if z = 0,
(x) v(az,t) = V(:L',ﬁ) for each o # 0, (xi) v(z,t)Qv(y,s) > v(r + y,t +
s), (xii) v(z,-) : (0,00) — [0,1] is continuous, (xiii) lim; e v(z,t) = 0 and
lim; o v(z,t) = 1. In this case (u,v) is called an intuitionistic fuzzy norm.

Example 1.4. Let (X, |- |) be a normed space, a*b = ab and ab = min{a+
b, 1} for all a,b € [0,1]. For all z € X and every ¢ > 0, consider

—t i +>0 |E4 it +>0
z,t) 1= el ? and vz, t) = T+ ]
ua, ) {O if ¢t<0 (@)

0 if t<o0.
Then (X, p, v, *,<) is an IFNS.

Remark 1.5. In intuitionistic fuzzy normed space (X, p, v, *, ), p(z,-) is non-
decreasing and v(z, ) is non-increasing for all x € X (see [27]).

Let (X, p, v, %, ) be an IFNS. A sequence x = () is said to be intuitionistic
fuzzy convergent to L € X if limg oo p(agp — L,t) = 1 and limg— o0 v(zp —
L,t) =0 for all ¢ > 0. In this case we write x, — L as k — 0o. A sequence
x = (z) is said to be intuitionistic fuzzy Cauchy sequence if limy_, o0 p(Tp4p —
T, t) = 1 and limy_yoo v(Tkyp — @k, t) = 0 for all p € N and all ¢ > 0. The
IFNS (X, p, v, %, <) is said to be complete if every intuitionistic fuzzy Cauchy
sequence in (X, p, v, x, ) is intuitionistic fuzzy convergent in (X, u, v, *, {) and
(X, p,v,%,<) is also called an intuitionistic fuzzy Banach space.

The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy
normed space are studied in [27].

2. Intuitionistic fuzzy stability

Consider the functional equation

having quadratic forms f(z,y) = ax? + bxy + cy? as solutions. We begin with
a generalized Hyers-Ulam type theorem in IFNS for the functional equation
(2.1).

Theorem 2.1. Let X be a linear space and let (Z,u',v') be an IFNS. Let
p: X XX x X x X — Z be a mapping such that, for some 0 < a < 4,

{u'(sa(wwz,zw),t) > /' (ap(z,y, 2, w), t),

2.2
22) v /(22,29 22,20),8) < v/ (ap(, y, 2, w), )
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lim u/<<p(2"$72”y,2"z,2”w),4”t) =1
n—roo

and

lim v’ (p(2"z,2"y,2"2,2"w),4"t) =0

n—oo

for all z,y,z,w € X and all t > 0. Let (Y,u,v) be an intuitionistic fuzzy
Banach space and let f : X x X =Y be a mapping such that

u(fx+y, 2z +w) + flz —y, 2 —w) = 2f(x,2) = 2f (y, w), t)
n'(p(z,y, z,w), 1),
v(fle+yz+w) + flx—yz—w) —2f(x,2) — 2f(y,w), t)
< vi(p(x,y,2,w), t)

23) {°

for all x,y,z,w € X and all t > 0. Then there exists a unique mapping
F: X x X =Y satisfying (2.1) such that
(2.4)

p (F o) = Fp) + 550,0), 1) 200" (oe,2,0,0), (4 - ),

v (FGy) = 1w0) + 550,0), 1) < 050 (o, 2,,9), (4= a)t)

forall x,y € X and all t > 0, where **a:=ax*xax--- and $a := adad---
for all a € [0,1].

Proof. Putting y = z and w = z in (2.3), we get

o f(2$>2z)4+ f(0,0) F(z,2), % > p'(p(z,,2,2), 1),
2.5
f(23:,22)4+ FO.9 _ ri ), % <v'(p(@ @2 2), 1)

for all z,2 € X and all t > 0. Replacing x by 2"z and z by 2"z in (2.5) and
using (2.2), we get

u(f(2”“ff72”“2)+f(0,0) f2rz,2mz) ¢

gn+1 4n ?gn+1 )

Z #,(@(an, 2”'587 2’"’27 2”2)’ t) 2 ;LL/ (()0(1‘7 I’ Z? Z)?

and

gn+1 4n ’ Yn+1 >
’ )

y<f(2”“fr72”“»Z)+f(0,0) [@2z,2m2)
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for all x,z € X, all n > 0 and all ¢ > 0. By replacing ¢t by a™t, we have

