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SIGNED TOTAL k-DOMATIC NUMBERS OF GRAPHS

ABDOLLAH KHODKAR AND S. M. SHEIKHOLESLAMI

ABSTRACT. Let k be a positive integer and let G be a simple graph with
vertex set V(G). A function f : V(G) — {—1,1} is called a signed
total k-dominating function if 37, c () f(u) 2 k for each vertex v €
V(G). A set {f1,f2,...,fa} of signed total k-dominating functions of
G with the property that Zle fi(v) <1, for each v € V(G), is called
a signed total k-dominating family (of functions) of G. The maximum
number of functions in a signed total k-dominating family of G is the
signed total k-domatic number of G, denoted by df 4(G). In this note we
initiate the study of the signed total k-domatic numbers of graphs and
present some sharp upper bounds for this parameter. We also determine
the signed total k-domatic numbers of complete graphs and complete
bipartite graphs.

1. Introduction

In this paper, G is a finite simple graph with vertex set V(G) and edge
set E(G). For a vertex v € V(G), the open neighborhood N(v) is the set
{u € V(GQ) | uv € E(G)} and the open neighborhood N(S) of a set S C V(G) is
the set | J,c g V(v). The minimum degree of G, denoted by §(G), is min{|N (v)] |
v € V(G)}. Consult [5] for the notation and terminology which are not defined
here.

For a real-valued function f : V(G) — R, the weight of f is w(f) =
> wev f(v). For S €V, we define f(S) =} g f(v). Sow(f)= f(V). Let
k > 1 be an integer and let G be a graph with §(G) > k. A signed total
k-dominating function (STKDF) is a function f : V(G) — {—1,1} satisfy-
ing > ,cn( f(u) = k for every v € V(G). The minimum of the values of
ZUEV(G) f(v), taken over all signed total k-dominating functions f, is called
the signed total k-domination number and is denoted by 7/ ¢(G). As assump-
tion 6(G) > k is clearly necessary, we will always assume that when we discuss
745(G) all graphs involved satisfy §(G) > k. In the special case when k = 1,
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vt 5 (G) is the signed total domination number investigated in [2, 6]. The signed
total k-domination numbers of graphs was introduced by Wang [4].

A set {f1, f2,.-., fa} of signed total k-dominating functions on G with
Z?:l fi(v) <1, for each v € V(G), is called a signed total k-dominating fam-
ily (STKD family) of G. The maximum number of functions in a signed total
k-dominating family on G is the signed total k-domatic number of G, denoted
by di ¢(G). The signed total k-domatic number is well-defined and d4(G) > 1
for all graphs G in which §(G) > k, since the set consisting of any one STkD
function forms a STkD family of G. A dfs-family of a graph G is a STkD
family consists of df, ¢(G) STKD functions. The signed total 1-domatic number
di 4(G) is the usual signed total domatic number d(G), which was introduced
by Henning in [3] and has been studied by several authors (see for example [1]).

In this note, we first study some basic properties of d}¢(G) and find some
sharp upper bounds for this parameter. Then we determine the signed to-
tal k-domatic numbers of complete graphs and of complete bipartite graphs,
generalizing Propositions A and B.

We make use of the following results and observations in this paper.

Proposition A ([3]). If G = K,, is the complete graph of order n > 2, then

L%‘HJ — 51+ 13] ifnis odd,
(1) dg(Kn) =

2 (227 4 |22 ] ifn is even.

Proposition B ([3]). Form >n>1,

(2)

n if n and m are odd,
dg(Kmpn) = min{n, 2 — [2E2] + |22 1} if n is odd and m is even,
2o (2] 4 | nd2 | if n is even.

Observation 1. Let G be a graph of order n and k € {n —2,n — 1}. Then
vt 5(G) =n and hence, d4(G) = 1.

Observation 2. Let G be a graph of order n. Then v}4(G) = n if and only if
kE <0(G) <k+1 and for each v € V(G) there exists a vertex uw € N(v) such
that deg(u) = k or deg(u) = k + 1.

