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Abstract

In this paper, we study some properties of condition for fuzzy data, agrement index by ratio of area and the uniformly
most powerful fuzzy test of hypothesis. Also, we suggest a confidence bound for uniformly most powerful fuzzy test.
For illustration, we take the most powerful critical fuzzy region from exponential distribution by likelihood ratio and
test the hypothesis of x* —distribution by agreement index.
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1. Introduction

In many real situations an uncertainty of data comes
from randomness and fuzziness. Randomness models
the stochastic variability of all possible outcomes of an
experiment and fuzziness describes the vagueness of a
given outcome.

From the random fuzzy samples, the fuzzy negation
of the assertion is taken to be the fuzzy null hypothesis
Hy, and the fuzzy assertion itself is taken to be the
fuzzy alternative hypothesis H,, ([1],[2],[6]).

Kang, Choi and Lee[3] and Kang, Lee, and Hanl[4]
defined fuzzy hypotheses membership function. Also,
they found the agreement index by area ratio for the
fuzzy hypotheses membership function against the
membership function of a fuzzy critical region. Thus,
they obtained the results by the grade for judgement of
acceptance or rejection degree for the fuzzy hypotheses.

First, we define the condition of fuzzy data from a
fuzzy random sample and an agreement index. Next, we
show some properties of the uniformly most powerful
fuzzy test for the fuzzy data.

The properties of acceptance fuzzy region and con-—
fidence bound by significance level was introduced in
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Finally, we give an example for the uniformly most
powerful fuzzy test by exponential distribution.

The fuzzy hypothesis is constructed by a set

{(H,(0),H,,(6)) 0= 02} (1.1

with membership function m Hf(HfO(G),hGl(H)), where

0 is parameter vector and {2 is some sample space
with fuzzy numbers.
The fuzzy hypothesis Hj, is referred to as the null

fuzzy hypothesis while Hyy is referred to as the alter—

native fuzzy hypothesis.
We consider the fuzzy hypothesis

]{ﬂ): 0’—“90 or -Hf(): f < 90, 0= (1.2)

where "=" is desire as follows for crisp null hypothesis
H,: =0, against to crisp alternative hypotheses

(al) H,:0=0,
(a2) H :0>0,+A or H:0<6,—A for A>0

and "< desire as follows for crisp null hypothesis
Hy: <6, against to crisp alternative hypotheses

(b1) [_[1 :0:90

(b2) Fll :0>00+A for A>0.
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A fuzzy data A of a random sample in & is said to
be convex if for any real numbers z,y, z € R with

xé yg e
m,(y) = my(x) Am 4 (2) 1.3)

with A standing for minimum.
A fuzzy random sample data A4 is called normal if
the following holds

Vomy(z)=1 (1.4)

A o0—level set of a fuzzy random sample data A4 is a
fuzzy number denoted by [4]° and is defined as

[A]‘S:{:JdmA(x) 25,0<6§1} (1.5)

A d—level set of sample fuzzy number A4 is also a
convex fuzzy set which is a closed, bounded interval

and denoted by  [A]’ =[4),4].

2. Agreement index

Let X be a random variable by random fuzzy sample
from samples fuzzy space 2 and {F;, €} is a fam-

ily of fuzzy probability distributions, where 6 is a pa—
rameter vector of 2.
Choose a membership function mg(z) whose value

is likely to best reflect the plausibility of the fuzzy hy-
pothesis being tested, where x is observation of X.
Let us consider the membership function m(z) of

critical region C, which we will call the agreement in-
dex of mg(z) with regard to m () ([31,[4]).

Definition 2.1. Let a fuzzy membership function
mg(z), xER, and consider another membership func-

tion mo(z), zER, then we have an agreement index
by the ratio being defined in the following way;

area(mg(z) Nm(z))

M 41(9) = area(m (@) e[0,1]. 2.1)

Definition 2.2. We define a grade membership function
of rejection or acceptance degree by agreement index
to a real-valued function 0 < Rﬁ( -) <1 by é—level

as respectively,

(me, () Mg, &) } 2.2)

area mc, (x)

area
R;(0) —supg{

R, (1) =1-R,(0) (2.3)

for the fuzzy test of hypothesis.

