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Abstract. In most of literatures of age replacement policy, the authors consider 
the case that a new item starts operating at time zero and is to be replaced by new 
one at time T. It is, however, often to purchase used items because of the limited 
budget. In this paper, we consider age replacement policy of a used item whose 
age is 0t . The mathematical formulas of the expected cost rate per unit time are 
derived for both infinite-horizon case and finite-horizon case. For each case, we 
show that the optimal replacement age exists and is finite and investigate the 
effect of the age of the used item. 
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 1. INTRODUCTION 
 

Since Barlow and Hunter (1960) proposed an age replacement policy in which an 
operating item is replaced at age T or at failure, whichever occurs first, the age 
replacement policy has been extensively studied by incorporating various types of repairs 
at failure and cost structures for repair. Beichelt (1976), Berg, Bienvenu and Cléroux 
(1986), Block, Borges and Savits (1988) and Sheu, Kuo and Nakagawa (1993) consider 
the age-replacement problem with age-dependent minimal repair and different cost 
structures. Cleroux, Dubuc and Tilquin (1979) and Bai and Yun (1986) consider age 
replacement policy based both on the system age and the minimal repair cost. Sheu and 
Griffith (1996), Sheu (1998), Sheu and Chien (2004) and Chien and Sheu (2006) consider 
age replacement policy of system subject to shocks.  Sheu (1991), Sheu, Griffith and 
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Nakagawa (1995), Jhang and Sheu (1999) and Sheu, Yeh, Lin and Juang (1999) consider 
age replacement policy with age dependent replacement and random repair cost. 

Recently, condition based maintenance has attracted a great attention of researchers 
and engineers because it enables ones to make maintenance decisions based on the current 
information about the system. Scarf (2007) categorizes condition based maintenance 
models into three groups which are proportional hazard models, failure threshold models 
and two-phase failure models. Researchers consider the proportional hazard model (PHM) 
to develop the hazard rate function based on the monitored condition information and the 
age of the equipment. And they use the hazard rate function to determine optimal 
replacement time to either minimize the expected cost per unit time or maximize the long 
run average availability. (Makis and Jardine (1992), Wang, Scarf and Smith (2000), 
Jardine and Tsang (2006), Li et. al (2007)). Wang and Zhang (2005) point out that the 
proportional hazard model uses only the current observation, not all the previous history 
of health information. In failure threshold models, it is typically assumed that the unit fails 
if the condition of the unit is above the failure threshold. (Park (1988), Crister and Wang 
(1995)) Since the current condition may be unobservable, failure threshold models have 
been evolved by assuming that the condition can be calibrated by the indicator of 
condition (Crister, Wang and Sharp (1997), Wang (2002)). Typically, the specification of 
a failure threshold may not be feasible. Researchers consider two-phase failure models or 
delay-time model in which if the condition indicator is above the threshold then the 
component is assumed to be likely to fail. These models are used to optimize the 
monitoring interval (Christer and Wang (1992), Coolen and Dekker (1995), Christer 
(1999)). 

In condition based maintenance or replacement policy, the conditional distribution of 
random residual life at the monitoring time given the monitored condition information 
plays an important role in determining the optimal maintenance time or optimal 
replacement time. There have been three different ways of modeling the conditional 
distribution of random residual life given the condition information and estimating in the 
conditional distribution. Proportional hazard model (PHM) has been considered by Kumar 
and Westberg (1997), Love and Guo (1991), Makis and Jardin (1991), Jardin et. al (1998), 
Banjevic et. al (2001). Accelerated life model (ALM) has been used by Kalbfleisch and 
Prentice (1980), Wang and Zhang (2005). And stochastic filtering and hidden Markov 
models (HMM) has been studied by Hontelez et. al (1996), Christer et. al (1997), Wang 
and Christer (2000), Bunks et. al (2000), Dong and He (2004), Lin and Markis (2003, 
2004), Baruah and Chinnam (2005), Wang (2006), Lipi, Lim and Zuo (2010). 

