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Abstract

In this paper, an observer-based sampled-data controller of linear system is proposed for the wave energy converter.
Based on the sampled-data observer, the controller is design. In the closed-loop system with controller, it obtains the
norm inequality between the continuous-time state variable and the discrete-time one. Using the norm inequality, suffi-
cient condition is derived for the asymptotic stability of the closed-loop system and formulated in terms of linear matrix
inequality. Finally, the wave energy converter simulation is provided to verify the effectiveness of the proposed technique.
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1. Introduction

Recently, according as the renewable energy has at-
tracted much attention, the wave energy which is one of the
renewable energies and its converter are continuously stud-
ied. The wave energy converter which is generated by the
vertical motion of the wave has bright prospect, because the
wave energy is a stable and rich energy source. However,
as the wave energy converter is generated in the sea, the
analog control or estimation of the wave energy converter
is not possible. So, the remote digital control or estimation
technique is necessary in the wave energy converter.

The sampled-data control technique which is one of
the digital control techniques has obtained remarkable
results[1, 2, 3, 4, 5, 6, 7, 8] and can be classified into few
categories. The typical technique is to design the digital
controller of the discrete-time system using the discretiza-
tion of the original analog system. But, this technique is too
hard to apply into multifarious systems such as the nonlin-
ear system and the time-delay system.

To solve the above problem, many studies have been pro-
gressed. In [2, 3, 4], the sampled-data fuzzy controller is
converted into a time delay controller in the continuous-
time sense. Chang[5] and Lee[6, 7] presented the global
intelligent digital redesign (IDR) methods based on the ge-
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netic algorithms and the convex optimization approaches.
However, there were no studies of the observer-based
sampled-data controller for the wave energy converter.

In this paper, we propose the observer-based sampled-
data control technique for the linear system. For the
sampled-data controller design, we design the sampled-
data observer and observer-based controller is proposed.
Based on the closed-loop system with observer and the
controller, it obtains the norm inequality between origi-
nal continuous-time state variable and its discrete-time one.
Sufficient conditions are investigated for the asymptotic
stability of the state variable and the estimation error. In
the sense of Lyapunov, their constructive design condition
is presented in terms of linear matrix inequality. By simu-
lation for the wave energy converter, it shows the validity
of the proposed techniques.

This paper is organized as follows: Section 2 describes
the linear system and the observer-based controller of inter-
est. The stability condition for the closed-loop system with
sampled-data output is proposed in Section 3. In Section 4,
a numerical example is given for illustration. Finally, the
conclusions are given in Section 5.

2. Preliminaries

Consider a linear system with sampled-data output as
follows:

ẋ(t) = Ax(t) + Bu(t)
y(t) = y(kT ) = Cx(kT )

(1)
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where x(t) is the state variable;u(t) is the input vari-
able; andy(kT ) is the sampled-data output variable for
t ∈ [kT, kT + T ), k ∈ Z≥0; T ∈ R>0 is a given sam-
pling period;A, B andC denote nominal system matrices
with appropriate dimensions.

Based on the system (1), we consider the observer-based
sampled-data controller in the following form:

˙̂x(t) = Ax̂(t) + Bu(t) + L(y(t)− ŷ(t))
ŷ(t) = ŷ(kT ) = Cx̂(kT )
u(t) = u(kT ) = Kx̂(t)

(2)

wherex̂(t) is an estimation of state variable,L andK are
the observer and controller gains, respectively.

Consider the estimation error as follows:

e(t) = x(t)− x̂(t). (3)

Substituting (2) into (1) and (3), we obtain the following
closed-loop system:

[
ẋ(t)
ė(t)

]
=

[
A + BK −BK

0 A− LC

] [
x(kT )
e(kT )

]

+
[
A 0
0 A

] [
x(t)− x(kT )
e(t)− e(kT )

]
. (4)

The objective of this paper is to obtain the stability con-
dition of the closed-loop system (4).

3. Main results

To guarantee the stability of the closed-loop system (4),
we need the following lemmas and proposition.

Lemma 3.1 ([9]). Given any function vectorx, matrixP =
PT Â 0, andt0, tf ∈ R with t0 < tf , we have

( ∫ tf

t0

x(τ)dτ

)T

P

( ∫ tf

t0

x(τ)dτ

)

≤ (tf − t0)
∫ tf

t0

x(τ)T Px(τ)dτ.

Lemma 3.2. [10] Given constant symmetric matricesN ,
O andL of appropriate dimensions, the following inequal-
ities

O > 0, N + LT OL < 0

are equivalent to the following inequality

[
N LT

L −O−1

]
< 0 or

[−O−1 L
LT N

]
< 0 .

Proposition 3.3. In (4), there exists some constantδ > 0
such that ∥∥∥∥

[
x(t)
e(t)

] ∥∥∥∥ ≤ δ

∥∥∥∥
[
x(kT )
e(kT )

] ∥∥∥∥ (5)

where

δ =
(
1 + T‖Φ‖)e‖A‖T ,

Φ =
[
BK −BK
0 −LC

]
.

The main result is summarized in the following theorem.

