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REMARKS ON LOGARITHMICALLY REGULARITY
CRITERIA FOR THE 3D VISCOUS MHD EQUATIONS

XIAOCHUN CHEN AND SADEK GALA

ABSTRACT. In this paper, logarithmically regularity criteria for the 3D
MHD equations are established in terms of the Morrey-Camapanto space.

1. Introduction

The 3D incompressible viscous MHD equations reads:

Ay — pAu+u-Vu+Vp+ LV [b* —b- Vb =0,
Ob—vAb+u-Vb—b-Vu=0,
V-u=V-b=0,

u(z,0) = ug (z), b(x,0) =bg (z),

(1.1)

where u = u(z,t) € R3 is the velocity field, b € R? is the magnetic field,
p = p(z,t) is the scalar pressure, p > 0 is the kinematic viscosity and v > 0
is the resistivity, while ug and by are given initial velocity and initial magnetic
field with V - uy = V - by = 0 in the sense of distribution. For simplicity, we
assume that the external force has a scalar potential and is included into the
pressure gradient. In what follows, we assume u = v = 1 for convenience.

It is well-known [11] that the problem (1.1) is local well-posed for any given
initial datum wg, by € H*(R3), s > 3. But whether this unique local solution
can exist globally is an outstanding challenge problem when n > 3. Some
fundamental Serrin’s-type regularity criteria in term of the velocity only was
done in [5] and [14] independently. Recently, some improvements and exten-
sions were made based on these two basic papers. Part of them are listed here:
Chen, Miao and Zhang [3] did improvement in Besov spaces; Zhou and Gala [19]
proved regularity for v and Vu in the multiplier spaces; Wu [13] considered the
velocity field being in the homogeneous Besov space; regularity was obtained
by imposing condition on the pressure in [15, 17]; in [16] direction of vorticity
field w = V x u was discussed (see also [5]).
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Recently, for the Navier-Stokes equations (b = 0 in (1.1)), several log im-
provements of the Prodi-Serrin criteria were established in [2, 21, 18, 20] in
terms of the velocity field.

The purpose of this paper is to establish logarithmically improved regularity
criteria in terms of the velocity field or on the gradient of velocity field in terms
of the critical Morrey-Camapanato spaces. We will prove:

Theorem 1.1. Let T > 0 and (ug,by) € H? (R3) with V-ug = V-bg = 0. If the
corresponding smooth solution u(x,t) satisfies one of the following conditions

2
Jut, Il

T M2§

1.2 - dt < oo for somer with0 <r <1,
W [ e I

2
=
e W, o
. = t it <

( )/0 T+ (e - [Vat, )ls) < oo for somer wi <r<l,

then the smooth solution (u,b) can be extended for T' > T.

3l

Theorem 1.1 is also true for the 3-D incompressible Navier-Stokes equations,
so they gives improvements and extensions of [2, 18, 20, 21].

Remark 1.1. Since the critical Morrey-Campanato space /\./12’3 is much wider

than the Lebesgue space L7 and the multiplier space X » hence our result covers
the recent results given by Zhou and Fan [18].

Remark 1.2. The limiting case u € L> (0,7’ L?) concerning (2.1) was proved
by Seregin [10], by using an approach completely different from energy-type
estimate and the proof is based on delicate results on backward uniqueness.

2. Preliminaries

Before stating our main result, we recall the definition and some properties
of the space that we are going to use. These spaces play an important role in
studying the regularity of solutions to partial differential equations (see e.g.,

(6], [12]).

Definition 2.1. For 1 < p < ¢ < 400, the Morrey-Campanato space ./\'/lp’q is
defined by :
(2.1)

Myy = {f €10, (R : flgp. = sup SR | fll 1 poy) < oo} |
' z€R3 R>0
where B(z, R) denotes the ball of center « with radius R.

