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ABSTRACT. lintroduce a derivative called “Snowball Currency Option” or “USDKRW Snow-
ball Extendible At Expiry KO” which was traded once in the over-the-counter market in Korea.
A snowball currency option consists of a series of maturities the payoffs at which are like those
of a long position in a put option and two short position in an otherwise identical call. The
strike price at each maturity depends on the exchange rate and the previous strike price so that
the strike prices are random and path-dependent, which makes it difficult to find a closed form
solution of the value of a snowball currency option. I analyze the payoff structure of a snowball
currency option and derive an upper and a lower boundaries of the value of it in a simplified
model. Furthermore, I derive a pricing formula using integral in the simplified model.

1. INTRODUCTION

Exporters usually use currency options to hedge against the risk of appreciation of the do-
mestic currency. Firms in Korea had not expected for the KRW/USD exchange rate to rise
before 2008 in which a financial crisis occurred Hence some firms, in particular exporters in
Korea over-hedged their positions or speculated using currency options with the belief that
KRW/USD will not rise. Consequently they suffered a large amount of loss by a steep rise of
KRW/USD exchange rate in 2008. KIKO(Knock-In-Knock-Out) option is a popular example
of such a currency option which was traded in the over-the-counter market in Korea. KIKO
option has often been analyzed for example in Han [2] and Kim [4]. In this paper, I introduce
another derivative on USD called “Snowball Currency Option” or “USDKRW Snowball Ex-
tendible At Expiry KO” which was traded once in the over-the-counter market in Korea and
caused a large amount of loss to the firm who bought it. A snowball currency option consists
of a series of maturities the payoffs at which are like those of a long position in a put option
and two short position in an otherwise identical call. The strike price at each maturity depends
on the exchange rate and the previous strike price so that the strike prices are random and path-
dependent, which makes it difficult to find a closed form solution of the value of a snowball
currency option. I analyze the payoff structure of the snowball currency option and derive an
upper and a lower boundaries of the value of it in a simplified model. Furthermore, I derive
a pricing formula using integral in the simplified model. An integral form solution provide an
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easier way to find Greeks every time in the life of the snowball currency option than that of
Monte Carlo method. Hence an integral form solution makes it easier to find hedge positions
than that of Monte Carlo method.

The article proceeds as follows. Section 2 explain the structure of a snowball currency
option. Section 3 analyze a snowball currency option in a simplified framework, in particular
find upper and lower boundaries of it. Section 4 provides a pricing formula and Greeks using
integrals and Section 5 concludes.

2. THE STRUCTURE OF A SNOWBALL CURRENCY OPTION

In this section I explain the structure of a snowball currency option. The underlying asset
of a snowball currency option is a foreign currency, say USD. There are basic maturities £; <
ty < ... <ty satistying 7 :=t; = to —t; = ... = ty — ty—1. The Payoff G, at maturity ¢, is
the same as that of a long position in a put option and two short position in a call option with
the same strike price K, for n = 1,., N. There is a constant Knock-out barrier B from the
second maturity so that if the exchange rate .Sy, is less than B at maturity ¢,,, then the payoft is
zero for n = 2, ..., N. Hence the payoffs at the basic maturities are

G = (Kl - Stl)+ - 2(5751 - K1)+

and

Gn = [(Kn— Si,)" —2(St, — Kn)*|1s, >py forn =2,..., N,
where S;, is the exchange rate denoting the amount of KRW corresponding 1 USD at maturity
tn. Until now the payoff structure of a snowball currency option is similar to that of KIKO.
However the payoff structure of a snowball currency option has a particular aspect in that its
strike prices are random and path dependent. The strike price K at the first maturity is a
deterministic constant but the other strike prices evolve according to