(2.6)
f@ntiz 2ntlz) 4+ £(0,0)  f(2"x,2"2) o™t
w gn+1 - 4n ) gn+l > /14/((,0(517711,'72,2), t)v
f@2, 2 2) + £0,0)  f(2'w,2"2) ant
v ( 47L+1 - 477, ) 4n+1 S V/(SD(I,I’Z7Z), t)

for all xz,z € X, all n > 0 and all ¢ > 0. It follows from

o {f@’““x, 25 H12) 4 £(0,0)  f(2%a, 2’%)}
4k+1 - 4k

(]

k=0
f2ra,2nz) 1 1
— MRS e g (1- 4 ) 10,0

and (2.6) that

u(f np,2"z) f<x7z)+;(1—> nz_:]m)

o f(2F g, 261 2) 4 £(0,0 2kx 2k _kt
> H“( z, 4k+1) f(0,0)  f( ik )’401;1)
<f z, — f(z,2) + 3(1> £(0,0) Z4k+1>
<

( f2E g 2k 1) 4 £(0,0)  f(2Fm,2F2) kt)

Ak+1 - 4k ) gkl

< O”u’(@(m,x,z,z),t)
for all z,z € X, all n € N and all ¢ > 0, where H?:laj = a1 kg kK Ay,

]_[?Zl aj = a1$axd - Qay, ¥"a = H;.lzl a=ax---%aand O"a = ]_[?21 a=
al---Qa for all a,aq,as,...,a, € [0,1]. By replacing x with 2™z and z with
2™z in (2.7), we have

n—1
fntmyg antmz) o f(2my, 2 2) 1 1 okt
_ 1—- — =
'u< gn+m qm + 3.4m 4n f(o’ O)’ kz:% 4k+m+l

t
> " (p(2"x, 2w, 2™ 2,27 2), t) >+ ((p(m,x,z,z), >
am

and
-1
f@ntmy antmyy o f(2my 2my) 1 1 — oFt
V< Antm - am + 3 am 1- an £(0,0), ;0 qrtmil

t
< Q" (9272, 2w, 22,27 2), t) < O (gp(x,x,z,z), )
am
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forall x,z € X, allm >0, all n € N and all ¢t > 0. Thus we get

ontmy ontmy 2My, 2Mz 1 1 nmel kg
(1 VICAE 0 DS W ORI R W i)
4ntm 4m 3-4m 4n = 4k+

> "' (p(r, 2, 2, 2), 1)

and
n+m-—1

fErtmy 2ntmy)y o f(2My, 2M2) 1 1 g okt
V< gn+m - qm + 3.4m 1_47 f(OaO)v ];;n M

< O"v(p(z,2,2,2),t)

for all z,z € X, all m > 0, all n € N and all ¢ > 0. Replacing t by
¢ we get

n+m—1 ok
k=m PUEST

(2.8)
f.(2n+m$72n+mz) f(me,QmZ) 1 1
N( An+m N 4gm +3-4m 1747 10,008
t
> "u' | o(r,z, 2, 2), —ntm-1 ok |’

k=m 4k+1

f(2rtmg gntmyy o f(9my 9 ) 1 1
v < 4n+’rn 4m + 3 . 4m 1 f(Oa O)a t

t
< o™y’ (ga(x,x,mz)a W)

k=m ARFT
for all z,z € X, allm > 0, all n € N and all ¢ > 0. Since 0 < a < 4 and
>orco (%)k < oo and Z”er*l (42‘:1)k — 0 as m — oo for all n € N. Thus

k=m

t ’ t
<nim-1 af and p' | ¢(z,7,2,2), Peyrr———

k=m  2k¥1 k=m  4k+1
z,z € X,alln € Nand all ¢ > 0. Hence the Cauchy criterion for convergence in

IFNS shows that (W) is a Cauchy sequence in (Y, u,v) for all z, 2z € X.

