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A Fourth-Order Accurate Numerical Boundary Scheme for the Planar 
Dielectric Interface: a 2-D TM Case

Kyu-Pyung Hwang

Abstract

Preserving high-order accuracy in high-order FDTD solutions across dielectric interfaces is very important for 
practical time-domain electromagnetic simulations. This paper presents a fourth-order accurate numerical boundary 
scheme for the planar dielectric interface to be used in the fourth-order FDTD method proposed earlier by the author. 
The interface scheme for the two-dimensional (2-D) transverse magnetic (TM) polarization case is derived and 
validated by monitoring the L2 norm errors in the numerical solutions of a partially-filled cavity demonstrating its 
fourth-order convergence and long-time numerical stability in the presence of the planar dielectric interface.
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Ⅰ. Introduction

Demand for high-order finite-difference time-domain 
(FDTD) methods often arises from electromagnetic pro-
blems that involve large scale full-wave solutions of 
time-dependent Maxwell's equations. At present, various 
forms of high-order FDTD methods have been proposed 
to deliver time-domain electromagnetic solutions with 
high-order accuracy [1～9]. In the presence of heteroge-
neous media within the computational domain, maintain-
ing high-order accuracy across material interfaces is cru-
cial for justifying the practical applications of high- or-
der FDTD schemes. To address this problem, significant 
contributions have been made to assure high-order con-
vergence globally in high-order differential stencils [3～
9]. One-sided difference approximations and extrapo-
lations can be used to implement numerical boundary 
conditions across dielectric interfaces for uniform fourth- 
order convergence [3～5]. The author has proposed a 
semi-implicit boundary scheme to realize fourth- order 
accuracy across dielectric interfaces, which results in 
local modifications of the fourth-order FDTD equa-
tions originally derived in a homogeneous medium [8, 
9].

The boundary scheme for the material interface pre-
sented in the previous work [8, 9] is only applicable to 
a two-dimensional (2-D) transverse electric (TE) pola-
rization case. In the present paper, the boundary scheme 
is extended to the 2-D transverse magnetic (TM) case. 
A set of update equations for the electric field nodes 

along the planar interface is derived using high-order 
numerical integrations for proper handling of the field 
discontinuities. This interface update step is followed by 
a stabilizer step to guarantee long-time stability of the 
high-order FDTD solutions. Numerical tests in a 2-D 
partially-filled cavity are conducted for validation of the 
proposed boundary treatment. 

Ⅱ. FDTD Equations

Maxwell’s equations for the 2-D TM case can be 
written in an isotropic, homogeneous, lossless medium 
as 
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Since this is the complementary case of the 2-D TE 
polarization considered previously [8, 9], the fourth- 
order discretizations can be done in a similar manner to 
derive update equations for electric and magnetic field 
nodes in free space or in an inner domain away from 
boundaries, as well as in the vicinity of the dielectric 
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Fig. 1. Numerical stencil for the electric field, 
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by the unfilled circle at the planar dielectric inter-
face. Filled circles indicate electric field nodes with 
known n+1 time level information. Arrows in the x 
and y directions represent magnetic field nodes with 
known n+1/2 time level information.

and metallic boundaries. The fourth-order staggered back-
ward differentiation method [10] and the fourth-order 
staggered central difference are used for temporal and 
spatial approximations, respectively. For electric and 
magnetic nodes near metallic or dielectric boundaries, 
the update equations are locally modified by a one-sided 
staggered difference approximation in space in order to 
maintain the fourth-order accuracy [8, 9]. The results of 
analysis with regard to numerical dispersion and stability 
reported [9] previously remain valid for the 2-D TM 
formulation.

A major challenge in implementing the fourth-order 
FDTD method in the 2-D TM case lies in the interface 
scheme for the tangential electric field. To derive the 
update equation for the tangential electric field compo-
nent, Ez at the interface node ),(),( 0000 yjxiyx DD=   
as illustrated in Fig. 1, we start from the integral form 
of Ampere’s law
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In the finite-volume cell for 
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Unlike the case for the previous 2-D TE formulation, 
we have surface integrals that need to be evaluated on 

rectangular domains. Numerical evaluations of surface 
and line integrals in (4) need to have high-order accu-
racy to accomplish the overall fourth-order accuracy in 
space and time. For line integrals along the four seg-
ments around the rectangular cell,  a three- point numeri-
cal integration technique is used leading to
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The bowtie-shaped stencil depicted in Fig. 1 is em-
ployed to conduct the high-order numerical evaluation 
of the surface integrals in (4). For the left half of the 
finite-volume cell, S1, 
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where C1i, j is the weighting coefficient associated with 
each stencil point in the left of the planar interface. The 
integral for the right half of the cell, S2, can be approxi-
mated in the same manner. Therefore, applications of 
these high-order spatial approximations, combined with 
the fourth-order staggered backward differentiation me-
thod for temporal integration in (4), result in the semi- 
implicit update equation for the interface electric field 
component, given as
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where

.
000000 ,22,11, jijiji CCK ee += .

000000 ,22,11, jijiji CCK ee += (9)

In the fourth-order FDTD simulations employing this 
update scheme, late-time instability [11] is often ob-
served to develop along the interface. To eliminate this 
numerical artifact without loss of accuracy, we apply a 
numerical stabilizer step, in which every electric field 
component, 

1
, 00

+n
ji

E
)

 obtained by (8) at the interface is re-
calculated by another semi-implicit update equation. There-
fore, the stable update for interface electric field compo-
nents is achieved in two-steps. In the second step, a rec-
tangular stencil, as depicted in Fig. 2 is employed in-
stead to perform high-order numerical evaluation of sur-
face integrals based on 2-D Lagrange interpolation. This 
stabilizer step can be written as
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where

.
000000 ,22,11, jijiji DDL ee += .