Jr
K, = (min[Kn,l TA-S,, K“‘a"]> n=2.N

where A and K™#*(cap price) are some constants satisfying 0 < A < K™ K, < K™MaX,
and K1 + A — K™ > 0. Since the payoff G, at maturity ¢,, is the same as that of a long
position in a put option and two short position in a call option with the same strike price K,
it is decreasing in Sy, for a fixed K, and increasing in K, if for a fixed S;,. However K, is
a decreasing function of Sy, and an increasing function of K,_; which is again a decreasing
function of S;, _, an increasing function of K, _ and so on. Furthermore if Sy, _, is low(resp.
high), then S;,, tends to be low(resp. high). Because of such recursive structure of the payoffs
the snowball currency option a high tail risk. The possibility of extreme loss or profit is large.
Profit or loss tends to increase like a snowball. For an easily illustration of high tail risk due
to the recursive payoft structure, suppose Sy, , is high, then K,,_; tends to be low. Therefore
Gr—1 is low by high Sy, and additionally by low K,,_;. Since S, , is high, S;, tends to
be high. K, tend to be low by high S; and additionally by low K,,_; Therefore G,, is low by
high S;, and additionally by low K,,. The above argument can be summarized as the following
equations.
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Stnf]_ T:> Stn71 T } = anl u?

Kn—l J/
Stpr T St, 1
I;n—lxlf }:> Ién—li }:>Kn“,7
and
ol } = G L
Therefore

St, . 1= Gn-1 ll, Gp ], and so on.

The above argument is vice versa but the payoff structure is not symmetric since the strike
prices have an upper bound K™?#* which makes the profit limited while the loss is unlimited.
Another feature of a snowball currency option is that there can be an extension event. If there
is a n such that S, is larger than the extension barrier D > K™ forn = 1, ..., N, then the
contract extends with more maturities txy1,tN12,...,ton such that tny < Ty < tnge <
. <toyand T =ty —tN = tny2 —tN41 = ... = tay — tany—1. The possibility of the
extension event tends to increase the possibility of a large amount of loss to the long position
of the snowball currency option since the extension event occurs when the exchange rate is
very high (larger than D), that is, when the long position has been suffering and have an high
possibility of a large amount of loss. Generally, it is impossible to find a closed form solution
like Black-Scholes formula for the price of the snowball currency option. The main difficulty
arises from randomness and path-dependency of the strike prices. Monte Carlo simulation can
be applied to get the price. However it can be applied with given parameters. Furthermore it
is difficult or requires high computational cost to find Greeks at every time in the life of the
snowball currency option by Monte Carlo simulation method. That is, it is difficult to find
hedge position by Monte Carlo simulation method. In this paper I will provide a semi-closed
form solution, i.e., an integral form solution which makes it easier to calculate hedge positions
of the snowball currency option.

3. ANALYSIS OF THE SNOWBALL CURRENCY OPTION IN A SIMPLIFIED MODEL

In this section I investigate a snowball currency option under a simplifying assumption that
B =0and D = oco. That is, it is assumed that the knock out and extension event cannot occur.
In particular, I find an upper and a lower bounds of the price of the snowball currency option.
The exchange rate {S; }+>0 follows a geometric Brownian motion as in Garman and Kohlhagen
[1].
dSy = Si(pu — r¢)dt + S;odW, with the current rate Sp,

where {W;}+>0 is a Weiner process defined on the underlying probability space (€2, F, P) and
market parameters, r(domestic interest rate), r (foreign interest rate), p(drift parameter), and
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o(volatility) are constants. Let (F;);2, be the augmentation under P of the natural filtration
generated by the Weiner process { W }+>0. Hence

dS; = Si(r — rp)dt + SyodW,, (3.1)

where {Wt}tZO is a Weiner Process under the risk-neutral probability measure P.

K, is a decreasing function of S;, and an increasing function of K,_; as mentioned in
the previous section and is shown in the following equations and Figure 1. In figure 1, I let
K™ax — 1200 and A = 950

Forn =2,..., N,

+
K, — (min[Kn,1 +A-S,, KmaX])

= min[(K,_ 1+ A4 — S, )", K™
Kmax lf Stn S Kn—l + A . KHla.X’

= Kn1+A-S;, it K, 1 +A—-K" <S8, <K, 1+A, (3.2)
0if Sy, > Kp—1 + A.