Since (Y, p, v) is complete, this sequence converges to some point F(z,z) € YV
for all z,z € X. Put m = 0 in (2.8) to obtain

" (W e 2) + % <1 _ 4171) £(0,0), t)

n o/ i
*H (QD(I’,:U,Z,Z), n—1 %
Z _ o

>—>1asm—>ooforall

Y

and

IN
<>
3
A
VR
3,
8
8
N
I
:—/
3
L
Q
kol
~_
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for all z,z € X, all n € N and all ¢ > 0. Taking the limit as n — oo and using
the definition of IFNS, we get

(P = S + 370.0).0) 2 90 (ol ), (4= )0
and
v () = Foa) + 3£0.00.0) £ 050 (o) (4= )

for all z,y € X and all ¢t > 0. Replacing z, y, z, w and ¢ in (2.3) by 2"z, 2"y,
2"z, 2™w and 4"t, respectively, we have
f2ra + 2"y, 2"z + 2"w)  f(2"x — 2"y, 2"z — 2"w)
o +
4n 4n
f(2nx,2"2) f(2"y, 2"w) t)

2 2
4'I'L 47l
> (2", 2" e, 2"y, 2"y), 4™t)

and

4n 4n
f2"z,2%2) f(2"y,2"w) t)

(f(?”x + 2"y, 2"z + 2™w) n f(2"x — 2"y, 2"z — 2™w)
v

-2 -2
4n 4n

<v'(p(2"z,2"x, 2"y, 2" y),4"t)

for all z,y,2z,w € X, all n € N and all ¢ > 0. Since

lim p'(p(2"2, 2"z, 2"y, 2"y),4"t) =

n—o0
and

lim v/ (p(2"z,2"x, 2"y, 2" y),4"t) = 0

n—oo

for all z,y € X and all ¢ > 0, we observe that F' fulfills (2.1). To prove
the uniqueness of the mapping F', assume that there exists a mapping G :
X x X — Y which also satisfies (2.1) and (2.4). For fix z,y € X, clearly
F(2"x,2"y) = 4" F(x,y) and G(2"x,2"y) = 4"G(x,y) for all n € N. It follows
from (2.4) that

p(F(2,y) — Gz, y),t)
F(2"z,2"y)  G(2"z,2"y)
)

(5
F(2"z,2"y) g, o 1 t
( S Y) )

I

v

4n 3-4n
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G2z, 2"y)  f(2"z,2™y) 1 t
_ - 0,0), =
*u( e
4n(4 —
> % (@(2%,2"96,2"@/,2%), ( 5 a)t>

4n(4 — a)t)

> *2 P /
> I (s@(xyx,y,y), S

for all n € N and all ¢ > 0, and similarly

4"(4 — a)t
I/(F(.’,E,y) - G(Ivy)at) S OZOOOV/ (w(xvxvyay% (20[”))
for all n € N and all ¢ > 0. Since lim, 00 259" — o0 for all ¢ > 0, we get
4"(4 — a)t
lim H’l (@(x’$7yay)7 (a)) =1
n—00 2a™
and
4"(4 — a)t
lim V/ <¢(‘T7I7y7y)a (a)> =0
n— oo 2am

for allt > 0. Therefore u(F'(z,y)—G(z,y),t) = L and v(F(z,y)—G(x,y),t) =0
for all t > 0. Hence F(z,y) = G(z,y). O

Example 2.2. Let X be a Hilbert space with inner product (-,-) and Z be
a normed space. Denote by (u,v) and (u’,rv’) the intuitionistic fuzzy norms
given as in Example 1.1 on X and Z, respectively. Let |- || be the induced norm
on X by the inner product (-,-) on X. Let ¢ : X x X x X x X — Z be a mapping
defined by ¢(z,y,z,w) = 2(||lz[| + |ly| + [|z]| + [w]))zo for all z,y,z,w € X,
where 2( is a fixed unit vector in Z. Define a mapping f : X x X — X by
f(z,y) == {z,y + zo)xo for all z,y € X, where z¢ is a fixed unit vector in X.
Then

p(f@+y,z+w)+ flz—y, 2 —w) = 2f(z,2) - 2f(y,w), t)

t
= p(=2(y, zo)wo,t) = —————
#2000, 0) = e ]

t t
> >
t+ 20yl — -+ 2(lll + lyll + =]l + [lwl]

) = N/<@(x7y?z’w)?t)

and
v(fle+y,z+w) + fl@—y,z—w) —2f(z,z) — 2f (y,w), t)
2 (.ol _ 2ol 20l + Dyl + 1l + ool
t+2 [y, zo)|l = t+2lyll =t 2(l] + llyll + 2] + [Jwl])
= 1/’(<p(x,y,z,w),t)
for all z,y,z,w € X and all t > 0. Also

w' (e(22,2y, 22, 2w),t) =

t
t+ 4zl + llyll + Izl + [lw]

