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WEAKLY SUFFICIENT SETS
FOR WEIGHTED SPACES h;>(B)

LE HAI KHol

ABSTRACT. In this paper we introduce a class hg, > (B) of weighted spaces
of harmonic functions in the unit ball B of R™. We define weakly sufficient
sets in this space and give an explicit construction of countable sets of
such a type. Various examples of weight functions are also discussed.

1. Introduction

Let H(B) be the space of harmonic functions in the unit ball B = {x €
R™; |z| < 1}. To a function ¢: [0,1) — (1,+00), called weight function (or
weight), we associate the following normed space

|f ()|
o= {r BRI, = sup TN < o).
‘ e =2 )
Let & = ((pp):il denote the increasing sequence of weights. For simplicity,

we use ||f|l, instead of ||f|l,,. We also replace hy,, by h;P. Then h P C
h;(pﬂ), and let

hg™ == U h;p.
p>1

This weighted space can be endowed with some topological structure, namely
the inner inductive limit of h?:

(hg>,7) = limind h".

In the case @, (r) = (1—7)7P, hg™ is the well-known function space h™°°(B)
whose members have the polynomial growth condition at the boundary. The
space h~>°(B) (and for more general domains in R™) has been considered rather
extensively (see, e.g., [3], [12], [13],. .., and references therein).
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Now let S be a subset of B. Define

B=PS . hy; = .
- {fe 3% 1 flp.s e op(lz))

Notice that the inclusion relations h,? C h;p’s C hg™ always hold. Hence, it
follows immediately that

he™ =Jh,? c |Jnom® chg™

p>1 p>1

<+oo}.

and consequently that

he™ = Jho? = | ha"".

p>1 p>1

Therefore, we can endow hg> with another weaker inner inductive limit
topology of semi-normed spaces h;p’s :

(hg™,7s) = limind AP

Definition 1.1. A set S C B is said to be weakly sufficient for the space hg™
if two topologies 7 and 7g are equivalent.

Notice that always || f||p,s < ||f]lp- In case S is much smaller than B in some
sense, ||f||p.s will be considerably smaller than ||f||, in general. Therefore it
is surprising that there is a discrete, even countable, subset S that is weakly
sufficient, for instance.

It should be noted that, for holomorphic functions, the existence of discrete
weakly sufficient sets related closely to the representation of functions by series
(see, e.g., [5], [9], [11], [14],..., and references therein).

The main target of this article is a presentation of an explicit method for
the construction of countable, weakly sufficient sets for hg,> (for every n > 1).
The construction exploits a method introduced in [7] (for n = 1 see also [8]).

2. Preliminaries

In this section we present the regularity property of the space (hg™, ) that
allows to get some equivalent conditions for weak sufficiency of the set in this
space. The last result is essentially needed in the sequel. It should be noted
that results in this section in fact can be obtained by applying [1], where a
more general situation has been considered. Nevertheless, we present it here
for completeness of exposition as well as for reader’s convenience.

Lemma 2.1. The space (hg™", T) is reqular, i.e., each bounded subset of (hg™,
7) is contained and bounded in some space h,P.

Proof. By [10], it suffices to show that the unit ball U, = {f € h_?; | fll, <1}
of h;P is closed in (hg™, 7). Indeed, let (fx) C U, converge in (hg™,T) to
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some element fy. Then |fx(z)| — |fo(z)|, Yz € B, and therefore,

@] o)
eollz)  pp(lal) P

Since % < |\ fellp £1, Vz € B, it follows that sloif((\?ll) <1, Vz €B. So | foll, <

1 and fy € U,. ([

Thanks to the regularity of (hs°?,7), we can have some simplifications of
weak sufficiency.

Proposition 2.2. For the space hg™ (B) the following statements are equival-
ent:
(a) S is weakly sufficient set, that is, (hg™,7s) = (hg ™", 7).
(b)
Vp Im = m(p) : h;p’s = h,",
that is,
(2.1) Vp Im =m(p) 3C =C(p) > 0: || fllm < Cllflp.s, Vf € h;?®

(Here the sign < denotes the continuous embedding).
()
(22)  Vp3Im=m(p) IC=C(p)>0: [[fllm < Clfllp,s: Vf € hg™.

Proof. (a) = (b): The regularity of hg> is used in this part.

