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Abstract

In this paper, we introduce the notion of fuzzy(r, s)-S1-pre-semicontinuous mappings on intuitionistic fuzzy topological
spaces iňSostak’s sense, which is a generalization ofS1-pre-semicontinuous mappings by Shi-Zhong Bai. The relation-
ship between fuzzy(r, s)-pre-semicontinuous mapping and fuzzy(r, s)-S1-pre-semicontinuous mapping is discussed.
The characterizations for the fuzzy(r, s)-S1-pre-semicontinuous mappings are obtained.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [1].
Chang [2] defined fuzzy topological spaces. These spaces
and its generalizations are later studied by several authors,
one of which, developed by̌Sostak [3], used the idea of
degree of openness. This type of generalization of fuzzy
topological spaces was later rephrased by Chattopadhyay
and his colleagues [4], and by Ramadan [5]. Shi-Zhong Bai
[6] introduced the concept of fuzzyS1-pre-semicontinuous
mappings on Chang’s fuzzy topological spaces.

As a generalization of fuzzy sets, the concept of intu-
itionistic fuzzy sets was introduced by Atanassov [7]. Re-
cently, Çoker and his colleagues [8, 9] introduced intu-
itionistic fuzzy topological spaces using intuitionistic fuzzy
sets. Using the idea of degree of openness and degree of
nonopenness, Çoker and Demirci [10] defined intuitionistic
fuzzy topological spaces iňSostak’s sense as a generaliza-
tion of smooth topological spaces and intuitionistic fuzzy
topological spaces. In the previous works, we also studied
the structure of the category of intuitionistic fuzzy topolog-
ical spaces, and investigated properties of fuzzy strongly
(r, s)-precontinuous mappings in these spaces [11, 12].

In this paper, we introduce the notion of fuzzy(r, s)-S1-
pre-semicontinuous mappings on intuitionistic fuzzy topo-
logical spaces iňSostak’s sense, which is a generalization
of S1-pre-semicontinuous mappings by Shi-Zhong Bai.
The relationship between fuzzy(r, s)-pre-semicontinuous
mapping and fuzzy(r, s)-S1-pre-semicontinuous mapping
is discussed. The characterizations for the fuzzy(r, s)-S1-
pre-semicontinuous mappings are obtained.

Manuscript received July 25, 2011; Revised August 23, 2011; Ac-
cepted September 1, 2011.

2. Preliminaries

We will denote the unit interval[0, 1] of the real line by
I. A memberµ of IX is called afuzzy setin X. For any
µ ∈ IX , µc denotes the complement1 − µ. By 0̃ and
1̃ we denote constant mappings onX with value 0 and 1,
respectively. All other notations are standard notations of
fuzzy set theory.

Let X be a nonempty set. Anintuitionistic fuzzy setA is
an ordered pair

A = (µA, γA)

where the functionsµA : X → I andγA : X → I de-
note the degree of membership and the degree of nonmem-
bership, respectively andµA + γA ≤ 1. Obviously every
fuzzy setµ in X is an intuitionistic fuzzy set of the form
(µ, 1̃− µ).

Definition 2.1 ([7]). Let A = (µA, γA) andB = (µB , γB)
be intuitionistic fuzzy sets inX. Then

(1) A ⊆ B iff µA ≤ µB andγA ≥ γB .

(2) A = B iff A ⊆ B andB ⊆ A.

(3) Ac = (γA, µA).

(4) A ∩B = (µA ∧ µB , γA ∨ γB).

(5) A ∪B = (µA ∨ µB , γA ∧ γB).

(6) 0 = (0̃, 1̃) and1 = (1̃, 0̃).

A smooth topologyon X is a mappingT : IX → I
which satisfies the following properties:

(1) T (0̃) = T (1̃) = 1.
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(2) T (µ1 ∧ µ2) ≥ T (µ1) ∧ T (µ2).

(3) T (
∨

µi) ≥
∧

T (µi).

The pair(X, T ) is called asmooth topological space.

An intuitionistic fuzzy topologyon X is a family T of
intuitionistic fuzzy sets inX which satisfies the following
properties:

(1) 0, 1 ∈ T .

(2) If A1, A2 ∈ T , thenA1 ∩A2 ∈ T .