] =n'(2¢(z,y, z,w),1)
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and

4(||z|| + + ||z]] +
({229, 20,20 1) = —A0IE ol 21+ o)
t+ 4]zl + [yl + 120 + llwl]

for all z,y,2z,w € X and all £ > 0. Thus
s / n n n n n
nll_}n;ou ((p(? x, 2"y, 2"z, 2"w), 4 t)
. 4nt
im
n—o0 4nt 4 20+ ([[z]| + [ly[| + [|z]| + [Jw]])

] =v'(2¢(z,y, 2,w), t)

and
: / n n n n n
nh_{rgou (<p(2 x, 2"y, 2"z, 2"w), 4 t)
2 el + lyl o+ el + )
n—oo 4nt 4 20+ ([lz]| + [ly[| + [|z]| + [|w]])
for all z,y,z,w € X and all ¢ > 0. Hence the conditions of Theorem 2.1 for a =
2 are fulfilled. Therefore, there is a unique quadratic mapping F : X x X — X
such that

u(F(z,y) — f(zy), t) > p' (4l + y])20, 2¢)
and

v(F(z,y) = f(z,y), t) <v'(4(zl + [ly])20, 2t)
for all x,y € X and all ¢t > 0.

In the following theorem we consider the case o > 4.

Theorem 2.3. Let X be a linear space and let (Z,u',v'") be an IFNS. Let
p: X X X XX xX — Z be a mapping such that, for some a > 4,

0 (0(5:555) 1) 2 n'(e@yzw), at),

v (0(5:5:55) 1) <V (pl.y.zw), ab),

li ’(4" (iiiﬂ) t):l
e \F P g on gnogn )0

limy’<4"gp<m J oz w),t)zO

n— 00 on’ 9gn’ 9n’ 9n
for all z,y,z,w € X and all t > 0. Let (Y,u,v) be an intuitionistic fuzzy
Banach space and let f: X x X — Y be a p-approzimately quadratic mapping
in the sense of (2.3) with f(0,0) = 0. Then there ezists a unique mapping
F: X xX —Y such that

W(F(z,y) — f(x,y), t) > «*u'(p(x, z,y,y), (@ —4)t)

and

and
V(F({I?,y) - f(‘rvy)7 t) < Owyl(@(x7x’y,y)7 (a - 4)t)
forallz,y € X and allt > 0.
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Proof. The techniques are similar to that of Theorem 2.1. Hence we present a
sketch of proof. Put y = x and w = z in (2.3), we get

u(f(22,22) = Af(x,2), t) > p'(p(z, 2,2, 2), 1)
and

v(f(22,22) — 4f(z,2), t) < v'(p(z, 2, 2,2), t)
for all x,z € X and all ¢ > 0. Thus we get

u(f@) =47 (55) 1) = n'(ele,2,22), at)
and
v (f(x,z) —4f (g, g) ,t) <v'(p(z,z,2,2),at)

for all z,z € X and all t > 0. For all z,z € X, all m > 0, all n € N and all
t > 0, we can deduce

mpe( L 2N _yntmpe (T F
“(4 f(zm’zm) A f(2n+m’2n+m)’t>
n t
2 * ,U,/ @(m,x,z,z),m )
(2.9) T oz h=me Aty z
m 2\ o ntm
V(4 f(Qm’2m) 4 f(2n+m’2n+m)’t)
t
< QW el 2,2), e
k=m  oFFfT
Hence the sequence (4” f(5%, Qi)) is a Cauchy sequence in the intuitionistic

fuzzy Banach space Y. Therefore, there is a mapping F': X x X — Y defined
by F(x,y) = lim, 0 4" f(57, 5=) for all z,y € X. The system of inequalities
(2.9) with m = 0 implies that

w(F(x,2) — fz,2),t) > +>p"(p(2, 7,2, 2), (@ — 4)t)
and

V(F(x’ Z) - f(xa Z)7t) < Omyl(@(‘xax7 2, Z)? (a - 4)t)
for all z,z € X and all ¢ > 0. The rest of the proof is similar to the proof of
Theorem 2.1. [l

3. Intuitionistic fuzzy continuity

Recently, the intuitionistic fuzzy continuity is discussed in [21]. In this
section, we establish some interesting results of continuous mappings satisfying
(2.1) approximately.