Proof. It k < §(G) < k+1 and for each v € V(G) there exists a vertex u € N(v)
such that deg(u) = k or deg(u) = k + 1, then trivially i ¢(G) = n.
Conversely, assume that 71 ¢(G) = n. By assumption k < §(G). Let, to the
contrary, 6(G) > k+1 or there exists a vertex v € V(G) such that deg(u) > k+2
for each u € N(v). If 6(G) > k + 1, define f : V(G) — {-1,1} by f(v) = -1
for some fixed v and f(z) =1 for z € V(G)\ {v}. Obviously, f is a signed total
k-dominating function of G with weight less than n, which is a contradiction.
Thus k < 0(G) < k+1. Now let v € V(G) and deg(u) > k+2 for each u € N(v).
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Define f : V(G) — {-1,1} by f(v) = —1 and f(z) =1 for z € V(G) \ {v}.
Again, f is a signed total k-dominating function of G, which is a contradiction.
This completes the proof. (I

The following theorem generalizes the result on ;¢ (K, ) obtained in [4].
Theorem 3. Let k > 1 be an integer. Then for every integers m,n >k,

2k if m=n=k (mod?2)
3) Ys(Kmn)=1{ 2k+1 if m=k+1 (mod2),n=k (mod?2)
2k+2 if m=n=k+1 (mod?2).

Proof. Let the partite sets of a K, , be X = {x1,22,...,25} and ¥ =
{y1,92,-.,Yn}. We consider three cases.

Case 1. m =n =k (mod 2). First note that if f is a STKDF of K, ,, then
Yo flzg) > kand Yo f(y;) > k, which implies v;g(Km,n) > 2k. Label
m;‘ k vertices of X with 41 and the rest with —1. Similarly, label %k vertices
of Y with +1 and the rest with —1. It is clear that this labeling defines a
STKDF, say f, of K, . Since f(N(v)) = k for every vertex v € (X UY), it

follows that vig(Kmn) = w(f) = 2k.

Case 2. m=k+1 (mod 2), n =k (mod 2). First note that if f is a STKDF
of Ky, then 3270 f(x;) > k+1and Y., f(y;) > k since m =k + 1 (mod
2). Label %]‘H vertices of X with +1 and the rest with —1. Similarly, label
%’“ vertices of Y with +1 and the rest with —1. It is clear that this labeling
defines a STKDF, say f, of K,, . Since f(N(y)) = k+1 for every vertex y € Y
and f(N(z)) = k for every z € X, it follows that v} ¢ (K n) = w(f) =2k + 1.

Case 3. m=n=k+1 (mod 2). First note that if f is a STKDF of K, ,,
sincem=n=k+1 (mod 2), 1", f(z;) > k+1and Y| f(y:) > k+ 1
Label %’H‘l vertices of X with +1 and the rest with —1. Similarly, label
%’“H vertices of Y with +1 and the rest with —1. It is clear that this labeling
defines a STKDF, say f, of K, ,. Since f(N(v)) = k + 1 for every vertex
v e (XUY), it follows that vfg(Kmn) = w(f) = 2k + 2. O

2. Basic properties and upper bounds

In this section we present basic properties of the signed total k-domatic
number and find some sharp upper bounds for this parameter. Our first result
is obtained by the definition of the signed total k-domatic number.

Theorem 4. Let G be a graph of order n and 6(G) > k > 0. Then ~}4(G) -
dis(G) < n. Moreover if vig(G) - dig(G) = n, then for each d = diq-family

{f1,..., fa} of G each function f; is a v} g-function and Zgzl fi(v) =1 for all
veV.
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Proof. Let {f1, fa,..., fa} be a STKD family of G such that d = di.4(G) and
let v € V. Then

i1 s (G)

Y Loev fi0)

EvEV > iz fi(v)

ZUEV 1

n.

d- WZS(G)

A IA

If 7/ 4(G) - dig(G) = n, then the two inequalities occurring in the proof
become equalities. Hence, for the df ¢-family {f1,..., f4} of G and for each i,
> ey fi(v) = 71s(G), thus each function f; is a v}, ¢-function, and S filw) =
1 for all v. U

