ek 94a8) 2] A0 A(AI3 ), 329~340, 2011 DOI: 10.5322/JES.2011.20.3.329
Journal of the Environmental Sciences

Bayesian MCMC 2 Metropolis Hastings ¢118]&2 0]-£3t
FPNELHNA SFELEY v e BEHAY 4
M@l - ety |e)
ofs Eugsla), Eobey sk A £ R}

[e}
(20101 9 272 7<= 2010 119232 224 20116 19 132 =)
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Abstract

The probability concepts mainly used for rainfall or flood frequency analysis in water resources planning are the
frequentist viewpoint that defines the probability as the limit of relative frequency, and the unknown parameters in
probability model are considered as fixed constant numbers. Thus the probability is objective and the parameters have fixed
values so that it is very difficult to specify probabilistically the uncertianty of these parameters.

This study constructs the uncertainty evaluation model using Bayesian MCMC and Metropolis -Hastings algorithm for the
uncertainty quantification of parameters of probability distribution in rainfall frequency analysis, and then from the
application of Bayesian MCMC and Metropolis- Hastings algorithm, the statistical properties and uncertainty intervals of
parameters of probability distribution can be quantified in the estimation of probability rainfall so that the basis for the

framework configuration can be provided that can specify the uncertainty and risk in flood risk assessment and
decision-making process.

Key Words : Rainfall frequency analysis, Probability distribution, Parameter, Uncertainty, Bayesian MCMC, Metropolis-
Hastings
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E(Bayesian inference) 2 #-8-5t 4= glom, H|o|x|¢t
T 3A 37 A= 3 Eek WA w7
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2.1, Hjo|= Ha|
TN A A9k Bel diste] Z42ke] BHE P(A) 9o

P(B) 7100 okfehl A B o152 o) AR A

of] et %A% &-E(conditional probability) P(A4|B)

o] Hoj= 4] (1) o] thehd 4= 9e.
P(A|B)= P(AN B)/P(B) €]
o714, P(ANB)& A%} B7} B MPAISHE AMo]

gt S e, P(AIB) = AV B7E ofn]
ARTF AP0l Fol e uf A A7 AT b5
%)(chance) & LFeRui.

qhe} Z}7ke} BHgo] P(A) =0, P(B) = 00|

P(AIB)P(B)=P(ANB)=P(BA)P(A)
2
o|aL 4] 2)E AEstH 4] ) 22 Hjo|= FEE
AL = Qlk
P(A|B)= P(A)P(BIA)/ P(B) 3)
Hlo|z2 Ael P(4)E Fotn P(B)E Yo
2 7HASHA P(BIA)oA¥E P(AIB)& WSk
g 4= glon, o3t PS4 P(A)S AP E

Z(prior distribution), P(BA)E SLEF
(likelihood), P(B)E A3} <A (normalization
factor), P(A|B)E& AFEE X (posterior distribution)
2FaL Fhek. o 72 2 | o] A QF sl A of A AR &
= Ae7HEY 9 B UFo 2 Y freHH,
ofd 54 SA7F e E7] Ao £AAS] =134
A A& YEb 7] 918l AFEE T B AP R =
ofjuj §t 417l g (amorphous preconception), < 5}%]
22 (mechanistic reasoning), %1 -(hearsay) B+ 0|
H3t AEL 2313 AFpe 2= 9t shH, S =3
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G ofE mAe ek, B3 AL AT}
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ERE ALGEEFZbl| tisto] ofwl o BHE
g (X, 0)2 12d 0, oj7]4 X FTEHE, §
2= WE| S Lehjl, o] 2j3t o] e og)

7} A EUEE: 1(X, 0) S 7HTka &b,
of gt FHEEEE (marginal distribution) f y (

o} gl thet FHEEEE mg (0) &= thaat 2ol

qorr 12

Jﬂik

7(x, 0)do 7

/
mo6)= [(z, )dr ®)

oJ7|A, g () S G0l et APdEHE2 =g~ prior
density function)2} 3}7] = 3t}

2.2, HIO|X|Ot DR Z HiY 2H|FIER 7|H
AR-azo] tigt mo Y & 7 g AN EE
7|HE nfmE s AN EH7IERZ 7| (Markov Chain
Monte Carlo, MCMC)o|t}. o] A2 o)Al n}H 3 ¢
o] A&kl gk YytstE A MCMC "“EE‘% A
L3I (stationary distribution) 7} AFSEIEQ} ZH8 7|k
ZA(irreducible), H]—,—7]1J,(aperlod1c) upEE AN
CEs e,