Definition 3.1. Let g : R — X be a mapping, where R is endowed with the
Euclidean topology and X is an intuitionistic fuzzy normed space equipped with
intuitionistic fuzzy norm (p,v). Then L € X is said to be intuitionistic fuzzy
limit of g at some rg € R if and olny if for every e > 0 and «, 8 € (0,1) there
exists some § = d(e, o, B) > 0 such that p(g(r) — L,e) > a and pu(g(r)— L,e) <
1— B whenever 0 < |r —rg| < 4. In this case, we write lim,_,,, g(r) = L, which
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also means that lim,_,,, u(g(r) — L,t) = 0 and lim,_,,, v(g(r) — L,t) = 1 or
w(g(r) —L,t) =1 and v(g(r) — L,t) =0 as r — rq for all ¢ > 0.

The mapping g is said to be intuitionistic fuzzy continuous at a point rg € R
it and only if lim,_,,, u(g(r) — g(ro),t) = 1 and lim,_,,, v(g(r) — g(ro),t) =0
for all ¢t > 0.

Theorem 3.2. Let X be a normed space and (Y, u,v) be an intuitionistic fuzzy
Banach space. Let (Z,pu',v') be an IFNS and let 0 < p < 2 and 29 € Z. Let
f: X xX =Y be amapping such that

u(fl+y,z+w) + flo -y z—w) = 2f(z,2) - 2f(y,w), t)
31 12 ! (P + 1y 1P+ 12]1P + wll”)zo0, ¢),
u(f(x+y,z+w)+f(x—y,z—w)—2f(x,z) _Qf(y’w)v t)

< V(P + Nyl + [P + [[w]|P) 20, t)
for all z,y,z,w € X and all t > 0. Assume that u’ and V' satisfies
lim 0" (2" ([ + [[y||” + [[2]]” + [Jw]|”) 20, 47t) = 1
n—oo
and
lim v/ (2" ([|z[|” + [ly[|” + [|2]|” + [lw][")z0, 47¢) = 0
n—oo

for all z,y,z,w € X and all t > 0. Then there exists a unique mapping
F: X xX =Y satisfying (2.1) such that

(3.2) {MF(W — fla,y),t) > «u (2(|z|P + [ly[7)zo, (4 = 27)1),
v(F(x.y) = fl@,y).1) < 0= (2l + [yll?)z0, (4 - 2)1)

for all x,y € X and all t > 0. Furthermore, if the mapping g : R — Y defined

by g(r) := W is intuitionistic fuzzy continuous for some x,y € X and

all n € N, then the mapping r — F(rz,ry) from R to Y is intuitionistic fuzzy
continuous; in this case, F(rz,ry) = r?F(z,y) for all r € R.

Proof. Define ¢ : X x X x X x X — Z by p(x,y,z,w) = (||lz||” + ||y||? +
[I2]I” + ||w||?) 20 for all z,y,z, w € X. Existence and uniqueness of the mapping
F satisfying (2.1) and (3.2) are deduced from Theorem 2.1. Note that, for all
z,y € X, alln € N and all ¢t > 0, we have

1 (F(%y) _ W’t

F(2"z,2"y)  f(2"x,2"y)
p (P A, )
(3.3) = p(F(2"z,2"y) — f(2"x,2"y), 4't)
*ooﬂl(an+l(||x||P + Hy||P)ZO’4n(4 _ 21))t)7
v (F(ﬂc,y) — o) t)
Ooov! (2T ([|2]P + [|ylP) 20, 47(4 — 2P)t).

Y

IA
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Putting z =y =0 in (2.1), we get