It is easy to verify that M, , (R?) is a Banach space under the norm ||. a1,
Furthermore, it is easy to check the following:

1
1O, , = 5 W, A >0
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Morrey-Campanato spaces can be seen as a complement to L? spaces. In fact,
for p < ¢, we have

Li= Mg, C M,y

We have the following comparison between Lorentz spaces and Morrey-
Campanato spaces: for p > 2,

L* (R¥) c L+ (R®) C Mp’% (R®) c X, (R%) C MQ,% (R%),

where LP-*° denotes the usual Lorentz (weak LP) space.
Due to the following lemma given in [8]:

Lemma 2.2. For 0 <r < %, the space Z, is defined as the space of f(z) €
L? (R3) such that

loc

[fllz, = sup [[fgllpe < oo

lgll s , <1
Then f € ./\/l27; if and only if f € Z, with equivalence of norms.
And the fact that
I*NH'CBy, CH for 0<r<1,
we have
X, C MQ,%v

where X, denotes the point-wise multiplier space from H" to L2.
We shall prove the following lemma, which will be employed in the proof of
our result.

Lemma 2.3. For 0 <r < 1, we have
1—r T
1Fllsg, < A" IV A1l

Proof. The idea comes from [9]. According to the definition of Besov spaces,
one has

1 lsg, = D2 1A £l

JEZ
<D VAl + D PV A S
i<k i>k

IN

3 3 3 3
(sz) (Dmm;) +(Z22"<"”) (Zz?jmjﬂiz)
i<k i<k j>k j>k

<C(2F NS + 2V S )
=C (21’”€A77‘ + 2]@(1”71)‘4177") ||fH};r ||fHT[’{1 ,
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where A = |||‘J;|“|H;. Choose k such that 2"¥ A" < 1, that is, k < [log A"], we
L

thus obtain
Iy, < C (142 D7) AT Al
< Ol IV Flze

and so the proof is complete. ([

3. Proof of Theorem 1.1

In order to prove regularity, we need to establish a priori estimates.
Now, we derive estimates under condition (1.2). We follow the argument
in [18] and do H! estimates first.
Multiplying the first equation of (1.1) by Auw, after integration by parts and
taking the divergence free property into account, we have
1d
2dt
= — 8iuk . 8ku]' . 8zu]dx + / 8zbk . (9ka . &ujdx
R3 R3

IVullZs + || AulZ.

(31) - / bk . 8248kuj . 3,bjdx
R3

Similarly, multiplying the second equation of (1.1) by Ab, we obtain
1d
2 dt
= — &-uk . 8kbj . alb]dif + / 8Zbk . 8kuj . &bjdx
R3 R3

IVBII72 + | AD]1Z

R3

Combining (3.1) and (3.2) (cancellation happens) yields
Ld
2dt

= — O;up, - 8ku]' . 8iujdx + / O;by, - 6kbj . 6ind$
R3 R3

(IVullZz +IVOIZ) + [ AulZ: + [|AD] L,

(3.3) — O;up, - 8kbj . &bjdx + / O;by, - 8kUj . &b]dl‘
R3 R?
Taking integration parts on (3.3) once to taking u out as
1d
5 (IVulZa + IVBIE:) + 1 AulE: + A3

= / Uk - 81(8kuj . &uj)dx - 81(8Zbk . akbj) . UjdlC
R3 R3

R3 R3



REMARKS ON LOGARITHMICALLY REGULARITY CRITERIA 469

(3.4) = [+ 11 +IIT+1V.

We do estimate for I + I1 4+ II1 4+ IV by Holder’s inequality and Young’s
inequality firstly as

[+ II+II1+1V|
< Cllully,, , IVullsg, 1 Aullze + Cllullg, 98] 57, 186] 22

< Clullg, , IVullzz"1Au] 2"+ Clul g

3
v

Vbl 2" || Ab||

|

e 1
(3.5) < Cllull g, (IVullze +1VBl72) + 5 (1AulZz + [ Ab][Z: .