FIGURE 1. K, as a function of Sy, with various K,,_1’s.
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The payoff GG, at time t,, can be written using Equation (3.2). Forn =2, ..., N,
Gn = (Kn—S,)" =2(Sh, — Kn)"
Kn - St" lf Stn S KTU

= —2(S;, — Kp) if Sy, > K,
K, — 8, if S, < K"%W"

T\ =28, — Ky if Sy, > KnoptA

Kmax — G if Sy, < Kpop + A — KM,

Kn1+A- 2Stn if K, +A— K™ Stn < K,_1+A

2 33
2(Kpo1 + A —28,)if Kot <5, < K, g+ A, (53
—28,, if Sy, > K1 + A.

Note here that K"%HFA > K, 1+ A— K™ gince K™ > K, 1 and K™% > A,

It is easily checked that G, is increasing in K,,_1 and decreasing in S;,, as is shown in Figure
2.

T
K™= 1200
A=950

-1000

-2000 K00

-3000]

FIGURE 2. G, as a function of Sy, with various K,,_;’s.

The pricing formula for plain vanilla European options on a foreign currency is well known
by Garman and Kohlhagen [1] and textbooks ,for example, J.C. Hull [3] or R.L. McDonald [5].
As explained in textbooks, it is identical to Merton’s formula for options on dividend-paying
stocks in Merton [6] with the dividend yield being replaced by the foreign interest rate. That
is,

C(S,K)=Se """N(dy) — Ke""N(ds),

P(S,K) = Ke" N(—d3) — Se™"1" N(—dy)
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with
2
In(S/K)+ (r—ry+ %)
o\ T
where C'(S, K) and P(S, K) denote the prices of the European call and options respectively
on the foreign currency with the current exchange rate .S, the strike price K, and maturity 7,

and N () is the cumulative standard normal distribution function. Since K is a fixed constant,
the price for the payoff G is

Ele™""G1] = P(So, K1) — 2C(So, K1) = ¢ """ Ky — e 1Sy — C(So, K1), (3.4)

where FE is the expectation operator under the risk-neutral probability measure P and the sec-
ond equality comes from the put-call parity(See J.C. Hull [3] or R.L. McDonald [5]). The
payoff G,, in Equation (3.3) can be rewritten. Forn = 2,..., N,

Q[KH%HFA =51, ] — [(Kpo1 + A— K™ — S, 1if S, < K1 + A — K™
o(HnsltA _ g, Yif K,y + A— Kmax < 5, < KooitA

—4(Sy, — Kot Ay Kot < g < K, 4 4,

—4(Sy, — Koty L 9l5,  — (Kq + A)]if Sy, > K1 + A

di = di(S,K) = and dy := da(S, K) = d1(S, K) — 0/,

Gp =

(3.5)
It is easily observed by Equation (3.5) that the payoff G,, is the same as that of two long

and one short position on the put options with strike price K"%HFA and K,,_1 + A — K™&

respectively, and four short and two long position on the call options with strike price K”‘#IJFA

and K,,_1 + A respectively. Here the payoff of the short position on the put option with strike
price K,,—1 + A — K™?* is regarded as zero if K,,_1 + A — K™?* < 0. Therefore it holds that
forn=2,...,N,

Ele™"Gn | Fi, ]

Kn* +A max
= 2P(Stn—17 %) - P(Stn_l,Kn_]_ + A - K )1{Kn71+A_Kmax>0}
K, 1+A
—4C(S;, , ==Ly L 208, K1 + A) (3.6)
Therefore, we have
~ Ki+A Ki+A
Ele™"" Gy | Fu] = 2P(Sy,, =5 )= P(Sy, Ki+A=K™)—4C(Sy,, =5 ) +20(Sy,, K1+A4).
By the put-call parity,
Ki+A Ki+ A Ki+A
2P(S;, LAY o0y, %) _ 2(6—”% — TS,
Hence, we have
. . Ki+ A _
Ele"" Gy | Fu] = 2(e TTlT — e IS, ) — P(Sy,, K1 + A — K™)
Ki+A
—20(Sp,, =) +20(Sy,, K1 + A) 3.7)
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Since GG, is an increasing function of K, and K,,_1 < K™* we have, forn = 2,..., N,