MCMC 7] 4778} ko] Alabgio] g
2HE wj7H0) g MED S 7o 24 g
AMgEE dE]&o 2= Gibbs sampler(Geman,
1984; Casella 2} George, 1992)2} Metropolis-
Hastings &312]Z(Metropolis 5., 1953; Hastings,
1970)¢] It} Gibbs sampler+= Metropolis-Hastings
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2.2.1, Ot Ha(Markov Chains)

AFRE ploly) i 2AH0R AEYE)
93 MCMC 7]%1-2 vk ifo] ofs) %42 F3
& aaaiek 0, 61, - 5 shaisol et A

WA (sequence)al S wfj, wkok Al (9)9} & A7}
AelEheh, p( 0)7 9(1 7 Q(T )2 npm ol
e g,

p(g(t)w(o)’ Sy . o(z—l)) :p(a(t)w(t—l))

)

A (OEFE npEE Ade eF vpE oo 4
eferol @Al o] Atelof BRI AT 5 9l

07} ol E7discrete  state  space)
S= {51, 89, *++} Aol HolHrta g uj njza o
HolAd= A (10) Z2 tekA ol H(¢-step
transition matrix) ¢); j(t)§ 7= A (1D3 22
A3t 154 dolaE @, ol 2Js) PO 1)
7} gejenk AP,

Q. =Pr(0" =s;10""" =s) (10)
Q. )=Pr(0" =510 =5, (11)

VI 16 vh e o] HEYS vk

o]
Aol 3t 27124, = 712 (irreducibility), B1F
]“(aperlodlcny) ! positive recurrence’} THEEI T}
W Q== PAHE ¥ (stationary distribution), =
m(0) = p(ly) ol S=HFcKRoberts, 1996; Norris,

1997). o|&8j3t 2SS UHA 7=
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condition)& TFEA]7] &= Eq.

wHEE 7
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S ZZA(full balance
(12)g} 7o g olst AHAF

}im Q) =m (12)
T = 27 () @i (13)

2.2.2. Metropolis—Hastings €12|&
Metropolis-Hastings 237 2]Z-2 Metropolis 5-.(1953)

o 93] Aoz A7fESQOn, o]3 Hastings
(1970)]l o]l dutat=|Qlet. o] dare]&S A¢t
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HSHA] b A= FolA " A EE=
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a(X,, Y)=minil, -

o] 23t Metropolis-Hastings &38| &2 o2}
2 @A wep A¥E 4 Stk (Martinez -,
2002).

- Step 1. vk Adof gk 27|13k X, A4St
At=0=24A

- Step 2. ASHEE ¢(.|X,) ZHE TH V=

uy
- Step 3. 523 Uniform(0, 1)2Xe US
ua

 Stepd. F U< a(X,, Y)olH X,,, =Y
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Table 1. Results of Goodness-of-fit Test
Duration(hr) 1 2 3 4 6 9 12 15 18 24 48 72
) Com. 2.54 3.57 1.51 0.49 1.51 5.97 3.23 4.60 1.17 1.51 2.54 2.54
X Tab. 5.99 5.99 5.99 5.99 5.99 5.99 5.99 5.99 5.99 5.99 5.99 5.99
Com. 0.09 0.12 0.08 0.06 0.05 0.08 0.08 0.10 0.07 0.10 0.06 0.08
KS Tab. 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22
Com. 0.05 0.08 0.04 0.02 0.01 0.06 0.03 0.07 0.04 0.04 0.03 0.03
VM Tab. 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46
PPCC Com. 0.99 0.98 0.99 0.99 0.99 0.97 0.98 0.99 0.99 0.98 0.99 0.99
Tab. 0.94 0.95 0.94 0.93 0.94 0.93 0.93 0.92 0.92 0.93 0.93 0.94

* X Chi-Square test, KS : Kolmogorov-Smirnov test, CVM : Cramer Von Mises test, PPCC : Probability-Plot Correlation

Coefficient, Com.: Computed value, Tab.: Table value.