For the first term in the right hand side of (3.5), we have

_2
Il 7 IVl + 1V0I32)

2
|1—T‘

3
< = 22 b 22 ]. 1 oo
< Trmte g sy Vellze + 1VBIz2) (14 In (e + flull o))

[ul
2

1—r
lull
2

< > 2, bl12.) (141 Sull 2+ V3|12
< Oy (Ve + IVBIE) (14 n (e 9l o 9°81))

where Sobolev embedding was used.
For any Ty <t < T, we let

(3.6) y(t):= sup ([IV7ullz2 + Vbl z2) -

To<s<t

Coming back to (3.4), we get
d
7 (IVullZe + [1Vb]Z2) + [|AullZz + [ Ab] 7.

2
1—r
lull

67 < Oy ey (IVulE +IV0IE:) (0 4+ nte +y(0))

Applying Gronwall’s inequality on (3.7) for the interval [Ty, t], one has
V(. 8122 +1[Vb(., )22
< (IVu(, To)lz: + V(. To)|12:)

%
oo g

X exp C(1+ln(e+y(t)))/ ds

7, 1+ (e + [|ul[p=)

< Coexp(Ce(1 +In(e +y(t)))) < Coexp(2Celn(e + y(t)))
(3.8) < Cole+y(t))*°,
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provided that

=

t Hu||M2 3

/ r ds < e < 1,
7, 1+ 1In (e [luf|L=)

and where Cy = ||Vu(.,To)[|2. + [|[Vu(., To) |32
Then we go to the estimate for H3 norm. Taking the operation A? = (—A)?2
on both sides of (1.1), then multiplying them by A3u and A3b respectively, after

integrating over R?, we have
1d
2dt
S A3 (u-Vu) Audz + | A3 (b- VD) APudx
R3 R3

(3.9) — [ A3 (u-Vb)A3bdx + [ AP (b- Vu) A3bdz.
R3 R3

(IA%u@[}- + [A%)[52) + [[A*Va@|. + |A*To).

Noting that V-« =V - b = 0 and integrating by parts, we write (3.9) as

(3.10)
1d
52 (A% + 1A% 7. ) + [ @), + Ao
== / [A*(u- Vu) = u- A*Vu] Agudx—/ [A3(u- Vb) — u - A3Vb] A3bdax
R3 R3

+/ [A%(b- V) — b A°Vb] APudz +/ [A3(b- Vu) — b A*Vu] A%bdz
R? R?
= 11} +II, + II3 + Il,4.

In what follows, we will use the following inequality due to Kenig, Ponce and
Vega [7]:

(3.11) A" (fg) = FA%gll Lo < C([|A* gl oy IV Al + 1A Fll o gl a2 ) 5

11,1 _ 1,1
foro¢>1,andp—p1+q1 ot o

Hence II; can be estimated as
13 1 5
I, < OfVullps|Aullfs < O Vull 21Nl f A ullF
1 13 3
(3.12) < EIIA%II%z + C||Vul| 2 |A%u] 22,

where we used (3.11) with @ = 3,p = %,pl =q = py = g2 = 3, and the
following inequalities

3 1
(3.13) IVullps < ClIVull {2 A%l £,
and

(3.14) IA%ullzs < CIVul 72 | A ull 7.



REMARKS ON LOGARITHMICALLY REGULARITY CRITERIA 471
If we use the existing estimate (3.8) for Tp <t < T, (3.12) reduces to
1
(3.15) My < G| Aul7z + CoCle+y(t) 5.

Similarly, we can do estimate for 13 as

I3 < [[A%(b- V) —b- A°Vb] s [[A%ul|1s
< ClIVb sl A%l o A% s
< o (IvogIaels) (Ivelg 1) (Ivul . 1At .)
< CIVB]LIA%] L (IVullis + [ Vbllz2)* (1A ulze + A%] 12)
< C(IVullgs + 1Vbllz) ¥ A% (1Al 2o + [A%])12)
< (Il + 1AL + O (IVullzs + |Vbl2) ¥ 1A%
(316) < & (1A%l + IA%I3.) + CoCle +y(0) 320

Using (3.13) and (3.14) again, we have
o+ 1 < C (Vs A%l s + [[Vull s [ A%l £s) [[A®]] s
< C(IVollrs + IVulle) (1A%BII7s + [[A%ulZs)

(3.17)

IN

1 3,180,
5 (IA%ullZe + [IA%B]1Z2) + CoCl(e + y(t) 22 .
Combining (3.10), (3.15), (3.16) and (3.17), we easily get

d 2 2 34130

= (1A%, + [A%(0)].) < CoCle+y() 3.