000000 ,22,11, jijiji CCK ee +=  
(11)

Note that on the right hand side of (10), nearby elec-

tric field values along the interface, 
1

, 00

+
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, predicted 
based on the bowtie-shaped stencil in the first step are 
used with weighting coefficients, D1i, j, D2i, j, for the sta-
bilizer step.  

For an interface electric field node near a perfect 
electric conductor (PEC) boundary, as illustrated in Fig. 
3, we can make a one-step update instead, based on the 
rectangular stencil, as shown, to compute the electric field 
value at n+1 time level. We can take advantage of the 
fact that the tangential electric field values at the PEC 

Fig. 2. Numerical stencil for the electric field, 
1
2,0

+n
izE 1

, 00

+n
jizE

)
, de-

noted by the unfilled circle at the interface in the 
stabilizer step. Filled circles indicate electric field 
nodes with known n+1 time level information and 
nearby filled squares along the interface represent 
electric field nodes with their n+1 time level electric 
field values predicted using the bow tie-shaped stencil.

Fig. 3. Numerical stencil for the electric field, 
1
2,0

+n
izE , de-

noted by the unfilled circle at the planar dielectric 
interface near a PEC boundary. Filled squares along 
the interface represent electric field nodes with their 
n+1 time level electric field values predicted using 
the bowtie-shaped stencil.

boundary are always known to be zero and that nearby 
interface electric nodes, as denoted by the filled squares, 
are readily available by update steps based on the bow-
tie-shaped stencil described in Fig. 1.  

Ⅲ. Numerical Validation

We now focus on numerical validation of the fourth- 
order accurate planar dielectric boundary scheme, in 
combination with the fourth-order FDTD method [8], as 
presented in the previous section. To this end, the parti-
ally-filled cavity considered for the 2-D TE formulation  
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Fig. 4. Geometry of a 2-D partially-filled cavity with per-
fectly conducting walls. The right half of the cavity 
is filled with a lossless dielectric material with the 
relative permittivity, εr=4.

Fig. 5. Convergence slopes for the 2-D inhomogeneous cavity.

[8] is revisited to conduct a convergence test of the pro-
posed scheme in the 2-D TM case, as depicted in Fig. 
4. The TE3,2 mode is imposed as an initial condition and 
the L2 norms of the global errors in the computed elec-
tric field, Ez are monitored for 20 periods of the reso-
nant frequency, fr, which is found to be 398.79 MHz for 
the mode under study. The convergence rates and com-
putational costs of Yee's second-order, or (2,2) scheme 
and the proposed fourth-order, or (4,4) scheme are care-
fully compared, as shown in Fig. 5 and Fig. 6, respec-
tively. For all numerical tests in this paper, the time step 
for the second-order scheme, Δt(2,2)=0.95 ΔtYee and the 
time step for the fourth-order scheme, Δt(4,4)=0.4ΔtYee, 
where ΔtYee is the maximum time step for Yee's sec-
ond-order FDTD method derived from the stability anal-
ysis [1]. The numbers near the data points in these plots 
indicate grid points per wavelength in free space.

Fig. 6. Computational costs for the 2-D inhomogeneous cavity.

Fig. 7. Temporal history of the L2 norm errors.

Thus, in the dielectric region (εr=4), the number of grid 
points per wavelength is reduced by half. It is also as-
sumed that Δx=Δy in all simulation runs. 

Fourth-order convergence is clearly observed in Fig. 5 
for the fourth-order scheme with the proposed interface 
scheme. The superb accuracy of the proposed (4,4) 
scheme is demonstrated in this comparison with the 
conventional (2,2) scheme. For example, the (4,4) scheme 
with the grid resolution of about 15 points per wave-
length in the dielectric outperforms the (2,2) scheme by 
more than two orders of magnitude in terms of the glo-
bal numerical error. This translates to a huge compu-
tational cost difference, as noted in Fig. 6. The benefit of 
the stabilizer step in the proposed fourth-order boundary 
scheme is evident in Fig. 7, which shows the temporal 
history of numerical errors from three different schemes. 
In this example, Δx=Δy=0.025 m, which corresponds to 
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about 15 grid points per wavelength in the dielectric for 
the given resonant frequency. The (4,4) scheme with the 
stabilizer shows superior accuracy compared to the (2,2) 
scheme, while the (4,4) scheme without the stabilizer ex-
hibits an exponential growth of the non-physical solution 
after about 10 periods. Therefore, application of the sta-
bilizer technique in the interface update is the key to 
sustain stability of the (4,4) scheme without loss of ac-
curacy. Long-time stability of the (4,4) scheme with the 
proposed interface scheme has been numerically verified 
by running the implemented code for the 2-D parti-
ally-filled cavity for one million time steps with various 
discretizations and no late time instability has been found 
in the computed solutions.

Ⅳ. Conclusions

A numerical boundary scheme for the planar dielec-
tric interface has been presented to extend the previou-
sly proposed fourth-order FDTD method to the 2-D TM 
case. Numerical results from a 2-D inhomogeneous cavi-
ty have shown excellent computational efficiency of the 
proposed fourth-order method as well as its promising 
potential for highly accurate full-wave time domain simu-
lations of electrically large structures. Efforts are under-
way to extend capabilities of the proposed fourth-order 
FDTD algorithm to deal with more complex geometries.
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