As the unit ball E, g of h;p’s is bounded in h;p’s7 and h;p’s — (he™, Ts),
it is bounded in (h3®, 7). Since S is a weakly sufficient set for hgy ™, ie., 7 =
7g, and (hg™,7), by Lemma 2.1, is regular, E, g is contained and bounded in
some h,", which means that the embedding from h;“s into h,"™ is continuous.
Hence, h;p’s — h,™.

(b) = (a): It is straightforward. Since h;?% < h ™, and h;™ < (h ),
h;p’s — (hg™,7), Vp > 0. Hence, (hz*™,7s) = limind h;’”s — (h ),
which shows that 7¢ > 7, while always 7 > 7.

(b) & (c): The implication (¢) = (b) is trivial because h;p’s C hg™.
Now, suppose that (b) holds and consider an arbitrary element f € hgy™. If
fe h;p’s, then (2.2) holds, due to (2.1). If f ¢ h;p’s, then (2.2) is also valid,
as in this case the right-hand side of (2.2) is co. O

— 00
e T
2T

)

3. Non-discrete weakly sufficient sets

In this section we show that under some conditions imposed on weight func-
tions the union of concentric spheres inside the ball forms a (non-discrete)
weakly sufficient set for the space hgy°°(B). The method of “extracting” from
this union a discrete weakly sufficient set will be treated in the next section.

We have the following, so-called “toy-problem”, result.
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Proposition 3.1. Suppose that a sequence 0 < (1) T 1 and weight functions
(pp) satisfy the following conditions:

(3.1) Vp : op(r) T with respect to r,

(3.2) Vp 3m 3C > 0 Fko : @p(re41) < Com(ry), Yk > ko.

The concentric set

S= U {z €B:|z| =1},

k=1
is weakly sufficient for the space hi ™ (B).

Proof. First we show that S is a set of uniqueness for the space hy*°(B), that
is, f € hy™(B) and f(z) =0 for all € S imply that f = 0.!

Indeed, choose any point x in the ball and take k large enough, so that x
belongs to the ball By = {|z| < r} whose boundary is S. Since f vanishes
on Sy, it vanishes in all of By, for the Dirichlet problem in B, has a unique
solution. Hence f vanishes at z.

Next we prove the following set inclusion: any h? % is contained in a certain
h,™. Indeed, given p, let m and ko be as in the condition (3.2). For any
fe h;p*s, if |z| < rk,, then

|f(z)] <|f(x)] < sup |f(z)].

om(lz]) || <rkg

Furthermore, if |z| > ry,, let k be the unique integer such that r, < |z| <
rr+1. Then, by conditions (3.1) and (3.2), we have

|f(z)] < SUP|z|=ry 4, |/ ()] < SUP|e|=rk41 /()]

em(lzl)  ~ em(|z]) B m (k)
< CSUP|x|:r,€+1 | f ()] < Ollfll.s.
@p(Tk—H)

Combining the two estimates yields that f € h,™.

Thus the set S said above is a set of uniqueness for the space hi>°(B), and
the so-called set-inclusion property holds: Vp > 1 3dm > 1: h;p’s C h,™. By
[1], S is a weakly sufficient set for the space hg™ (B). O

We give some examples of weight functions that satisfy all above-mentioned
conditions. It is easily verified that the standard weights (said in Introduction)

op(r)=1—-r)P, 0<r<1l,p=12,...,

with r, = k € N, work well.

1
k412

1 I owe Nikolai Tarkhanov for this.
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4. An explicit construction of weakly sufficient sequences

First we note, by Proposition 2.2(c), that a set S C B will be weakly sufficient
for the space hg°° if and only if

Vp Im = m(p) 3C = C(p) > 0,

ap @ _ 1@

weB Pm (|z]) zes p(l2])
This fact for a set to be weakly sufficient in the space hg> will be used in our
construction of a desired sequence (Ag) in the next section.

Bellow we provide some properties of functions from the space hg™.

For 0 < r < 1 denote by B, the set {x € R™ : |z| < r} and by S, its boundary.
Also let My(r) = sup,¢s, |f(x)|. Note that by the maximum and minimum
principles for harmonic functions, we have if r < s that Ms(r) < Mj(s).

The following result, inspired by [7], is needed in the sequel.?

Vfehg™.