Corollary 5. If G is a graph of order n, then vio(G) + di.g(G) < n+1.
Proof. By Theorem 4,

n

(4) Vs (G) + dis(G) < djs(G) + &L (C)

Using the fact that the function g(z) = z + n/x is decreasing for 1 < z < \/n
and increasing for /n < z < n, this inequality leads to the desired bound
immediately. (I

Corollary 6. Let G be a graph of order n > 4. If 2 < ~L4(G) <n—1, then
Vies(G) +dis(G) < n.
Proof. Theorem 4 implies that

n
() Nes (G) + dis(G) < Mis(G) + —— =
kS kS kS ’YIZS(G)
If we define = 7}¢(G@) and g(z) = = + n/x for z > 0, then because 2 <
7t s(G) < n —1, we have to determine the maximum of the function g on the
interval I : 2 < x <n — 1. It is easy to see that

max{g(z)} = max{g(2),g(n-1)}
= max{2+ 5,n— 1+ "5
= n—-1+-"25<n+l,
and we obtain 7}, ¢(G) + d}, ¢(G) < n. This completes the proof. O

Corollary 7. Let G be a graph of order n and let k > 1 be an integer. If
min{~Ls(G), dis(G)} > 2, then

Yis(G) + dis(G) < - +2.

n
2
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Proof. Since min{+}¢(G),d}s(G)} > 2, it follows by Theorem 4 that 2 <
dis(G) < g By (4) and the fact that the maximum of g(z) = 4+ n/x on the
interval 2 <z <n/2is g(2) = g(n/2), we see that

n
Vs (G) + dis(G) < djs(G) +

<
dis(G) ~

n
—+2.
2+ (]

Observation 1 shows that Corollary 7 is no longer true if min{+}4(G),
djs(G)} = L.

Theorem 8. The signed total k-domatic number of a graph is an odd integer.

Proof. Let G be a graph, and suppose that d = di.4(G) is even. Let {f1, fo, ...,
fa} be the corresponding signed total k-dominating family of G. If u € V(G),
then Zle fi(u) < 1. But on the left-hand side of this inequality, a sum of an
even number of odd summands occurs. Therefore it is an even number, and we
obtain Zle fi(u) <0 for each u € V(G). This forces

d
d = fol 1
< Zi:l(% Zue]llf(v) fi(u))
= % ZuGN(v) > iz fi(w)
< 0,
which is a contradiction. O

Theorem 9. Let G be a graph and v € V(G). Then

e deg(v) if deg(v)=k (mod 2)
t S v
ks d}:i( 1) if deg(v)=k+1 (mod 2).

Moreover, if the equality holds, then for each function f; of a STkD family
{f17f27"'afd} and fOT EVeETY U € N(’U), ZUEN(U) fz(u) =k Zf deg(v) =k
(mod 2), }°, cn(y) filu) = k+1 if deg(v) = k+1 (mod 2) and Z?:l filu) =1.

Proof. Let {f1, fa,..., fa} be a STKD family of G such that d = d}¢(G). If
deg(v) = k (mod 2), then

d = Z?:l 1< Z?:l %ZuEN(v) fi(u)

d
= F uen() 2im filt) € 5 en(

deg(v)
-

Similarly, if deg(v) = k 4+ 1 (mod 2), then

d d
d = Y 1<) T}d ZuEN(v) fi(u)

d
= 15%1( ?UEN(U) > i filu) < ler1 ZuEN(v) 1
eg(v

k+1
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If di4(G) = degT(”) when deg(v) = k (mod 2) or diq(G) = dz%_(lv) when
deg(v) = k + 1 (mod 2), then the two inequalities occurring in the proof of
each corresponding case become equalities, which gives the properties given in

the statement. O

Corollary 10. Let G be a graph and 1 < k < §(G). Then
i(G)

if 0(G)=k (mod 2)
dj,s(G) < 5(]%;)

k +

1 if 8(G)=k+1 (mod2).
Corollary 11. Let 1 < k < n <m be integers. Then

min{%, 75} f n=k (mod2) andm#n (mod 2)
dis(Kpm) < % if n=k (mod2) and m=n (mod 2)
T if n=k+1 (mod2).