In this paper, we consider two-phase failure models and propose a condition based 
age replacement policy in which when the condition indicator of a system exceeds the 
warning threshold value, the system is replaced by new one either after planned time 
period T or at failure, whichever comes first. We formulate the expected cost per unit time 
for both the infinite-horizon case and the finite-horizon case. Our cost functions balance 
the cost ofpreventive replacement against the cost of failure given theprobability 
distributions of the time at which the condition indicator is beyond the warningthreshold 
and the time between the condition indicator crossing of the warning threshold and the 
consequent failure. We show the existence and uniqueness of the optimal replacement 
time which minimizes the expected cost rate per unit time. 
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The remainder of this paper is organized as follows. Section 2 describes the condition 
based age replacement policy and develops the expected cost per unit time for both the 
infinite-horizon case and the finite-horizon case is formulated. In Section 3, the optimal 
replacement schedule is investigated. In Section 4, a numerical example is given to 
illustrate our results. 

 
 

2. CONDITION BASED AGE REPLACEMENT POLICY 
 

Let it  be the i-th monitoring time and let iY  be the condition information monitored 
at it , 1, 2,...i = . Let iX  be the random residual life at monitoring time it .  

Wang (2002) obtains the conditional distribution of iX  given that condition 
information up to it , denoted by 1 2{ , ,..., }i iY Y Yℑ = , is monitored. In his model, iY  is 
assumed to be a random variable and to be dependent on iX . The conditional probability 
density function of iY  given iX  is given by ( | )i ig y x . The conditional probability 
density function of iX  given 1 2{ , ,..., }i iY Y Yℑ =  is given by  

1 1 1

1 1 10

( | ) ( | )( | )
( | ) ( | )

i i i i i i i
i i i

i i i i i i i i

g y x p x t tp x
g y x p x t t dx

− − −
∞

− − −

+ − ℑ
ℑ =

+ − ℑ∫
.                       (2.1) 

Let ݐ ൌ ሼݐ௜| ௜ܻ ൒ ௖ܻሽ௜ஹଵ 
௠௜௡ , where cY  is the critical condition information (warning 

threshold point) after which the system begins deteriorating rapidly. In Figure 2.1, t is ݐ௞ 
and condition information up to age tis Ա௧ ൌ Ա௞ ൌ ሼ ଵܻ, ଶܻ, … , ௞ܻ }. Then in order to 
minimize the maintenance cost, operating personnel may want to know the proper time at 
which the system should be replaced. Since unexpected failure typically causes extra cost 
for handling failure, it could take more cost than one for planned replacement to do 
replacement at failure. Hence it is worthy of considering the following age replacement 
policy based on condition information.  

 
• Step 1   At monitoring time it , 1, 2,...i = , the condition information of the system 

is monitored and recorded. 
• Step 2   When the monitored indicator exceeds the warning threshold value, we 

consider the following age replacement policy at this point of time, denoted by ݐ  ൌ
ሼݐ௜| ௜ܻ ൒ ௖ܻሽ௜ஹଵ 

௠௜௡ . 
『A system is replaced by new one either after planned time period T or at failure, 

whichever comes first. 』 
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Figure 2.1. Condition based age replacement policy 

 
 
 

3. EXPECTED COST AND OPTIMAL REPLACEMENT TIME 
 
3.1. Infinite-horizon case 
 

1) The long run expected cost per unit time 
Let a cycle be defined as the duration from initial operation to replacement either 

planned or reactive. Let fC  and rC be cost for failure and cost for planned replacement, 

respectively. And let tX  be the residual life of the system at age t ൌ ሼݐ௜| ௜ܻ ൒ ௖ܻሽ௜ஹଵ 
௠௜௡  and 

1 2{ , ,..., |  is such that }t k kY Y Y k t tℑ = =  be the history of condition information of the 
system up to age t.  

Let tV  be the cost incurred during a cycle and tZ  be the length of a cycle. Then we 
have )()( TXICTXICV trtft ≥⋅+<⋅= and ( ) ( )t t t tZ t X I X T T I X T= + ⋅ < + ⋅ ≥ . 

Hence the expected cost incurred during a cycle and the expected length of a cycle 
can be obtained as follows. 