3. Uniformly most powerful fuzzy test

Let random fuzzy sample X,X,,---,.X have joint

n
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pdf(probability density function) f(z,,--,z,), consider a

critical region C.

Definition 3.1. For 6 € (2, consider a hypotheses of the
form Hy, : [9];5)6(20 versus  Hj, [0];‘5)6(2*!20, where
[0];5) is any one point of § by d—level and (2, C {2,
then we have fuzzy hypotheses of the form

Hyy :0€ 8, versus Hy 10€02—1 3.1

by resolution identity.

If a fuzzy test is the most powerful against fuzzi—
ness for every possible value in a composite alternative,
then it will be called the uniformly most powerful fuzzy
test.

Definition 3.2. A critical region C”, and the associated
test, are said to be fuzzy uniformed most power-
ful(UMP)of size significant level « if

]L[ax[gwe% PC*([Q};J)) =« (3.2)
and
P (10]Y) = P([0]) (33)

for all = 2— (2, and all critical region C' and size c.

From Definition 3.2, critical fuzzy region C" for 6
defines a uniformly most powerful fuzzy test(UMPFT)
of size significance level a by resolution identity.

The theory of UMP one-side fuzzy tests can be ap—
plied to the problem of obtaining a lower and upper
bound for fuzzy-valued parameter 6.

For example, 0 is the breaking strength of a new al-
loy, some toxicity of a drug or the fuzzy probability
have an error term[5] of an undesirable fuzzy event.

4. Confidence bounds

Since 6,(X) will be a function of the observed ran-
dom fuzzy samples x;, i=1,2,---, it cannot be required
to fall below # with uncertainty. One selects a number
11—« 1is significance lever and restricts attention to
bounds 6 satisfying

P9{9[)([X]§,‘5>) < [9]1(;5)}> 1—a (4.1
for any one point of 6.

The function [00(X)]§,‘5> is lower

than the function 90(X if called a lower fuzzy con-

confidence bound

fidence bound for 6 at significance level 1—«; the in-
fimum of the left-hand side of the equation (4.1), which
in practice will be near equal to 1—«, is called sig-
nificance coefficient of 6.

For example, the fuzzy probability of 6 falling below
any 6 < 6 should be infimum as 7,{6,(X) < 6'}.

Thus, for all 8 < 6 subject to equation (4.1) is a
uniformly most lower fuzzy confidence bound for 6 at



significance level 1—a.
If we have confidence intervail2] S([X]L‘j)) for 6, a

family of fuzzy subset S(X) of the parameter space (2
is said to constitute a family of confidence fuzzy sets at
significance level 1—« if

PloesS(X)}>1—a (4.2)

for all 612,

A lower fuzzy confidence bound corresponds to the
special case that S(z) is a one-side interval
S(z)={0:0(x) < 8} where = is observation of X.

Theorem 4.1. (1) For each =2, let A(f) be an ac-
ceptance fuzzy region of a significance level o fuzzy
testing for

Hyy 10 =0, versus Hy :0=0,,

where §,(2, and 6,=2—(2,. For each sample fuzzy

point z, let S(z) denote the fuzzy set of parameter

values as
S(z)={0:2€4(z),0€02}, (4.3)

then S(z) is a family of confidence fuzzy sets for 6 at
significance level 1—a.
(2) If A(,) is a UMP for fuzzy testing Hy, at sig-

nificance level « against the alternatives Hy, then
S(X) minimizes the fuzzy probability

PO ES(X)} for all 0€2, (4.4)

among all level 1—« families of confidence fuzzy sets
for 6.

Proof. (1) By definition of S(z), [0]Ves([2]Y) if
and only if [z]¥'€A([9]?), and all level 1—a family

of confidence fuzzy sets for 6 by resolution identity, we
have

PloES(X) = P{XEA(0)} > 1-« (4.5)

(2) If §°(z) is any other family of confidence sets at
level 1—a,
if
A1) = ()9 012 5"}
then
P{XVeA([9])}
= {0 s (X)) }>1-a

so that A*(QO) is the acceptance fuzzy region of a
level « test for Hy. It follows from the property of
A(9,) that for any 6 of 2—1,

P{xea’(9,)}> P{x=4(6,)) (4.6)

and hence that

oL ZYHAY o/ JHdel HX| AHY

= (=]

ploEs (0} > Pfo,E5(x)} (46)

The equivalence equation (4.5) shows the structure of
the fuzzy confidence sets S(z).