The next two results are immediate consequences of Theorems 8 and 9.
Corollary 12. For any tree T, d%(T) = 1.
Corollary 13. If C,, is the cycle on n vertices, then d(Cy,) = d5¢(Cy) = 1.

Corollary 14. Let G be a graph of order n. Then v.4(G) 4+ dig(G) =n+1
if and only if k < 6(G) < k+ 1 and for each v € V(G) there exists a vertex
u € N(v) such that deg(u) = k or deg(u) =k + 1.

Proof. Itk < §(G) < k+1 and for each v € V(G) there exists a vertex u € N(v)
such that deg(u) = k or deg(u) = k + 1, then 7} ¢(G) = n by Observation 2.
Hence, dis(G) = 1 and the result follows.

Conversely, let v1.o(G)+dls(G) = n+1. The result is obviously true for n =
2,3. Assume n > 4. By Corollary 7, we may assume min{~;¢(G),d} s(G)} = 1.
If v/ 4(G) = 1, then d}4(G) = n, which is a contradiction by Theorem 9. If
di ¢(G) =1, then v} 4(G) = n and the result follows by Observation 2. O

Theorem 15. For every graph G of order n and 1 < k < min{§(G),§(G)},

n—1
k Y
and equality in (6) implies that G is a regular graph.

(6) dys(G) + dis(G) <

Proof. Since §(G) + 6(G) < n — 1, by Corollary 10
0(G) n I(G) - 1.
k k- — k
If G is not regular, then §(G)+6(G) < n—2, hence dj,4(G)+d4(G) < 2. O

drs(G) + dis(G) <
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3. The signed total k-domatic number of complete graphs

In this section, we determine the value of signed total k-domatic number of
a complete graph. First we determine the signed total k-domination number
of K,,.
Lemma 16 ([4]). Forn > 2,
E+2 n=k (mod?2)
) Vs (Ky) =
k+1 n=k+1 (mod?2).
Proof. Assume V(K,,) = {v1,...,v,} is the vertex set of K,,. Suppose that f is
a signed total k-dominating function of K, and f(v) = 1 for some v € V(G). If
n =k (mod 2), then f(N(v)) > k+1 and hence, f(V(GQ)) = f(v)+ f(N(v)) >
k+2. Thus 7/ 4(K,) > k+2. Now define f: V(K,) — {—1,1} by f(v;) = -1
for1§i§"Tfk—landf(vi)zlwhen"T*kgign. It is easy to see that f
is a signed total k-dominating function on K, with f(V(K,)) =k + 2.
If n=k+1 (mod 2), then f(V(G)) = f(v) + f(N(v)) > k + 1 and hence,
Y g(Kn) > k+ 1. Now define f : V(K,) — {-1,1} by f(v;) = —1 for
1 <i< 2=kl and f(v;) = 1 when =2+ < j < n. It is easy to see that f
is a signed total k-dominating function on K, with f(V(K,)) = k+ 1. This
completes the proof. O

The next result is a generalization of Proposition A.

Theorem 17. Forn > 2,

| 743 if n=k (mod2) and |;35] is odd
g () — L7zl =1 if n=k (mod2) and |35/ is even
ks (Kn) = Fasd if n=k+1 (mod2) and |35] is odd

Iz =1 if n=k+1 (mod2) and |37/ is even.
Proof. By Lemma 16 and Observation 1 we may assume k£ < n — 3. Let
V(K,) = {zo,21,...,2n—1} be the vertex set of K,. We consider two cases.

Case 1. n =k (mod 2). Suppose that n = (k + 2)q + r, where ¢ is a positive
integer and 0 < r < k+ 1. By Lemma 16, 7/ 4(K,) = k + 2. Hence, by
Theorems 4 and 8, df.o(K,) < ¢ if ¢ is odd and d} ¢(K,) < ¢ —11if ¢ is even.