KmaX+A KHI&X+A

Ele™" Gy | Fi, y] <2P(S, 2

Applying the put-call parity to this equation, we have, forn =2,..., N,

Kmax+A e
# —e Stn—1) - P(Stn—17A)

KIIIaX + A
2

E[e’”Gn | Fi, ] < 2(e7"
—2C(Sy,, 4, ) +2C(S, ,, K™+ A). (3.8)
By Equation (3.1), we have, forn = 2,..., N,

2 ~
Stn—l = Soe(,rirfi%)tnflJ’»Uthfl’

and

B[Sy, ] = Soel i1 = Spelr=r)n=17, (3.9)

where W;, | is anormal random variable with mean 0 and variance t,,_; = (n—1)7. Therefore
St, ., forn =2 ..., N, can be represented as

-2
Stnfl _ Soe(rfrf77)(n71)7+o' (nfl)ﬂ'Z7 (310)

where Z is a standard normal random variable. Note that the price Vj at time 0 of the snowball
currency option is

N ~
Z Ele "G, (3.11)

However, by the tower property and using (3.7), (3.8), (3.9), and (3.10), we have

Ele™™Gy) = e TE[E[eTTGy | Fiy)
— T [2( —rr Ky 2_'— A —TfT‘Sfoe(’r'—T'f)T)
_/ P(Soe(r TE— )T+sz K+ A— Kmax)(;ﬁ(z)dz

B Ki+A
9 / O(Soerr=Fmioves B o),

—00

+2 / C(Spe ™" GIrtoyTs K1+ A)p(2)dz ], (3.12)

—0o0

)_P(Stnfl ) A)_4C(Stn71> #)""20(&%71

’KmaX+A)
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and forn =3,..., N,

EleGy) = "V BB G, | Fiu ]
Kmax i A
< e—r(n—l)T [2(€—r7— 5 + _ e—'rfTsroe(r—'rf)(n—l)T)
[e.e] 02
o / (SOC(T_Tf_T n—l)T—i—o\/Wz’ A)qb(z)dz
_2/ C 506 r—Tp— )(n 1404/ (N—l)TZ’ %—M)gb(z)dz
+2/ C Soe(r rp— (n—1)7+04/(n—1)72 Kmax )(b(Z)dZ}?)l?))
42
where ¢(z) := ﬁe‘T is the standard normal density. Therefore we get an upper bound V,;,

of the price V[ of the snowball currency option by using (3.11), (3.4), (3.12), and (3.13). That
is,
Vub = e_rTKl - e_rfTS() — C(S(), Kl)

b [aferr KA
2

o o2
_/ P(Soe(r—'rf—T)T—i—aﬁz’Kl _|_A_Krnax)¢(z)dz
—00

- e—rfTsoe(’r—rf)T)

o0 02
2 [ ctsgetr e e KA,

o0 0_2
+2 / C(Soe =TTV K 4 A)p(2)dz

N
Kmax 4 A
+ Z e—r(n—l)T [2(6—7‘7' 5 + _ e—’I‘f’T'SOe(T—T‘f)(n—I)T)

/ PSoeT rf—— n— 1T+U\/ﬁz A) ( )

_2/ CS()@r rf—%)(n—1)7+0/(n=1)T %M)qﬁ(z)dz

+2 / O(SpeT 1= %) n=Dr+oy/n=1)rz prmax | A)(b(z)dz]. (3.14)

Since (G, is an increasing function of K, and K,,_1 > 0, we have, forn = 2,..., N,

A A
*) - 4C(Stn—1’ 5) + QC(Stn—17A)