Proposition 4.1. For any numbers 0 < a < b < 1 and any points x,y € B,,
if f € H(B), then
o 2nfz —y|

F@) = f)l < 2

Proof. We will make use of a corollary to Harnack’s inequalities [2, Cor. 1.4.2],
stating that if a function & is nonnegative and harmonic on a ball B(zg, ) :=
{x € R™: |x — xo| < r}, then the gradient Vh satisfies

(4.1) [Vh(ao)] < 2H20)

M, (b).

Now, suppose f € H(B) and 0 < a < b < 1. Then, by the minimum princi-
ple, f is bounded below by —M ;(b) on By, so f = f + M(b) is nonnegative
on B,. Taking z,y € B, and letting ¢ be the line segment from z to 3, we have
for all £ € ¢ that f is harmonic and nonnegative on B(t,b — a). Hence, using
the inequality (4.1), we get

V@] = Vi) <

The result then follows since by calculus,

) - 1) = ’/@w dr

n o n

fi < 7

-2M (D).

<sup |Vf(t)| - length(¢).
tel

The following result plays an important role in our discussion.

Proposition 4.2. Let weight functions ¢, satisfy the following condition
1
(C1) F¢(r) >0 on (0,1), P(r) > 0 asr — 1, and 1ig?f(w =p

2 1 owe Anders Gustavsson for this.
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Consider a sequence 0 < (ry) T 1. For each natural number { > 1, if
J €h,P, then Vg >p

(4.2) lim inf (Mf(r’“”)/Mf(’"’“)> <1
q(Tite) I pq(re) ) —
We note that in fact, as one can see in the proof of Theorem 4.4 below, only

the case £ = 1 is needed for our purpose.
Also notice that condition (C1) implies condition (3.2).

Proof. Take and fix an arbitrary natural number ¢ > 1.
As f € h,P, there is a constant C' > 0 such that
log M¢(rie) < log C +log pp(rie), Yk > 1,
or, equivalently that
long(’r'kg) < lOgC log (pp(T‘kg)
Ylree) 7~ Y(ree)  Y(re)
From this it follows, by condition (C1), that
o log My (1)
4.3 liminf —————= <
( ) k—o0 ¢(7‘k4) p

Suppose that the inequality (4.2) is false. Then there exists go > p such that
for all k large enough, say k > kof, we have

My(rere)  Mi(re)
Pao(Thte) ~ $go(Tk)
This means that for all £ > 1
My rworire) Myl My(reee)
Pao (T(ko+1)0) a0 Mo+ (k—1)]e) Pao (Thot)
This in turn implies that

log My (7 (kg +k)e) — 108 Pgq (T (ko +k)e) > 10g My (Toe) — 108 gy (Thor)-
Hence,

log My (r(ko+k)e) _ 108 g0 (T(hothye) | 1og My (rrge) 108 g (Thot)

, VkE > 1.
V(T (ko+k)e) (T (ko-+)e) V(o)) (T (kothye)
Consequently, again by condition (C1), we obtain
.. dog My (rke)
liminf ——————= > g9 > p.
k—o00 ’L/J(Tkz) = =P
This contradicts (4.3), and completes our proof of the proposition. ([l

We now proceed to the main result of this paper.
Suppose that the weight functions satisfy, besides condition (C1), the fol-
lowing additional properties:

(C2) V¥p: ¢, is an increasing function on (0,1).
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(C3) Vp:sup p(re1)
k21 Pp(Tk)

We present the following explicit construction in the form of an algorithm.

This construction exploits a method in [8] for one variable and developed in

[7] for several variables. It should be noted that a similar kind of construction

was also presented in [4], [6].

=R, < +oo.

Algorithm 4.3. Let us construct a sequence S = ()\k);il C B in the following
manner:

Step 1. Take a sequence of natural numbers (si) 1 oo so that
1

im —— =0.
k—o00 Sk(rk—i-l — Tk)

(4.4)
This can always be done, for example, if 0 < (px) 1 oo, then we can
choose

sk = the intergal part of (L), k=1,2,....
Tk+1 — Tk

Step 2. Take and fir some natural number Nog > 1 and on each sphere S =

{z € R™;|z| = ri} with k = No,No + 1,..., mark £ points xj; (j =
k), forming an 1/sg-net of Sk.

Step 3. We re-numerate the obtained system of points {xy ;1 < j < b,k >
No} under one sequence, denoted by S = ()\k);ozl, writing first all the

points with k = Ny, and then with k = Ny + 1, etc.