Subcase 1.1 g is odd. Then r is even. Define the functions fi,..., f; as
follows.

flz)=1 i 0<i< 2@ 4 gy
file)=—1 if EEUED 4 g 4o << (k42)g-1
and for 2<j<gand 0 <i<(k+2)qg—1,
[i(@s) = fi—1(Tigom+2)),
where the sum is taken modulo (k + 2)¢. In addition, if r > 0,
filx) = (~1) for1<j<gqand (k+2)g<i<n-—1.
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It is easy to see that f; is a signed total k-dominating function of K, for each
1<j<gqand{fi,...,f,} is a signed total k-dominating family of K,,. Hence
di 5(K,) > q. Therefore di o(K,) = ¢, as desired.
Subcase 1.2 ¢ is even. Then r + k + 2 is even. Define the functions

fis-+- 5 fq—1 as follows.

fAle)=1 it 0<i< &2 4 g

file)=—1 if B2 4 g0 <i<(k4+2)(g—1)—1
and for2<j<g—land 0<i<(k+2)(¢—1)—1,

fi(@i) = fi—1(Tivars2))s
where the sum is taken modulo (k + 2)(¢ — 1). In addition,
fi()=(-1)"for1<j<gand (k+2)(¢g—1)<i<n-—1.

It is easy to see that f; is a signed total k-dominating function of K, for each
1<j<gqg—1and{fi,...,fq—1} is a signed total k-dominating family on K,.
Hence, d},(K,) > ¢ — 1 and so d},4(K,) = ¢ — 1, as desired.

Case 2. n =k + 1 (mod 2). Suppose that n = (k + 1)g + r, where ¢ is a
positive integer and 0 < r < k. By Lemma 16, 7} 4(K,) = k + 1. Hence, by
Theorems 4 and 8, df o(K,) < ¢ if ¢ is odd and d} 4(K,) < ¢ —11if ¢ is even.

Subcase 2.1 ¢ is odd. Then r is even. Define the functions fi,..., f; as
follows.

Ale)=1 if 0<i< @D 4
_ : k+1)(g—1) :

file)=—1 if EEEZD g0 << (k+1)g—1

and for 2<j<gand 0<i<(k+1)g—1,
fi(@s) = fi—1(@igomt1)),

where the sum is taken modulo (k + 1)g. In addition, if » > 0,

filx:) = (—1)i+j forl<j<gqgand (k+1)¢g<i<n-—1
It is easy to see that f; is a signed total k-dominating function of K, for each
1<j<gqgand{fi,..., fq} is a signed total k-dominating family of K,,. Hence,
di 5(K,) > q. Therefore di o(K,) = g, as desired.

Subcase 2.2 ¢ is even. Then r + k + 1 is even. Define the functions
f1s--, fq—1 as follows.

file)=—1 if EHEZD g1 << (k4 1)(g—1)—1
and for2<j<g—land 0<i<(k+1)(¢—1)—1,

SMQM*Q)_,_;{;’

fi(@i) = fi-1(@iyaks1))s
where the sum is taken modulo (k + 1)(¢ — 1). In addition,
filz) = (=) for1<j<gand (k+1)(¢g—1)<i<n-—1.
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It is easy to see that f; is a signed total k-dominating function of K, for each
1<j<g—1and{fi,...,fy—1} is a signed total k-dominating family of K.
Hence, d},4(K,) > g — 1 and so d¢(K,,) = g — 1, as desired. O

4. The signed total k-domatic number of K, ,,

In this section, we first determine the signed total k-domatic numbers for
complete bipartite graphs K, ,. Then we use this result to find the signed
total k-domatic numbers for complete bipartite graphs K, ,,. This generalizes
Proposition B for £ > 1.

Theorem 18. Forn > 1,

| 2] if n=k (mod?2)and [%] is odd,
dt o (Kn) = 2] — if n=k (mod2)and |}] is even,
kA n,n L#_lj if n=k+1 (mod2)and |;}7] is odd,
7] —1 if n=k+1 (mod2)and |75] is even.

Proof. By Theorem 3 and Observation 1, we may assume k < n — 2. Let
X ={=zo,z1,...,xp—1} and Y = {yo,v1,...,Yn—1} be the partite sets of K, .
We consider two cases.