)|()|(]|[ ttrttftt TXPCTXPCVE ℑ≥⋅+ℑ<⋅=ℑ  
and 

0

( | ) [ ( ) | ) [ ( ) | ]

          ( | ) ( | )

t t t t t t t
T

t t t t

E Z t E X I X T E T I X T

t xf x dx T P X T

ℑ = + ⋅ < ℜ + ⋅ ≥ ℑ

= + ℑ + ⋅ ≥ ℑ∫
 

where ( | )t tf ⋅ ℑ  is the conditional probability density function of tX  given that the 
condition information tℑ  is monitored. If t is such that ,  1, 2,...,kt t k n= = , then it can 
be obtained from Wang (2002) that 
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1 1 1

1 1 10

( | ) ( | )( | ) ( | )
( | ) ( | )

k k k k k k k
t t k k k

k k k k k k k k

g y x p x t tf x p x
g y x p x t t dx

− − −
∞

− − −

+ − ℑ
ℑ = ℑ =

+ − ℑ∫
. 

Long run expected cost Ct(T) at age t can be defined as follows.  

]|[
]|[

cycle) a of(length 
cycle) a during if incurredcost ()(lim)|(

tt

tt

st ZE
VE

E
E

s
sKTC

ℑ
ℑ

===ℑ
∞→

, 

 
where K(s) is the cumulative expected cost due to the series of cycles in an internal ),0( s . 
K(s)/s is the expected cost per unit time. The second equality holds due to Renewal 
Reward Theorem. (See Ross(1992) for details.) 
 

Therefore we have the long run expected cost ( )tC T  at age t as follows.  
( | ) ( | )[ | ]( | )

[ | ] ( | ) ( | )
f t t r t tt t

t t T
t t t t t to

C P X T C P X TE VC T
E Z t f x dx T P X T

⋅ < ℑ + ⋅ ≥ ℑℑ
ℑ = =

ℑ + ℑ + ⋅ ≥ ℑ∫
.             (3.1) 

 
2) The optimal replacement age T* which minimizes long run expected cost. 

Taking a partial integration of 
0

( | )
T

t txf x dxℑ∫  and replacing ( | )t tP X T≥ ℑ by 

1 ( | )t tP X T− < ℑ , we have simplified long run expected cost as follows. 
( ) ( | ) ( ) ( | )

( | )
( | ) ( | )

f r t t r f r t t r
t t T T

t t t to o

C C P X T C C C F T C
C T

t T P X x dx t R x dx

− ≤ ℑ + − ℑ +
ℑ = =

+ − ≤ ℑ + ℑ∫ ∫
, 

where )|()|( tttt xXPxF ℑ≤=ℑ  and )|()|( tttt xXPxR ℑ≥=ℑ . 
Taking a derivative of ( | )t tC T ℑ with respect to T yields  

∫ ℑ+

+ℑ−
=ℑ T

o tt

rttrf
tt dxxRt

CTFCC
dT
dTC

dT
d

)|(
)|()(

)|(  

2

1

[ ( | ) ]
T

t to
t R x dx

= ×
+ ℑ∫

 

{ }( ) ( | )[ ( | ) ] [( ) ( | ) ] ( | )
T

f r t t t t f r t t r t to
C C f T t R x dx C C F T C R T− ℑ + ℑ − − ℑ + ℑ∫  

ൌ
ܴ௧ሺܶ|Ա௧ሻ

ቂݐ ൅ ׬ ܴ௧ሺݔ|Ա௧ሻ்݀ݔ
଴ ቃ

ଶ 

ൈ ൬൫ܥ௙ െ ௥൯ܥ ቄ݄௧ሺܶ|Ա௧ሻ ቂt ൅ ׬ ܴ௧ሺݔ|Ա௧ሻ்݀ݔ
଴ ቃ ൅ ܴ௧ሺܶ|Ա௧ሻቅ െ  ௙൰,        (3.2)ܥ
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where 
( | )( | )
( | )

t t
t t

t t

f uh u
R u

ℑ
ℑ =

ℑ
. 

Our goal is to find an optimal age *T  for replacement such that ( | )t tC T ℑ  is 

minimized. It is well known that the necessary and sufficient condition for *T  to be 

optimal is 
*

( | ) 0t t
T T

d C T
dT =

ℑ = . That is, the optimal age *T  for replacement is the 

solution of the following equation if it exits. 