714, e A7l 4(location parameter), o+
TR 7 H4(scale parameter)©|1l k= FAH|7NH
4>(shape parameter)©|t}. 18] 31 General Logistic
] st Agt e 44 ﬁi’.}b Table 13} &t}

A, o] ]5E MCMC 7|43 o] g3fo] 79411
oflA] SRRl Tt ullde] IS
Br1el7] YalA= oka] A3 S22 2] General
Logistic #-320] thgt L =3k=7} & Q5hH, General
Logistic #-320] tjj3t - EFV\E LERYE 4] (17)3
ZthRao 2} Hamed, 2000).
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Table 2. Summary Statistics for Location Parameter
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Du(r}eli:)lon Min. Max. Mean  Mode  Med. Std. Skew Kur. 10% zsf:/c:rcentl;es: % 90%
1 23312 37.792 29.901 30.580 30.233 3971 0.147 3.017 23312 27389 31956 36.735
2 34701 54315 42.135 44.638 41.630 4711 0741 4417 36.013 39.794 44548 48.051
3 41.326 57.366 49.631 48.537 49.193 4.677 0.015 2.249 43536 45450 52.830 57.292
4 46.129 69.087 56.495 55.760 56.413 5.597 0.229 3317 49.416 51.529 60.575 63.431
6 53.668 81.157 67.573 68.574 68.153 6.829 0.031 2.984 59.319 62.803 71.197 76.263
9 63.573 93416 79.342 76958 78.675 8247 0.003 2.180 70.337 72.225 87.715 89.666
12 69.382 105.432 88.225 81.123 86.262 10.002 0.183 2301 77.081 80.899 96.292 102.869
15 74222 114253 95.077 92.032 92.886 10.144 0.067 2.781 83.573 89.079 106.094 107.246
18 82.077 118.964 101.043 97.641 98291 9.714  0.153 2472 90.250 94.588 110.355 113.704
24 90.337 129.570 110.700 106.111 106.874 10.809  0.141  2.201 98.146 105.086 120.478 126.463
48 114.924 160.214 132238 134.762 131.757 13.792  0.406  2.034 115.939 118.790 145.421 148.755
72 123.690 172.677 144.165 125.036 143915 14.867 0.332  2.065 125.522 133.421 159.261 165.938
% Min.: Minimum, Max.: Maximum, Med.: Median, Std.: Standard deviation, Skew: Skewness, Kur.: Kurtosis.
Table 3. Summary Statistics for Scale Parameter
Duration Min. Max. Mean  Mode  Med. Std. Skew Kur. Percentile
(br) 10%  25%  75%  90%
1 3681 11.112 7.648 8706 7.999 1.747 -0434 3557 5350 6.286 8.689  9.466
2 5979 13.251 9338  7.539 8877 2.198  0.261 1.909 6289  7.533 11.308 12.468
3 6.886 15.019 10.591 12.702 10.006 2425 0.353 2.201 6.961 8.888 12.815 14.507
4 7.376 16.750 11.810 10.455 10.803 2.770 0.355 2.020 8.298 9.791 14.004 15.873
6 9.833 20.782 13.996 16.378 12.899 3.267 0.529 2.172 10327 11.403 16.430 18.548
9 8.689 24919 16.552 13910 16.453 3.731 0.212 3.686 13.095 13.974 18.761 21.502
12 10.681 27.634 18.987 19.708 19.041 4.109 0.263 3417 14948 15999 20.963 25.897
15 12.920 31.207 21.093 21.249 21.035 4772 0.603  3.238 15.611 17.649 22.530 29.778
18 14.791 33.863 23.331 23.360 22920 5.117 0577 3296 16.090 20971 23.952 32.986
24 15.850 39.101 27.106 27.114 26.568 5.926 0.517 3.343 20.768 23.605 27.666 37.436
48 21.350 50.844 33.533 29.573 32.852 6.907 0.713 4285 25547 29.647 37364 43.658
72 19.309 60.662 36.349 37.857 36.790 9.050 0.813 5363 25.729 32.881 38.784 48.280
Table 4. Summary Statistics for Shape Parameter
Du(r}zlirt)lon Min. Max. Mean  Mode Med. Std. Skew Kur. 10% 5 51:/:rcent171: % 90%
1 -0.387 0236 -0.141 -0.199 -0.174 0.153 0947 3967 -0.293 -0.239 -0.087  0.098
2 -0.373  0.154 -0.120 -0.366 -0.120 0.150 -0.134 2786 -0.363 -0.167 -0.035  0.110
3 -0.430 0.188 -0.159 -0.188 -0.177 0.171  0.037 2.605 -0.362 -0.333 -0.004 0.014
4 -0.543 0.186 -0.170 -0.155 -0.173 0.169 -0.104 3.821 -0.415 -0.304 -0.069 0.034
6 -0.532 0.137 -0.170 -0.215 -0.198 0.159 -0.142 3.892 -0.400 -0.235 -0.070 0.090
9 -0.580 0.135 -0.185 -0.286 -0.194 0.189 -0.324 2936 -0.502 -0.288 -0.038 0.063
12 -0.595  0.154 -0.188 -0.311 -0.202 0.204 -0.205 2.647 -0.514 -0.305 -0.049 0.091
15 -0.591  0.108 -0.203 -0.142 -0.162 0.198 -0.298 2481 -0.531 -0.353 -0.063 0.072
18 -0.589  0.075 -0.221 -0.374 -0.198 0.186 -0.320 2294 -0.497 -0.374 -0.065 0.009
24 -0.596  0.028 -0.235 -0.158 -0.175 0.190 -0.481 1.995 -0.520 -0.415 -0.067 -0.018
48 -0.566  0.221 -0.240 -0.130 -0.164 0.254 0.102 1.665 -0.564 -0.520 -0.064  0.073
72 -0.639  0.239 -0.249 -0.631 -0.158 0300 0.017 1484 -0.629 -0.521 -0.053 0.144
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Table 5. Distributions and Estimates for GLO Parameters