Case 1. n =k (mod 2). Suppose that n = kq+r, where ¢ is a positive integer
and 0 < r < k. By Theorem 3, v} ¢(K, ) = 2k. Hence, by Theorems 4 and 8,
dbo(Kyn) < qif gis odd and dfg(K,,n) < g—1if g is even.

Subcase 1.1 g is odd. Then r is even. Define the functions fi,..., f; as
follows.

filz) = fily) =1 if 0<i<®eDip g
fi(zs) = fi(y) = -1 if @vﬂﬂﬁiékq—l
and for 2 < j<gand 0<i<kq—1,
fi(wi) = fj—1(wirar) and f5(yi) = fij-1(yivar),
where the sum is taken modulo kq. In addition, if » > 0,
fi(@) = fiy)=(-1)"" for1<j<gqgand kg<i<n-—1.
It is easy to see that f; is a signed total k-dominating function of K, , for

each 1 <j <gand {fi,..., fg} is a signed total k-dominating family of K, ..
Hence d} 4(K,, ) > q. Therefore di.o(K,,n) = g, as desired.

Subcase 1.2 giseven. Then r+k is even. Define the functions fi,..., fo—1
as follows.

fl(mz):fl(yl)zl if 0<Z< (q22)+k71
fle)=fly)=-1 if B2 4k <i<k(@-1)-1
andfor2<j<g—land 0<i<k(g—1)—1,

fi(xi) = fi—1(igar) and f(yi) = fj—1(Yivor),
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where the sum is taken modulo k(g — 1). In addition,
fi(w) = £ = (~1)% for 1< j < g and Kg—1)<i<n— 1.

It is easy to see that f; is a signed total k-dominating function of K, , for each
1<j<g—land{f1,...,fq—1} is asigned total k-dominating family on K, ,,.
Hence, d}.o(Kp,n) > q¢— 1 and so di.g(K,,n) = ¢ — 1 as desired.
Case 2. n #Z k (mod 2). Then n = k + 1 (mod 2). Suppose that n =
(k + 1)q + r, where ¢ is a positive integer and 0 < r < k. By Theorem 3,
vt s(Knn) = 2(k+ 1). Hence, by Theorems 4 and 8, d} (K, ) < q if g is odd
and d},g(K,,,) < g —1if ¢ is even.
Subcase 2.1 g is odd. Then r is even. Define the functions fi,..., f; as

follows.

filzi) = fily)) =1 if 0< SW-&-’C,

fe) = fly)=-1 if EHED 4 p 41 << (k+1)g—1

and for 2<j<gand 0<i<(k+1)g—1,

1
1)(
2

fj(ivi) = fj—1($¢+2(k+1)) and fj(yi) = fj—l(y¢+2(k+1)),
where the sum is taken modulo (k + 1)g. In addition, if » > 0,
fil@) = fiy) = (-1 for 1<j<gqgand (k+1)g<i<n-—1.

It is easy to see that f; is a signed total k-dominating function of K, , for
each 1 <j<gqgand{fi,...,f;} is a signed total k-dominating family of K, .
Hence, d} ¢(K,, ) > q. Therefore d} 4(K, ) = g, as desired.

Subcase 2.2 ¢ is even. Then r + k 4+ 1 is even. Define the functions
fi,.-., fg—1 as follows.

file)=f) =1 if 0<i<EUE2 4p
fi@i) = fily)) = -1 if W-l-k-ﬁ-léiﬁ(kﬂ‘l)(q—l)—l
and for2<j<g—-land0<i<(k+1)(¢—1)—1,
fj(ivi) = fj—1($¢+2(k+1)) and fj(yi) = fj—l(y¢+2(k+1)),
where the sum is taken modulo (k + 1)(¢ — 1). In addition,
()= fily) = (=) for1 <j<gqgand (k+1)(¢g—1)<i<n-—1.
filws) = fi(y:) = (=1) i<q q

It is easy to see that f; is a signed total k-dominating function of K, , for each
1<j<g—land{fi,..., fq—1} is a signed total k-dominating family of K, ,,.
Hence, d}, ¢(K,,n) > ¢ —1 and so d}, ¢(K,,n) = ¢ — 1, as desired. O

Now we are ready to prove the main theorem of this section.