Gronwall’s inequality implies the boundness of H>-norm of u and b provided
that € < ﬁ, which can be achieved by the absolute continuous property of
integral (1.2).

This completes the proof under condition (1.2).

Then, we go to the proof for Theorem 1.1 under (1.3). First, we assume
0 < r < 1. We start from (3.3),

d
t

= — aﬂLk . 8kuj . 3Zujd:c + / Glbk . 6kbj . aﬂl,jdfﬂ
R3 R3

(IVullZz +IVOIZ2) + [ AulZ: + [|AD] L.

DN | =
U

— Ojuy, - ﬁkb] . &bjdac —+ / 0;by, - 8kUj . &bjd:n
R3 R3

IN

CIVull ., IVullgg [ Vullz + CUVul g I8 982

< ClVull, , (IVelZ2" 1 Aullze + (197" Ab]:)

3
[
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< 5 (Iaullfz +11A0]72) + ClIVul T 7 (IVulge + [VBIZ:) -

N =
Sl

Therefore, we have
d
e (IVull2= + Vol22)

< CIvul%7 (IVulls + [ V8]3)
I7u)Z 7
(IVull2: + [90l2:) (1 + In(e + [ Tul <))

< C 2.?
= YT (e + [Vull=)

_2
7u)Z "

3.18) <C (IVullZ> + [IVB]Z2) (1 + In(e + y(t))),

25
1+ 1In(e+ ||Vul|p=)

where y(t) is defined by (3.6).
Applying Gronwall’s inequality on (3.18) for the interval [Ty, ¢], one has

IV, )22 + [IVB(.,1)[[72 < Coexp(Ce(1 +In(e +y(t))))
< Coexp(2Celn(e + y(t)))
(3.19) < Cole + y(1))?e,
provided that

2
2—r
/t ||vlu’||./\/l2 3 d
- s<ek 1,
7, 1+ In(e+[[Vul <)

and where Cy = ||Vu(.,To)[|2 + [|[Vu(., To) |32
From (3.19), H? estimate for this case is same as that for the first case.
The proof is complete.
When r =1 in (1.3), We need the following lemma:

Lemma 3.1. If f € H'(R3?) and Vf € My 3(R3), then
f € BMO(R?).
Proof. By the classical Poincaré inequality, we have

2
/ FW) — foem|’dy < CR / V() dy
B(z,R) B(z,R)

2
C RS,
for every ball B(z, R) of any radius R and there holds

IN

2 1 / 2
= e E——— - d
Wlisso = S8 S0 TBG R Jpm /)~ Soen Wy

< CIvIE,,.

N
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Since V - w = 0, it follows from Coifman-Lions-Meyer-Semmes [1] (see also
[4]) that
w-VweH with |w- Vwl < C ||Vl . |lw] -,
where H! denotes the Hardy space on R®. Since (’Hl)* = BMO, (3.5) reads
[+ I+ 11T+ 1V
< CllullsaolVull 2| Aull2 + Cllull aro|[ VO] 2 [ Ab] 22
< Cllull g, [MVullzllAufzz + Cllull i, [VOllz2[[AD]| 22

1
< CIvully,,  (IVulZz +1Vbl7:) + 5 (1Aulzz + [ Ab]7:) -

,3

Then (3.8) reduces to

d

T (IVull= + [VD72) + [|Aul|72 + |Ab]17-
o i,
< 2

= T+ e+ ull=)

The remaining estimate is analogous to that for r < 1.

(IVullZz + IVBlIZ2) (1 +In(e + y(t))).
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