We exhibit the values for which the hypothesis is
accepted (A= S(x)) and those for which it is rejected
(0 S(z)).

5. lllustration
Consider a fuzzy random sample of size n from an
exponential distribution,
X, ~EXP(0), i=1,-n. (5.1)
We have likelihood function to reject Hj, if
0, "exp(— >, x,/6,) <
6, "exp(— Exi/él)

where k is such that P[L(z;0,,0,) < k| 6,] = a, under
0=0,.
Now,

L(x,6,0,) = NGY))

PlnL(x:0,,0,) < Inklf,]

:p[g)g(ei—L) < 1n((6,/6,)"k)16,]

)
so that
Plxec’h,) =P X, > k6, (5.3)
n 1 1
where k, =1n((6,/0,)"k)/(——).
0,
Thus, the most powerful critical fuzzy region has
the form
C'= {(azl,"-,xn)\in > kl} (5.4)
Notice that the under Hg:0=6, we have

23 2,/0, ~ x*(2n) by the property of exponential dis—
tribution and x* —distribution so that k, =6,x;_,,(2n)/2
would give a fuzzy critical region of size «.

The most powerful testl4] of size o of
Hyy:0 =0, versus Hj :0=0;, when ¢; > 6, we can
reject H, by agreement index of the equation (2.2) and
(2.3) if

/0, =23 ,x,/0, > x>_.(2n) (55)

This is does not depend on the value of #,. Thus
we can find a UMP fuzzy test of Hy,:0 =0, versus
Hyy 20 > 0, for 6, > 0.

Thus, we can seek fuzzy power function by x>
—cdf(cumulative distribution function), with degree of
freedom v=2n as

PO)=1—Fl(0,/0)x3_,, ()] (5.6)
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Since P(6) is the increasing function of 6,

sup 4. HHP(O) = P(@O) =a,

and the fuzzy test is also a UMP fuzzy test of sig—
nificance size a for the composite fuzzy hypotheses

Hf() 10 < 90 versus Hfl HA
Similarly, a UMP fuzzy test of either
Hf(ﬁezeo or H}U:Q > 0,

versus Hy, 16 < 0, is to reject Hy if 2nz/0 < x(v).
The associated fuzzy power function is

P(0) = Fl(6,/0)x (v)w] GX))

For example, if we observed some lifetime z; of 40
electrical parts, and it was conjectured that those ob-
servations might be exponentially distributed with fuz—
zy mean number time 6 = [85,90,95] months.

Suppose in a particular application, that the part will
be unsuitable if the mean is less than 6 = [85,90,95].

We carry out a significance level size a=0.05 for
fuzzy test of

Hf() 10 > 0[) versus
Hfl 10 < 0,.

For the sample w;, if we observed thef,(x) is fuzzy

mean number as z= [66.5,70.2,72.5] months by three
times of random experiment observations, then con-
sequently

2nz /0 = (80)([66.5,70.2,72.5]) /[85,90,95]
=[56,62.4,68] > 60.39 = x5 (80), (5.8)

where 0.05 is significance level.

By agreement index of the equation (2.2), we have
rejection degree R(0) =0.78 for the fuzzy null hypoth-
esis Hj, at the a=0.05 level of significance.

Suppose that we wish to know type II error P[T1I,
since the mean is 6,(z) =[43,45,47] months with fuzzy

number, according to equation (5.6),
P([43,45,47]) = F([109.3,120.78,132.8];80)
=10.9835,0.9978,0.9998] > P{6,E5(X)}

by X2—distribution. The type II error is given by

PlTH=1- F([109.3,120.78,132.8]:80)
=[0.0002,0.0022,0.0165].

6. Conclusions

We proposed some properties of a fuzzy hypothesis
test for the uniformly most powerful test by agreement
index, and suggested a confidence bound for the uni-
formly most powerful fuzzy test.
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For illustration, we have the most powerful critical
fuzzy region from exponential distribution of observed
some lifetime for electrical parts by likelihood ratio.

Given the fuzzy lifetime mean, we test the hypothesis
using x2 —distribution by agreement index.

Thus, we show a fresh method for testing hypoth-
eses of fuzzy data.
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