The meaning of a choice of the number Ny just is that the elements (\g)
can be chosen arbitrarily far away from the origin of coordinates, being in the
unit ball B.

Theorem 4.4. The sequence S = (/\k):ozl constructed in Algorithm 4.8 above
is weakly sufficient for the space hg™ (B).

Proof. We notice that a set S C B will be weakly sufficient for the space hg™
if and only if
Vp Im =m(p) 3C = C(p) > 0,

T T . _ —m —
sup |f( )| <CSUp |f( )| , L€, (h<pp,S7|| |p’s)‘_>(h<,0 7H ||m)7 vahtpp’S’

zeB Pm(|2]) T zes pp(lz])
This fact for a set to be weakly sufficient in the space hg> will be used in our
construction of a desired sequence () in this theorem.

Our goal is to show that for any p given, we can choose the corresponding
m as p+ 1. In other words, we will show that | f||, is bounded by a constant

times || lp1.5-
Using (4.4), given p, we can find a natural number N, such that
2nR,_ 1
(4.5) el o S —, whenever k > N,,.
Sk ('rk—&-l - ’I“k) 4
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P~ \We notice that

1l = sup 2420

o<r<1 Pp(r)

Let f be an arbitrary element in A, (

We estimate this quantity.
Take and fix a natural number Ny > N,,. On the one hand, for r € (0, ry,]
we have:

Mf(T’) < Mf(TNo) < Mf(TNO) < Mf(TNo)
ep(r) op(r) Pp-1(TNy)
On the other hand, for r € (rg,rr4+1] (kK > Np) we also have:

’ (PP(TNO)'

M (r) Miy(rry1)  My(rigr)
B O O
My(res1)  @p(rrtr) M (re1)
orr (i) oor) = (i) (O

From these estimates, putting C, = max{R,;¢,(rn,)}, we obtain for all
N Z Nol

sup = sup ; P — 5
o<r<ry ®p(T) 0<r<r, op(r) TN <r<ry ©p(r)

M
c, maX{ M (rn,) s £(Trs1) }
Pp—1(TNo) " No<k<N—1 Pp—1(Tk+1)

= (), sup 7Mf(rk).
No<k<N Pp—1(Tk)

M) { M) Mf<r>}

IN

Let yy € Sk with |f(yx)] = My(rx). Then by the construction of points
xg,; (J=1,...,4), there exists xy j, € Sk such that |y — g ;| < i
By Proposition 4.1 we have

My(re) = [f(rjo)l = 1fu)l = f @)l < [f(yr) = f2rg,)]

2 — ; 2nM
< n|yx $k,jo|Mf(Tk+1) <2 f(Tk—H).
Thyl — Tk 5k(The1 — i)
Hence,
M) 1 (@0l n 2n My (rrt1)

ep—1(re) = pp-1(ri)  sk(repr — 1) pp-1(r)
Consequently,

Ynv = sup Mi(re)
No<k<N Pp—1(Tk)
< sup Rl { 2n .Mf(rk-i-l)}
No<k<N Yp—1(Tk)  No<h<N L Sk(Th41 —7k)  @p—1(7%)

= A+B.
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Since zy,j, € Sk we have |f(zk,j,)| < supy,es, [f(Aj)]. Therefore,

A
A< sup sup DL = Pn.
No<k<N \;€Sk p—1(k)

Furthermore,

My(rer) - My(rier)  pp1(irs) o My(rhis)

= _ by (C3).
oo () pralrinn) () = o ey Y ()

Hence,

B< sup { 2k .Mf(”fﬂ)}
No<k<N USk(Th41 —Tk)  ©p—1(Trs1)

< sup { 2nRy—1  My(rie1) }
No<k<N-1 Sk(ﬁﬂ-l*m) Sﬁp—l(ﬁcﬂ)
2nR,_1 . Mg(rngr)
sSN(TN+1 —7TN)  Pp-1(TN+1)
S sup { 27?,Rp_1 ) Mf(rkH) }
No—1<k<N-1 Sk(TkJrl - Tk) @pfl(mﬂ)
2nR,_q _ Mg(rng1)
sN(rng1 —7TN) wpo1(rNgr)

But from our choice of N, in (4.5) and by the definition of Yy, we can
estimate the first term above and obtain

2nRy—1  My(rng)
sN(TNt1—7TN)  Pp-1(rny1)