Bl G | Fiya] 2 2P(St, 15
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Applying the put-call parity to this equation, we have, forn = 2, ..., N,
A
2
Similarly to (3.14), we get a lower bound V};, of the price 1 of the snowball currency option:
Wb = G_TTKl — e_rfTS() — C(S(), Kl)
Ki+A
per e farA

o0 02
_/ P(Soe(r_rf_T)T—’—Uﬁz,Kl +A-— Kmax)gb(z)dz

- A
E[€_TTGn ‘ ftn_1] > 2(6_”—5 - e_TfTStn—l) - 2C(Stn_17 ) + QC(Stn—l’A)'

e—rfTsoe(’r—rf)T)

o0 0_2
2 [" etsgetr e eV KA,

(o] 02
+2 / C(Soem =TTV ) 4 A)p(2)dz

N

A

+ § :e—r(n—l)T [2(6_”—5 o e—rf’rsoe(r—rf)(n—l)T)
n=3

—2/ C(Spelr—rs= T n-vrta/TDre Ay g,
o0 0_2
+2/ C(Soe(rfrffT)(nfl)T+U\/(nfl)Tz’ A)¢(2)d2] )

4. A PRICING FORMULA USING INTEGRAL IN A SIMPLIFIED MODEL

As in the previous section, I assume that B = 0 and D = oco. Using arguments similar to the
previous section, we can find an integral form of the price V{) of a snowball currency option. I
focus on the case where N = 2 for a simple illustration.! In this case, using (3.4) and (3.12),
we get

Vo = G_TTKl — e_rfTSO — C(S(), Kl)
Kl + A
—5

o0 02
_/ P(Soe(rfrffT)T%ﬁfﬁz’Kl +A— Knlax)¢(z)dz

+6_TT [2(6—7"7— e—T‘fTsroe(T'—Tf)T)

S 2 Ki+A
9 / O(Soelr 1= )mioves BLE D000

o0 02
+2 / C(Soelr ™71 TITHVT [y - A)(2)dz]

TAn integral form solution in the case where N > 3 can be found using similar arguments in the previous
section. The form is more complex since the backward induction needs more steps.
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The Greek letters can be calculated using this pricing formula. For example, I will find the
formula of delta(A). As is shown in many textbooks(for example,J.C. Hull [3]), we have

oC(S, K) _ OP(S,K) _
it Rl il el e _
S = TN, S = TN () - 1),
where
In(S/K ity
iy = (5, 1) = OB T O STy = dy(S, K) = di(S, K) — o/
VT

Therefore, delta(A) of the snowball currency option becomes

Vo
A = —

050

= —e_TfT — e_rfTN(dl(So, Kl))

4e T |: - Qe—rf’re(r—rf)T

oe] 0_2 0'2
_ / e TIT [N (dl(soewrfﬁ)wﬁa Ki+A- Kma")> - 1] el TRV () d
o0 02 (72
L / e N<d1( Sper—ri— oV, KlTM)>e(T—7‘f—7)T+”ﬁZ¢(z)dz

oo
+2 / e_TfTN(dl(Soe(r_Tf_§)7+”ﬁ * K+ A))e“—*f—”;)””ﬁ%(z)dz} .
—00
Note that the pricing formula can be found for the case where t; # 7 = to — t1 in a similar
way. Therefore, delta(A) of the snowball currency option can be found dynamically, i.e., at
every time ¢ such that 0 < ¢t < ¢y, which is very difficult in Monte Carlo method. That is, an
integral form solution makes it easier to do delta hedging than that of Monte Carlo method.

5. CONCLUSION

I have introduced a derivative, a snowball currency option, which was once traded in the
over-the-counter market in Korea. I have analyzed the payoff structure. I have found an upper
and a lower boundary of the snowball currency option under a simplifying assumption. I have
also provided an integral form of solution in the simplified model, which makes it easier to find
Greeks dynamically than that of Monte Carlo method.
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