- mk7]H

Duration  Location Para. ¢ (Normal Dist.) Scale Para. a (Logistic Dist.)

Shape Para. k (Triangular Dist.)

(hr) Mean, Std., o m a* Min., a Most Likely, ¢ Max., b
1 29.901 3.971 7.751 0.955 -0.425 -0.239 0.294
2 42.135 4.711 9.247 1.292 -0.459 -0.117 0.214
3 49.631 4.677 10.453 1.400 -0.544 -0.179 0.251
4 56.495 5.597 11.647 1.615 -0.602 -0.167 0.246
6 67.573 6.829 13.785 1.914 -0.579 -0.210 0.213
9 79.342 8.247 16.458 2.048 -0.661 -0.116 0.204
12 88.225 10.002 18.862 2.250 -0.685 -0.112 0.236
15 95.077 10.144 20.763 2.600 -0.724 0.108 0.108
18 101.043 9.714 22.977 2.754 -0.711 0.075 0.075
24 110.700 10.809 26.664 3.173 -0.711 0.028 0.028
48 132.238 13.792 33.138 3.664 -0.566 -0.566 0.359
72 144.165 14.867 35.907 4.605 -0.639 -0.639 0.436
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Table 6. Distribution Fitting for Bayesian MCMC Simulation
Parameters XLO XSC XSH
Distribution Normal Distribution Normal Distribution Weibull Distribution
Types &
Parameters M 4 © 4 ¢ Jé] 5
1 30.01 0.638 6.91 0.585 -0.413 0.215 1.898
2 42.21 0.684 8.87 0.609 -0.504 0.410 3.355
3 49.71 0.688 10.19 0.627 -0.524 0.354 2.886
4 56.51 0.681 11.41 0.643 -0.562 0.346 3.130
6 67.61 0.696 13.52 0.669 -0.439 0.254 2.433
Dihr) 9 79.38 0.695 16.17 0.678 -0.397 0.219 2.238
12 88.24 0.699 18.63 0.676 -0.402 0.228 2.260
15 95.10 0.693 20.51 0.682 -0.378 0.213 2.020
18 101.07 0.696 22.73 0.682 -0.389 0.221 2.183
24 110.75 0.708 26.41 0.698 -0.441 0.294 2.890
48 132.31 0.700 32.93 0.691 -0.513 0.372 2.717
72 144.25 0.710 35.73 0.696 -0.618 0.496 3.598

% 10 mean, o: standard deviation, ¢: location parameter of Weibull distribution, 3: scale parameter of Weibull distribution, ¢: shape

parameter of Weibull distribution

zagHoR 4
Al A5 A

66.25 68.93

Probability Density

XLO(Duration=6hr)