( | )[ ( | ) ] ( | )
T f

t t t t t to
f r

C
h T t R x dx R T

C C
ℑ + ℑ + ℑ =

−∫ .                         (3.3) 

 
The following theorem formally state the existence and the uniqueness of the optimal 

replacement age in the proposed age replace policy. 
 

Theorem 1. Suppose that )|( tt xh ℑ  is strictly increasing in 0≥x  and goes to infinity as 

x goes to infinity. Then there exists the optimal age *T  for replacement which minimizes 

( | )t tC T ℑ  in (3.1) provided that 
rf

r
tt CC

Cht
−

<ℑ⋅ )|0( . 

 
Proof. Let )(Tξ  be the left-sided term in the equation (3.3). Then it is sufficient to show 

that there exists *T  such that 
rf

f

CC
C

T
−

=)( *ξ . When 0=T , it is obvious from the 

assumption that 
rf

f
tttttt CC

C
htRhtT

−
<+ℑ⋅=ℑ+ℑ⋅== 1)|0()|0()|0()0(ξ . 

Taking a derivative of )(Tξ  with respect to T yields  
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T
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Since )|( tt xh ℑ  is strictly increasing in 0≥x , it is clear that 0)(
>

dT
Tdξ

 and then )(Tξ  

is strictly increasing. Finally, we have 
( ))|(])|()[|(lim)(lim tt

T
o ttttTT

TRdxxRtThT ℑ+ℑ+ℑ= ∫
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T
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Hence there exists optimal age T* for replacement which minimizes the long-run expected 
cost ( | )t tC T ℑ  in (3.1) and it is unique.  

 
Remark. If the condition, ݐ · ݄௧ሺ0|Ա௧ሻ ൏ ஼ೝ

஼೑ି஼ೝ
, in Theorem 1 does not hold, there is no 

guarantee that there exist the optimal age for replacement. We may consider two possible 
cases which are (i) ݐ · ݄௧ሺ0|Ա௧ሻ ൌ ஼ೝ

஼೑ି஼ೝ
 and (ii) ݐ · ݄௧ሺ0|Ա௧ሻ ൐ ஼ೝ

஼೑ି஼ೝ
. If ݐ · ݄௧ሺ0|Ա௧ሻ ൌ

஼ೝ
஼೑ି஼ೝ

, then the long-run expected cost ( | )t tC T ℑ  is minimized at T=0. Hence, the 

optimal replacement policy is to replace the system at the current monitoring time. If 
ݐ · ݄௧ሺ0|Ա௧ሻ ൐ ஼ೝ

஼೑ି஼ೝ
, then ( | )t tC T ℑ  is minimized at T<0. Hence is recommended to 

replace the system at the current monitoring time. 
 

3.2. One-replacement-cycle case 
 

When the planning time span is finite, we can not apply Renewal Reward Theorem. 
Sheu et. al. (1999) consider total cost per unit time between two successive replacement 
when the planning time span is finite. We also utilize total cost per unit time between two 
successive replacements for the case that the planning time span is finite. 

 
 
 
 
 
 
 
 

Figure 3.1. Two possible failures and related cost per unit time 
 
 
1) The expected cost per unit time between two successive replacements 
 
Let fC  and rC be cost for failure and cost for planned replacement, respectively. We 

can consider two possible cases of failure as shown in Figure 3.1 and can obtain total cost 
per unit time between two successive replacements at age t as follows.  

(0, ] ( , )( | ) ( ) ( )f r
t t T t T t

t

C CW T I X I X
X T ∞

⎛ ⎞ ⎛ ⎞ℑ = +⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

. 

Then the expected value of W(T) becomes 

(0, ) ( , )[ ( | )] [ ( ) | ] [ ( ) | ]f r
t t T t t T t t

t

C CE W T E I X E I X
X T∞

⎛ ⎞ ⎛ ⎞ℑ = ⋅ ℑ + ⋅ ℑ⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

 

T

Failure 

tX  

Planned replacement time Failure 

tX  

Case 1 Case 2 

( | ) /t t f tW T C Xℑ =Cost : ( | ) /t t rW T C Tℑ =  
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0

( | )1 ( | )
T t t

f t t r
P X TC f x dx C

x T
> ℑ

= ⋅ ℑ + ⋅∫                         (3.4) 