Theorem 19. Let 1 < k < n < m be integers. If m = n (mod 2), then
dbg(Knm) = dbg(Knn). If m #n (mod 2), then

dl]&CS (K’n’m)
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|7 if n=k (mod?2), 7| <[] and [3] is odd,

! if n=k (mod2), 7] <[] and [}] is even,
_ | e if n=k (mod2), 7] >|7] and |55] is odd,

lzig) =1 if n=k (mod?2), |2]>[35] and |75] is even,

Esdl if n=k+1 (mod2)and | 7] is odd,

w4zl =1 if n=k+1 (mod2)and [;};] is even.

Proof. First let m = n (mod 2). By Corollary 11, dj,¢(Kpm) < Zif n =k
(mod 2) and dj 4(Knm) < 7y if n =k +1 (mod 2). Hence, by Theorem
18, dig(Knm) < dig(Kynn). Let {f1, fo,..., fa} be a STKD family of K, ,
and d = d} 4(K,, ). We extend this family to a STkD family of K, ,,. Add
the new vertices {wy, wa, ..., wm_n} to a partite set of K, 5, and join each w;,
1 <4 < m —mn, to every vertex in the other partite set of K, , to obtain a
Kpm. Define f7: Ky m — {—1,1} as follows: fF(v) = f;(v) if v € V(Ky )
and fj(w;) = (=1)" for 1 <i<m —nand 1 <j <d. Since m = n (mod
2), {ff, f5,..., fi} is a STKD family of K, 1, s0 dig(Kn,m) > d, and hence
djys(Kn,m) = dis(Knn)-

Now assume m # n (mod 2). Let X = {zg,21,...,Zp—1} and ¥ =
{Y0,¥1,---Ym—1} be the partite sets of K,, ,,,. We consider two cases.
Case 1. n =k (mod 2). Then m = k+ 1 (mod 2). Assume n = kq; + 71,
where 0 <r; <k —1, and m = (k+ 1)ga + r2, where 0 < ry < k.

Subcase 1.1 ¢; < ¢o. Then d} ¢(K, m) < ¢1 if ¢1 is odd by Corollary 11,
and df.g(Kpnm) < 1 — 1 if g1 is even by Corollary 11 and Theorem 8. Let
g2 = q1 + s for some s > 0. Then

m=((k+1)(qg+s)+re=(k+1q +sk+1)+re.
If ¢; is odd, by assumptions, r; and s(k + 1) + r9 are both even.

Define the functions fi,..., f;, as follows.

filz;)) =1 if ng‘g%_l’

filz;)) =—-1 if wﬁiékm—l,

hly)=1 i 0<j< [LESHCTES

fily)=—1 if BB <G < (k1) -1
and for 2 </ <¢q,0<i<kq1 —1and0<j<(k+1)g: —1,

Je(wi) = foo1(zigar) and fo(y;) = fo-1(Yjr26+1));
where the sum is taken modulo kq; if 7 is involved, and modulo (k+1)¢q; if j is
involved. In addition, for 1 < ¢ < ¢y, kg1 <i<n—1land (k+1)q; <j<m—1,

folws) = (=) and fo(y;) = (—1)7H.
It is straightforward to see that {fi,..., fy, } is a signed total k-dominating
family of K,, ,. Hence d}, (K, m) > q1. Therefore di.o(Kp m) = g1, as desired.
Now let g1 be even. We have n = k(¢1 — 1) + k + r1 and

m=(k+D(@+s)+ro=Ck+D(@a—-1)++1)(k+1)+r.
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By assumptions, k + r; and (s + 1)(k + 1) + r2 are both even. Define the
functions fi, ..., fq1—1 as follows.

fi(z) = if 0<i<ir 1,

(xz): if ’W§zsk(qf)f1,
fl(yn: if ogjg(g” ~1,

fily)=—-1 if DU << (k+1)(q—1)—1

andfor2§£§q1—1,Ogigk(ql—l)—landogjg(k+1)(q1—1)—1,

Je(wi) = fo1(zivar) and fo(y;) = foo1(Yjr26+1));

where the sum is taken modulo k(g — 1) if 7 is involved, and modulo (k +
1)(¢1 — 1) if j is involved. In addition, for 1 </ < ¢ —1, k(g1 —1)<i<n-1
and (k+1)(n—1)<j<m-1,

fe(wi) = (=1)""" and fo(y;) = (~1)7*.