1
BSZyN—F

Combining the last two inequalities for A and B yields

QTLRp_l . Mf(TN+1)
sN(TNs1—7TN)  Ppo1(rny1)’

1
yNSA+BSPN+ZyN+

or equivalently,

2nR,_1 . My(rng1)
sN(TN41—TN)  Pp—1(rn41)

3
(4.6) zyN <Py +

Now, since f € h;(p_l)’s C hg™ =, hy®, there is sq such that f € h,*°.
Take and fix a number ¢ > sg. By Proposition 4.2 with ¢ = 1, there is a
sequence (k;) T +oo such that

Mf(T‘kj+1) <2Mf(7"k])
q(Th;+1) —  @q(Tk;)

, Vi =L
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Then we have for (4.6) with N =Fk; (j =1,2,...):

3 2nR,_ M (1.
7:))19_7‘ < Pk]+ Nt . f( k’+1)
4 sk (Thj+1 = 7k;)  Pp-1(rk; 1)
< P + Ankp—y . Mf(’rkj)@q(rkj"rl)
S 3 Sk, (T‘kj—i-l - Tkj)@p—l(rkj—i-l) (pq(rkj)
4nR,_ Tk, M (1,
- P+ p—19q(Th;+1) £(rx;)

T sk (kg1 — T, )0q(Try) 1Tk 1)

4an7190q(71k:j+1) ) Mf(rkj)
Sk (P41 = Ty )0 (Th; ) @Pfl(rk.f).

Note, by (C2) and (4.4), that

< Pr; +

J

lim AnRp_10¢(Tr+1)

=0.
k—o0 Sk(Tk+1 - Tk)@q(rk)

Then for all j large enough we have

AnRp—10q(rk,+1) 1
< —.
Sk; (Tkj+1 - rkj)(pq(rkj) 4
Therefore, we have
3 1 Me(rg. 1
“Vi; <Py, + - Myrey) < Pr, + =V,
47" 4 pp1(r;) 4
which can be written as

Yk, < 2Py, for all j large enough.

Mf(T) .
on () < CpYn, we arrive at the

Taking into account that Xy := supg.,<,
following inequalities

(4.7) Xy, < Cpdk, <20, Py, for all j large enough.
We note that || f]|,,s can be written as follows

£l = sup LB _ o gy O
1 ep(Ml) 1 aes, @A)

Now letting in (4.7) k; — oo we obtain

171, < 26y sup sup LWL

<2C| fllp-1,s-
>N ares, Pp—1(|Axl) P

Thus we always have
I£llp < 2G| fllp—1,5, Vf € b5,

The theorem is proved completely. O
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5. Examples of weight functions

As we have seen from previous sections weight functions ® = (¢,(r)) are
supposed to satisfy conditions (C1)-(C3). Condition (C2), each weight is a in-
creasing function, appeared quite naturally for a general setting of our problem.
Concerning the rest two conditions (C1) and (C3), they seem to be imposed
due to the techniques used in the present paper. The weight functions are re-
quired to satisfy some conditions in connection with the existence of a function
¥(r), and moreover, with the sequence 0 < (rx) 1T 1 on which the countable
sets (Ag) are chosen. Therefore, it is of interest to consider some issues related

to that.

We provide various examples of weight functions (p,) together with the
corresponding ¢ in condition (C1), and discuss conditions on (1) under which

the requirements in (C3) are satisfied.

For a sequence 0 < (1) 1 1 consider the following three conditions:

1 1
sup ( — ) < +00.
>\l —Tpp1 1—rg

1—
lim LT Tkl -1
k—oo 1—1p

. |log(1 — rg41))

=1.
Pl [log(1 — rg)]

We can check that each of these conditions implies the next, and both con-

verse implications fail.

Indeed, suppose that the first condition holds. Then there is L > 0 such

that ) L
1 — Tk+4+1 1 —TE

which is equivalent to

1_
0<1— 5 < 11— ),
1—1rg

and the second condition follows, by the squeeze principle.

A counterexample for the failure of the converse implication is say rp, = 1— k%

with o > 1.
Now if we have the second condition, then

L [l —rn)|
k—oo | |log(l —rg)]

log(1 — i)

-1
ko0 [ log(1 — ry)

lim

log(1 — 7rx41) — log(1l — rg)

k—00 log(1 — %)
log L=rktt

lim 08 o =0,

k—oco log(1 — ry)

that is the third condition is satisfied.
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Furthermore, for rp, =1 — 2% the third holds, while the second one fails.
We note that r, = 1 — W,a > 0, satisfies the third condition, also
VE
r,=1—e"° i works, etc.