 
2) The optimal replacement time T*which minimizes [ ( ) | ]t tE W T ℑ  
 

Taking a derivative of [ ( ) | ]t tE W T ℑ  with respective to T yields 
݀

݀ܶ
ሾܧ ௧ܹሺܶ|Ա௧ሻሿ ൌ ൫ܥ௙ െ ௥൯ܥ ·

1
ܶ ௧݂ሺܶ|Ա௧ሻ െ ௥ܥ ·

1
ܶଶ ܴ௧ሺܶ|Ա௧ሻ 

ൌ ଵ
்మ ܴ௧ሺܶ|Ա௧ሻ൛൫ܥ௙ െ ௥൯ܥ · ݄ܶ௧ሺܶ|Ա௧ሻ െ  ௥ൟ.              (3.5)ܥ

Our goal is to find an optimal age *T  for replacement such that [ ( ) | ]t tE W T ℑ  is 

minimized. It is well known that the necessary and sufficient condition for *T  to be 

optimal is 
*

[ ( | )] 0t t
T T

d E W T
dT =

ℑ = .That is, the optimal age *T  for replacement is the 

solution of the following equation if it exits. 
ܶ · ݄௧ሺܶ|Ա௧ሻ ൌ ஼ೝ

஼೑ି஼ೝ
                                                (3.6) 

The remaining is to show that there exists *T satisfying 
*

[ ( ) | ] 0t t
T T

d E W T
dT =

ℑ = . 

That is officially stated in the following theorem. 
 

Theorem 2. Suppose that )|( tt xh ℑ  is strictly increasing in 0≥x . Then there exists the 

optimal replacement age *T  which minimizes ܧሾ ௧ܹሺܶሻ|Ա௧ሿ in (3.4). 
 
Proof. Let ߜሺܶሻ be the left-sided term in the equation (3.6). When 0=T , it is obvious  
that ߜሺܶ ൌ 0ሻ ൌ 0 · ݄௧ሺ0|Ա௧ሻ ൏ ஼೑

஼೑ି஼ೝ
. Taking a derivative of ߜሺܶሻ  with respect to T 

yields  
ሺܶሻߜ݀

݀ܶ
ൌ ݄௧ሺܶ|Ա௧ሻ ൅ ܶ ·

݀
݀ܶ

݄௧ሺܶ|Ա௧ሻ. 
 

Since )|( tt xh ℑ  is strictly increasing in 0≥x , it is clear that ௗఋሺ்ሻ
ௗ்

൐ 0 and then ߜሺܶሻ is 
strictly increasing. Finally, it is clear that ்݈݅݉՜ஶ ሺܶሻߜ ൌ ்݈݅݉՜ஶ ܶ · ݄௧ሺܶ|Ա௧ሻ ൌ ∞ 

Hence there exists optimal age T* for replacement which minimizes the long-run 
expected cost ܧሾ ௧ܹሺܶሻ|Ա௧ሿ in (3.4) and it is unique.  

 
 

4. EXAMPLE 
 

Wang (2002) considers the data of overall vibration level of six bearings, which is 
from a fatigue experiment. It can be seen from Figure 4.1 that all bearings tend to fail after 
the vibration level is beyond 10 while the life time of bearings varies from around 100 
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hours to over 1000 hours. Hence it is reasonable to make a decision for planned 
replacement when the vibration level is beyond 10 which is warning threshold point.  

With the estimated model parameters and given condition information history 
outlined in Wang (2002), the long run expected cost can be calculated with equation (3.1) 
assuming that the cost for preventive replacements ሺܥ௥ሻ is $1000 and the cost for failure 
replacements ሺܥ௙ሻ  is $2000. For the monitoring time point the 256th 
hour(= ሼݐ௜| ௜ܻ ൒ 10ሽ௜ஹଵ 

௠௜௡ ), the long run average cost is plotted as a function of preventive 
replacement time in Figure 4.2 for bearing 4, from which we can see that the optimum 
replacement time is at the 279th hour to achieve minimum long run average cost of 3.63. 

 

 
Figure 4.1.Vibration data of six bearings  

 

 
Figure 4.2. Optimum preventive replacement time minimizing the long run average cost 
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