(3) If Ai ∈ T for eachi, then
⋃

Ai ∈ T .

The pair(X, T ) is called anintuitionistic fuzzy topological
space.

Let I(X) be the family of all intuitionistic fuzzy sets in
X and letI⊗I be the set of the pair(r, s) such thatr, s ∈ I
andr + s ≤ 1.

Definition 2.2 ([10]). Let X be a nonempty set. Anintu-
itionistic fuzzy topology iňSostak’s sense(SoIFT for short)
T = (T1, T2) onX is a mappingT : I(X) → I ⊗ I which
satisfies the following properties:

(1) T1(0) = T1(1) = 1 andT2(0) = T2(1) = 0.

(2) T1(A∩B) ≥ T1(A)∧T1(B) andT2(A∩B) ≤ T2(A)∨
T2(B).

(3) T1(
⋃

Ai) ≥
∧ T1(Ai) andT2(

⋃
Ai) ≤

∨ T2(Ai).

The (X, T ) = (X, T1, T2) is said to be anintuitionis-
tic fuzzy topological space iňSostak’s sense(SoIFTS for
short). Also, we callT1(A) a gradation of opennessof A
andT2(A) agradation of nonopennessof A.

Definition 2.3 ([13]). Let A be an intuitionistic fuzzy set
in SoIFTS(X, T1, T2) and(r, s) ∈ I ⊗ I. ThenA is said
to be

(1) fuzzy(r, s)-openif T1(A) ≥ r andT2(A) ≤ s,

(2) fuzzy(r, s)-closedif T1(Ac) ≥ r andT2(Ac) ≤ s.

Definition 2.4 ([13]). Let (X, T1, T2) be a SoIFTS. For
each(r, s) ∈ I ⊗ I and for eachA ∈ I(X), the fuzzy
(r, s)-interior is defined by

int(A, r, s) =
⋃
{B ∈ I(X) | B ⊆ A, B is fuzzy(r, s)-open}

and thefuzzy(r, s)-closureis defined by

cl(A, r, s) =
⋂
{B ∈ I(X) | A ⊆ B, B is fuzzy(r, s)-closed}.

Lemma 2.5 ([13]). For an intuitionistic fuzzy setA in a
SoIFTS(X, T1, T2) and(r, s) ∈ I ⊗ I,

(1) int(A, r, s)c = cl(Ac, r, s).

(2) cl(A, r, s)c = int(Ac, r, s).

Let (X, T1, T2) be an intuitionistic fuzzy topological
space inŠostak’s sense. Then it is easy to see that for each
(r, s) ∈ I ⊗ I, the familyT(r,s) defined by

T(r,s) = {A ∈ I(X) | T1(A) ≥ r andT2(A) ≤ s}

is an intuitionistic fuzzy topology onX.

Let (X, T ) be an intuitionistic fuzzy topological space
and(r, s) ∈ I ⊗ I. Then the mapT (r,s) : I(X) → I ⊗ I
defined by

T (r,s)(A) =





(1, 0) if A = 0, 1,

(r, s) if A ∈ T − {0, 1},
(0, 1) otherwise

becomes an intuitionistic fuzzy topology iňSostak’s sense
onX.

Let α, β ∈ [0, 1] with α +β ≤ 1. An intuitionistic fuzzy
pointx(α,β) in X is an intuitionistic fuzzy set inX defined
by

x(α,β)(y) =

{
(α, β) if y = x,

(0, 1) if y 6= x.

In this case,x is called thesupportof x(α,β), α thevalue
of x(α,β), andβ the nonvalueof x(α,β). An intuitionistic
fuzzy pointx(α,β) is said tobelongto an intuitionistic fuzzy
setA = (µA, γA) in X, denoted byx(α,β) ∈ A, if µA(x) ≥
α andγA(x) ≤ β. An intuitionistic fuzzy setA in X is the
union of all intuitionistic fuzzy points which belong toA.

Definition 2.6 ([13]). Let A be an intuitionistic fuzzy set
in a SoIFTS(X, T1, T2) and(r, s) ∈ I ⊗ I. ThenA is said
to be

(1) fuzzy(r, s)-semiopenif there is a fuzzy(r, s)-open set
B in X such thatB ⊆ A ⊆ cl(B, r, s),

(2) fuzzy(r, s)-semiclosedif there is a fuzzy(r, s)-closed
setB in X such that int(B, r, s) ⊆ A ⊆ B.