It is straightforward to see that {f1,..., f,—1} is a signed total k-dominating
family of K, ,,. Hence df o(Kp m) > g1 — 1. Therefore di o(Kpm) = q1 — 1, as
desired.

Subcase 1.2 ¢; > ¢2. Then df (K, m) < ¢2 if g2 is odd, by Corollary 11,
and df.o(Kpm) < g2 — 1 if g2 is even, by Corollary 11 and Theorem 8. Let
g1 = g2 +t for some t > 0. Then n = k(g2 +t) + 11 = kqa + kt + r1. If
g2 is odd, by assumptions, ro and kt 4+ r; are both even. If ¢ is even, then

= (k+1)(g2—1)+k+1+ry and n = k(go+t)+r1 = k(g2—1)+k(t+1)+r1. By
assumptions, k+ 1479 and k(t+ 1) +r; are both even. Hence, by an argument
similar to that described in Subcase 1.1 we see that if ¢o is odd, dZS(Kn,m) = @9
and if g5 is even, d o(Kym) = g2 — 1.

Case 2. n =k +1 (mod 2). Then m = k (mod 2). Let n = (k+ 1)q + r,
where 0 < r < k. Then d}¢(K,,m) < ¢ if ¢ is odd by Corollary 11, and
di o(Kym) < q—11if g is even by Corollary 11 and Theorem 8. Let m = n+ s,
where s > 0. Then m = kq+q+r +s. If ¢ is odd, then r and g + r + s are

both even. Define the functions fi,..., f; as follows.
Ji(x;) = if 0<i< (k+1)2(q+1) 1,
flw)=—1 if D < < (b4 1)g -1,
Aly) =1 if 0<j<hal g
fily;) = if k(q;l) <j<kq—1

and for 2</¢<q,0<i<(k+1)¢g—1land0<j<kq-—1,

Je(@i) = fe1(Tigorry) and fo(y;) = foo1(yjron),

where the sum is taken modulo (k 4 1)g if ¢ is involved, and modulo kg if j is
involved . In addition, for 1 <¢<gq, (k+1)g<i<n—-landkq<j<m-—1,

folz;) = (=1) and fo(y;) = (—1)"T.
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It is straightforward to see that {f1, f2,..., fy} is a signed total k-dominating
family of K, ,,,. Hence dio(Ky,m) > q. Therefore d},g(Kp m) = ¢, as desired.

If g is even, we write n = (k+1)(¢—1)+k+14+r and m = k(g—1)+k-+q+r+s.
By assumptions, k+1+r and k+ g+ 1+ s are both even. Define the functions
fis..., fq—1 as follows.

Ale) =1 if 0<i<®tha_q
filz)=-1 if << (k4+1)(g-1) -1,
Aly)=1 if 0<j<X-—1
fily)=—-1 if B <j<k@-1)-1
and for 2<¢<¢q—1,0<i<(k+1)(¢—1)—1land 0<j<k(qg—1)—1,

Je(@i) = feo1(Tigomery) and fo(y;) = foo1(yj1on),
where the sum is taken modulo (k + 1)(¢ — 1) if ¢ is involved, and modulo
k(g—1)if § is involved. In addition, for 1 < ¢ <g—1, (k+1)(¢g—1) <i<n-—1
and k(¢ —1)<j<m-—1,
fe(w:) = (=1)""" and fo(y;) = (~1)"*".
It is straightforward to see that {f1, fa,..., f;—1} is a signed total k-dominating

family of K, ,,. Hence dfq(Ky,m) > q — 1. Therefore df.o(Kpm) = q— 1, as
desired. 0
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