We can also consider weaker conditions than those said above:

1—
(5.1) lim sup —— Tk < —+00,
kooo 1 — Tk+1

. | log(1 — )]
5.2 limsup ———— < +o0.
(5:2) k—>oop |log(1 — rp41)]

Now return back to weight functions.
Example 5.1. Consider ¢,(r) = (1 —7)"?, p> 0.

In this case we get the space h™°°(B) of harmonic functions on the ball with
polynomial growth. Choosing 1 (r) = |log(1 — )|, we have

lim inf 12892 _ e P80 =)
rol (r) ro1 [log(1—7)

that is, (C1) is fulfilled.
Now for () 1 1 we impose condition (5.1). Then we have

1 _ P
QWwAWH>_mm(Tk> < +oo,
k>1 ©p(Tr) E>1 \ 1 — Tr41

that is, (C3) is satisfied.
Applying Theorem 4.4 we get the explicit construction of (countable) weakly
sufficient sets for the well-known space h=>°(B).

Example 5.2. Consider ¢,(r) = e&, p > 0.

The corresponding space hg > (B) consists of harmonic functions on the ball
with “exponential growth”.

In this case, we can take ¢(r) = - to have condition (C1) fulfilled.

How to choose () for condition (C3)? We note that

1 1
sup eolriet) sup exp {p < - > }
k>1 ©p(Tk) E>1 l—rgp1 11—y

1 1
>\l —Tpp1 1—1g

= exp {p sup kA1 7Tk }
k>1 (1 =7%) (1 —rpyq1)

Therefore, (ry) must satisfy the first condition said above.
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For simplicity denote ay = ﬁ Then we have an increasing sequence of

positive numbers (ay) 1 +00, and the first condition looks as

sup(ag+1 — ag) < +00.
E>1

Notice that ar = k%, a <1, works well.

Acknowledgment. The author thanks the referees for their useful remarks
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References

| A. V. Abanin, On some criteria of weak sufficiency, Math. Notes 40 (1986), no. 3-4,
757-764.

| D. H. Armitage and S. J. Gardiner, Classical Potential Theory, Springer, London, 2001.

] S. R. Bell, A duality theorem for harmonic functions, Michigan Math. J. 29 (1982), no.
1, 123-128.

] J. Bonet and P. Domarnski, Sampling sets and sufficient sets for A=°°, J. Math. Anal.
Appl. 277 (2003), no. 2, 651-669.

| L. Ehrenpreis, Analytically uniform spaces and some applications, Trans. Amer. Math.
Soc. 101 (1961), 52-74.

| C. Horowitz, B. Korenblum, and B. Pinchuk, Sampling sequences for A=°°, Michigan
Math. J. 44 (1997), no. 2, 389-398.

] L. H. Khoi, Espaces conjugués ensembles faiblement suffisants discrets et systémes de
représentation exponentielle, Bull. Sci. Math. 113 (1989), no. 3, 309-347.

| Ju. F. Korobeinik, Representative systems, Math. USSR-Izv. 12 (1978), no. 2, 309-335.

, Representative systems, Uspekhi Mat. Nauk 36 (1981), 73-126.

| B. M. Makarov, Inductive limits of normed spaces, Vestnik Leningrad. Univ. 20 (1965),
no. 13, 50-58.

[11] D. M. Schneider, Sufficient sets for some spaces of entire functions, Trans. Amer. Math.

Soc. 197 (1974), 161-180.

[12] A. Shlapunov and N. Tarkhanov, Duality by repreducing kernels, Int. J. Math. Math.

Sci. 2003 (2003), no. 6, 327-395.

[13] E. J. Straube, Harmonic and analytic functions admitting a distribution boundary value,

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 11 (1984), no. 4, 559-591.

[14] B. A. Taylor, Discrete sufficient sets for some spaces of entire functions, Trans. Amer.

Math. Soc. 163 (1972), 207-214.

D1vISION OF MATHEMATICAL SCIENCES

SCHOOL OF PHYSICAL AND MATHEMATICAL SCIENCES
NANYANG TECHNOLOGICAL UNIVERSITY (NTU)
637371, SINGAPORE

E-mail address: 1hkhoi@ntu.edu.sg