Theorem 2.7 ([13]). Let A be an intuitionistic fuzzy set in
a SoIFTS(X, T1, T2) and(r, s) ∈ I ⊗ I. Then the follow-
ing statements are equivalent:

(1) A is a fuzzy(r, s)-semiopen set.

(2) Ac is a fuzzy(r, s)-semiclosed set.

(3) cl(int(A, r, s), r, s) ⊇ A.

(4) int(cl(Ac, r, s), r, s) ⊆ Ac.

Definition 2.8 ([14, 15]). Let A be an intuitionistic fuzzy
set in a SoIFTS(X, T1, T2) and(r, s) ∈ I ⊗ I. ThenA is
said to be
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(1) fuzzy(r, s)-pre-semiopenif A ⊆ sint(cl(A, r, s), r, s),

(2) fuzzy(r, s)-pre-semiclosedif scl(int(A, r, s), r, s) ⊆
A,

(3) fuzzy strongly(r, s)-semiopenif there is a fuzzy
(r, s)-open setB in X such that B ⊆ A ⊆
int(cl(B, r, s), r, s),

(4) fuzzy strongly (r, s)-semiclosed if there is
a fuzzy (r, s)-closed set B in X such that
cl(int(B, r, s), r, s) ⊆ A ⊆ B.

Theorem 2.9 ([15]). Let A be an intuitionistic fuzzy set in
a SoIFTS(X, T1, T2) and(r, s) ∈ I ⊗ I. Then the follow-
ing statements are equivalent:

(1) A is a fuzzy strongly(r, s)-semiopen set.

(2) Ac is a fuzzy strongly(r, s)-semiclosed set.

(3) A ⊆ int(cl(int(A, r, s), r, s), r, s).

(4) Ac ⊇ cl(int(cl(Ac, r, s), r, s), r, s).

Definition 2.10 ([15]). Let (X, T1, T2) be a SoIFTS. For
each(r, s) ∈ I ⊗ I and for eachA ∈ I(X),

(1) thefuzzy strongly(r, s)-semiinterioris defined by

ssint(A, r, s) =
⋃
{B ∈ I(X) | B ⊆ A,

B is fuzzy strongly(r, s)-semiopen},

(2) thefuzzy strongly(r, s)-semiclosureis defined by

sscl(A, r, s) =
⋂
{B ∈ I(X) | A ⊆ B,

B is fuzzy strongly(r, s)-semiclosed}.

Definition 2.11 ([14, 15]). Let f : (X, T1, T2) →
(Y,U1,U2) be a mapping from a SoIFTSX to a SoIFTS
Y and(r, s) ∈ I ⊗ I. Thenf is called

(1) a fuzzy(r, s)-pre-semicontinuousmapping iff−1(B)
is a fuzzy(r, s)-pre-semiopen set inX for each fuzzy
(r, s)-open setB in Y ,

(2) a fuzzy strongly(r, s)-semicontinuousmapping if
f−1(B) is a fuzzy strongly(r, s)-semiopen set inX
for each fuzzy(r, s)-open setB in Y .

Definition 2.12 ([6]). Let f : (X1, δ1) → (X2, δ2) be a
mapping from a fuzzy spaceX1 to another fuzzy space
X2, f is called afuzzyS1-pre-semicontinuousmapping if
f−1(B) is a fuzzy pre-semiopen set ofX1 for each fuzzy
strongly semiopen setB of X2.

3. Fuzzy(r, s)-S1-pre-semicontinuous
mappings

Now, we define the notion of fuzzy(r, s)-S1-pre-
semicontinuous mappings, and then we investigate some
of their chacracteristic properties.

Definition 3.1. Let f : (X, T1, T2) → (Y,U1,U2) be a
mapping from a SoIFTSX to a SoIFTSY and (r, s) ∈
I⊗I. Thenf is called afuzzy(r, s)-S1-pre-semicontinuous
mapping iff−1(B) is fuzzy (r, s)-pre-semiopen inX for
each fuzzy strongly(r, s)-semiopen setB in Y .