n (FO.0) = 70.0) 21
" v (F(o,o) - 41nf(0,0),t> <0

for all n € N and all ¢t > 0.
Fix z,y € X. From (3.3), we get

f(2"rz, 2" ry) - » » 4" (4 — 2P)t

2 (F(?‘x,ry) - t) > (llzl|” + lylI”) 20, W
and

f@2%rx, 2" ry) oo 1 » » 4™ (4 — 2P)t

H (F(T:c,ry) T gm0 t) <o=v" { (lzll” + llyll”) 20, W

for all r € R\ {0}. Since lim,,_, WS1+71|ZTP|¥ = oo for all t > 0, we get

2mn 2m
lim (F(m,ry) _ f@rrz, 2try) t) _

n— 00 4qn ’ 3
and ( )
. f(@2"rz, 2"ry)
1 F 7 _ | =0
TLI_}I{.IOV( (raz,ry) T '3

for all r € R\ {0}. Fix ro € R. By the intuitionistic fuzzy continuity of the

mapping t — W, we have
lim f@2"rx,2"ry)  f(2"rox,2"roy) ¢ 1
n—o00 4n 4no ’ 3
and
lim v f@"rz, 2"ry)  f(2"row,2"roy) 1 _
n—00 4n 4no "3
It follows that
F(rz,ry) — F(roz,moy), )
f2rra, 2"ry) 1
>ul F( -
> ( (ra,ry) T '3
- f( 2"r;v Z”Ty ~ f(2"roz, 2"roy) T
4n "3

"rox, 2™ t
* (f 2 09) — F(roz,moy), 3>

\ \/

and
V(F(rsc,ry) — F(rozx,roy), t) <0
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as r — 1o for all t > 0. Hence the mapping r — F(rz, ry) is intuitionistic fuzzy
continuous.

Now, we use the intuitionistic fuzzy continuity of the mapping r — F(rz, ry)
to establish that F(sx,sy) = s?F(x,y) for all s € R. Fix s € R and t > 0.
Then, for each o € R with 0 < a < 1, there exists § > 0 such that

t
i <F(rx,ry) — F(sz,sy), 3) >
and
t
v (F(rx,ry) — F(sz, sy), 3) <l-a.
Choose a rational number r with 0 < |r —s| < § and 0 < |r? — s?| < 1 —a.

Then

p(F(sx, sy) — s*F(z,y), t)

u (F(sx, sy) — F(ra,ry), ;) * [ (F(m,fy) =7 F(z,y), ;t),)

v

* 1 (TQF(:v,y) — sF(z,y), ;)

a*l*u<F(x,y)a 3(1t_a)>

Vv

and

v (F(sz,sy) — s*F(z,y), t) < (1-a)00dv (F(w,y)’ 3(1t—a)) :

Letting @ — 1 and using the definition of IFNS, we get
1 (F(sx, sy) — s°F(z,y), t) =1 and v (F(S:L', sy) — s2F(z,y), t) =0.
Hence we conclude that
F(sz,sy) = s°F(x,y). 0
In the following theorem we prove a result similar to Theorem 3.2 for the
case p > 2.

Theorem 3.3. Let X be a normed space and (Y, p,v) an intuitionistic fuzzy
Banach space. Let (Z,u',v’) be an IFNS and let p > 2 and z9 € Z. Let
f: X xX =Y be a mapping such that (3.1) for all x,y,z,w € X and all
t > 0. Assume that u’ and v’ satisfies

lim " (2" ([[2[|” + [[y[|” + [|2]1” + [lw]|”)z0, 4"t) =1
n—oo

and
lim v/ (2" (||z]|” + |y[|” + [[2]|” + lw]|?)z0, 47t) = 0
n—oo
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for all x,y,z,w € X and all t > 0. Then there exists a unique mapping
F: X x X =Y satisfying (2.1) such that

p(F(2,y) = fl@y),t) = p' (20l” + ylP)z0, (2P —4)1),
v(Fz.y) = fa,y).t) < v'(2(2]” + [ly]?)20, (2 — 4)t)

forall xz,y € X and allt > 0. Furthermore, if for some x,y € X and alln € N,
the mapping g : R — Y defined by g(r) = f(2"rx,2"ry) is intuitionistic fuzzy
continuous, then the mapping r — F(rz,ry) from R to Y is intuitionistic fuzzy
continuous; in this case, F(rz,ry) = r?F(x,y) for all r € R.

(3.4)

Proof. Define a mapping ¢ : X x X x X x X — Z by ¢(x,y,z,w) = (||z|? +
lyl|? + ||2||? + ||w]|P)zo for all z,y,z,w € X. Then

(o (E.200).0) = Lzl + |lyll?
1 (0 (555 ) ) =n" (Goms el + IoiP)zo. ¢

for all z,y € X and all t > 0. Since p > 2, we have 2P > 4. By Theorem
2.3, there exists a unique mapping F satisfying (2.1) and (3.4). The rest of the
proof can be done on the same lines as in Theorem 3.2. ]
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