Theorem 3.4. If there exist some symmetric and positive
definite matricesP andQ, some matricesM andN , such
that the following LMIs are satisfied, then the state variable
and estimation error (4) are asymptotically stable.




−T−1Q ∗ ∗ ∗
0 −T−1P ∗ ∗
0 0 −T−1Q ∗
0 0 0 −T−1P

T−1Q + Ψ −BM AQ 0
0 T−1P + Ω 0 PA
Ψ −BM AQ 0
0 Ω 0 PA

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

−T−1Q ∗ ∗ ∗
0 −T−1P ∗ ∗
0 0 −T−1Q ∗
0 0 0 −T−1P




≺ 0 (6)

where

Ψ =AQ + BM,

Ω =PA−NC

and ∗ denotes the transposed elements in the symmetric
positions.

Proof. Consider the exact discretized model of the closed-
loop system (4) in the following form:

χ(kT + T ) =χ(kT )

+
∫ kT+T

kT

Θχ(kT ) + Λ(χ(t)− χ(kT ))dt

(7)

where

χ(kT ) =
[
x(kT )
e(kT )

]
,

Θ =
[
A + BK −BK

0 A− LC

]
,

Λ =
[
A 0
0 A

]
.
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Based on the discretized model (7), we consider Lya-
punov functional candidate as follows:

V (χ(kT )) = χ(kT )T Pχ(kT ). (8)

Then, if the difference of (8) is the negative value, the
closed-loop system (4) satisfies an asymptotic stability by
Proposition 1. The difference of (8) becomes

∆V (χ(kT ))

= χ(kT + T )T Pχ(kT + T )− χ(kT )T Pχ(kT ) (9)

Substituting (7) into (9) and using Lemma 1, we have

∆V (χ(kT ))

≤ T

∫ kT+T

kT

(
(
1
T

I + Θ)χ(kT ) + Λ(χ(t)− χ(kT ))
)T

× P

(
(
1
T

I + Θ)χ(kT ) + Λ(χ(t)− χ(kT ))
)

dt

− 1
T

∫ kT+T

kT

χ(kT )T Pχ(kT )dt

− 1
T

∫ kT+T

kT

(χ(t)− χ(kT ))T Q(χ(t)− χ(kT ))dt

+ T

∫ kT+T

kT

(
Θχ(kT ) + Λ(χ(t)− χ(kT ))

)T

×Q
(
Θχ(kT ) + Λ(χ(t)− χ(kT ))

)
dt (10)

By using Lemma 2 and denotingM = KQ andN = PL,
the equation (10) is equivalent to the matrix of LMI (6).
Thus, if the LMI (6) is satisfied, we can obtain the control
gainK and observer gainL to stabilize the linear system
with sampled-data output. The proof is complete.

Remark 3.5. This paper deals with the observer-based
sampled-data controller for the linear system using the dis-
cretization. Because an analog system can be perfectly
converted to the digital system in the linear system, the
digital controller design for the discretized model is more
simple than proposed method. But, in the nonlinear sys-
tem case such as the fuzzy system, the proposed method is
more valid.

4. Simulation

Consider an ocean wave energy harvesting
application[12] with a linear permanent magnetic
generator in the following form:

[
ẋ1(t)
ẋ2(t)

]
=

[
0 1

− ρgA
M+Ma

0

] [
x1(t)
x2(t)

]
+

[
0

B2N2L2

M+Ma

]
u(t)

wherex1(t) is the buoy displacement;x2(t) is the buoy ve-
locity; M is the mass of the buoy;Ma is the added mass,

ρ is the density of sea water;g is the gravitational accel-
eration;A is the area of the buoy;B is the magnetic flux
density;N is turns of the coil;L is the coil length.

As shown in this system, there is no external disturbance.
It means that the sea wave does not affect the wave energy
converter. That is, this simulation shows the stability of the
wave energy converter without sea wave.

The parameter values of the ocean wave energy harvest-
ing application are determined in Table 1[13].

Table 1: The parameter values of the ocean wave energy
harvesting application.

Parameter Value Parameter Value
M 1344kg Ma 119.5kg
ρ 1030kg/m3 g 9.8m/s2

A 4.86m2 B 1.4T
N 30 L 2.64m

Using LMI (6), the observer and controller gains are ob-
tained:

K =
[
2.4500 −0.4764

]
,

L =
[
28.2599
48.1007

]
.

The time responses of the ocean wave energy harvesting
application and its observer are shown in Fig. 1 and 2, and
the time responses of the estimation error are shown in Fig.
4 and 5 withT = 0.02. As shown in these figures, we can
know the performance of the observer-based sampled-data
controller.
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Figure 1: The displacement of the buoy and the observer:
original (solid), observer (dotted)
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Figure 2: The velocity of the buoy and the observer: origi-
nal (solid), observer (dotted)
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Figure 3: The estimation error of the displacement

5. Conclusion

In this paper, the observer-based sampled-data controller
has been designed for the wave energy converter. The
sampled-data controller is designed using the sampled-data
observer and sufficient condition for asymptotic stability of
the closed-loop system is designed in the linear matrix in-
equality format. Using the wave energy converter system,
it has been shown to prove the advantage of the developed
technique.
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Figure 4: The estimation error of the velocity
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