(a) Durarion 6 hr

12,209 14.322

Probability Density

XSC(Duration=6hr)
(a) Durarion 6 hr

Probability Density

% 4 9Lop], GLO £2.9] P
4

H4271-0.439, TR 74

86.87 89.61
+ Y

& 88 89
XLO(Duration=12hr)

(b) Duration 12 hr

9

Probability Density

109.364

7} 0.254, A7 47} 2.43391 3= Weibull &
E2 38502 43d 5 gk

112.131

1080 1085 109.0 109.5 110.0 110.5 111.0 1115 1120 1125 1130

Fig. 5. Distribution Fitting of Location Parameter

0.7

Probability Density

100 115 120 125 130 135 140 145 150 155 160 165

Fig. 6. Distribution Fitting of Scale Parameter.

17.30

XSC(Duration=12hr)

(b) Duration 12 hr

19.96

XLO(Duration=24hr)

(c) Duration 24 hr

XSC(Duration=24hr)

(c) Duration 24 hr




Bayesian MCMC % Metropolis Hastings €17 2] &2 0|83 7RI =i

>
>

PN
»>

Probability Density

Probability Density

0.5 04 0.3 02 0.1 0 01 0.2 0.3 0.4 0.3
XSH(Duration=6hr)

(a) Durarion 6 hr

0.2 0.1
XSH(Duration=12hr)

(b) Duration 12 hr

Probability Density
~
s

0.0 01 Q.

Fig. 7. Distribution Fitting of Shape Parameter.

°

A, & dAtollA= GLO 29| 7t ijljig=o]
et E2HAds AEssty] fIske] HPD (highest
posterior density interval) -7+ 4315 oW, 1
A= Table 73} 2t} Table 72HE| X|EHAI7F 6A]
2be] A% AU, RIS D P4y
Ao tigt B84 o] ZF2E 66.285~69.015,
12.197~14.790, -0.4008 ~-0.0223 2 FA =%l S

A &EAIZE 12A]7F] AL ZF7 86.884~89.599,

17.312~20.003, -0.3661 ~-0.0241 2 A=A}

0.3458

045 -0.40 035 030 025 020 0.15 0.10
XSH(Duration=24hr)

AoflA g o] ul7lj ol tiet 224 g 34 339

0.0232
t

-0.05 000 0.05 010

(c) Duration 24 hr

TS Sl 7125 viAskarAl o
o} ARl sl Ao A 25
sfA 2 A
MCMC Y
Metropolis-Hastings &i12] &L o 2344
B d S 55l

H Lol A H|o]X]QF MCMC % Metropolis-

Hastings I312)5-8 BT v v 24

o] Zgollx] M=
4 et Ruaos BRI

GLO %] ij/fiso] R4S 71t
S Ao PHS(XLO), THRIIAMXSC) 2]

= O

52 5191 GLO R} 7

e
)

-
3

Kl

ZSi7HaXSH) o] 224 e APgsil e,
SEIF A e nirl o] Higt EA

= SHA EA 1l HELALA _?_7}2 Z-}E]:ﬁ].—g].o:‘ xﬂ /\]‘5‘1— 2~
N _ N HE o xR =20 = 00 = T
oIl BRI W SRS AR -
XA
Table 7. HPD Interval (GLO distribution)
. XLO XSC XSH
duration
lower upper lower upper lower upper
1 28.830 31.289 5.804 8.075 -0.4096 -0.0199
2 40.903 43.558 7.631 10.049 -0.3703 0.0919
3 48.368 51.024 8.997 11.430 -0.4380 0.0120
4 55.201 57.827 10.261 12.757 -0.4561 -0.0466
6 66.285 69.015 12.197 14.790 -0.4008 -0.0223
9 77.955 80.669 14.916 17.530 -0.3640 -0.0303
12 86.884 89.599 17.312 20.003 -0.3661 -0.0241
15 93.712 96.418 19.067 21.783 -0.3524 -0.0026
18 99.698 102.427 21.441 24.050 -0.3531 -0.0122
24 109.345 112.062 25.068 27.801 -0.3516 -0.0017
48 130.922 133.660 31.560 34.276 -0.4215 0.0487
72 142.842 145.594 34.362 37.101 -0.4296 0.0739
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