Definition 3.2. Let f : (X, T1, T2) → (Y,U1,U2) be a
mapping from a SoIFTSX to a SoIFTSY and(r, s) ∈ I⊗
I. Thenf is said to befuzzy(r, s)-S1-pre-semicontinuous
at an intuitionistic fuzzy pointx(α,β) in X if for each fuzzy
strongly(r, s)-semiopen setB in Y with f(x(α,β)) ∈ B,
there is a fuzzy(r, s)-pre-semiopen setA in X such that
x(α,β) ∈ A andf(A) ⊆ B.

Theorem 3.3.Letf : (X, T1, T2) → (Y,U1,U2) be a map-
ping from a SoIFTSX to a SoIFTSY and(r, s) ∈ I ⊗ I.
Thenf is fuzzy(r, s)-S1-pre-semicontinuous if and only if
f is fuzzy(r, s)-S1-pre-semicontinuous for each intuition-
istic fuzzy pointx(α,β) in X.

Proof. Letf be a fuzzy(r, s)-S1-pre-semicontinuous map-
ping, x(α,β) an intuitionistic fuzzy point inX, andB a
fuzzy strongly(r, s)-semiopen set inY with f(x(α,β)) ∈
B. Sincef is fuzzy(r, s)-S1-pre-semicontinuous,f−1(B)
is fuzzy(r, s)-pre-semiopen inX. PutA = f−1(B). Then
A is fuzzy (r, s)-pre-semiopen such thatx(α,β) ∈ A, and
f(A) = f(f−1(B)) ⊆ B.

Conversely, letB be a fuzzy strongly(r, s)-semiopen set
in Y andx(α,β) ∈ f−1(B). Thenf(x(α,β)) ∈ B. By the
assumption, there is a fuzzy(r, s)-pre-semiopen setAx(α,β)

in X such thatx(α,β) ∈ Ax(α,β) and f(Ax(α,β)) ⊆ B.
Hence

f−1(B) =
⋃
{x(α,β) | x(α,β) ∈ f−1(B)}

⊆
⋃
{Ax(α,β) | x(α,β) ∈ f−1(B)}

⊆ f−1(B).

Thusf−1(B) =
⋃{Ax(α,β) | x(α,β) ∈ f−1(B)}, which

is a fuzzy(r, s)-pre-semiopen set inX. Thereforef is a
fuzzy (r, s)-S1-pre-semicontinuous mapping.

Remark 3.4. It is clear that every fuzzy (r, s)-
S1-pre-semicontinuous mapping is fuzzy(r, s)-pre-
semicontinuous. However, the following example shows
that the converse need not be true.

Example 3.5. Let X = {x, y, z} and letA1, A2, andA3

be intuitionistic fuzzy sets inX defined as

A1(x) = (0.3, 0.6), A1(y) = (0.2, 0.6), A1(z) = (0.4, 0.5);
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A2(x) = (0.4, 0.5), A2(y) = (0.2, 0.6), A2(z) = (0.5, 0.5);

and

A3(x) = (0.2, 0.7), A3(y) = (0.6, 0.2), A3(z) = (0.4, 0.5).

DefineT : I(X) → I ⊗ I andU : I(X) → I ⊗ I by

T (A) = (T1(A), T2(A)) =





(1, 0) if A = 0, 1,
(1
2 , 1

3 ) if A = A1, A2,
(0, 1) otherwise;

and

U(A) = (U1(A),U2(A)) =





(1, 0) if A = 0, 1,
(1
2 , 1

3 ) if A = A3,
(0, 1) otherwise.

ThenT andU are SoIFTs onX. Consider a mappingf :
(X, T ) → (X,U) defined byf(x) = x, f(y) = y, and
f(z) = z. Note that

Ac
1 ⊆ int(cl(int(Ac

1,
1
2
,
1
3
),

1
2
,
1
3
),

1
2
,
1
3
)

= int(cl(A3,
1
2
,
1
3
),

1
2
,
1
3
)

= int(1,
1
2
,
1
3
) = 1.

HenceAc
1 is fuzzy strongly( 1

2 , 1
3 )-semiopen in(X,U).

Since

f−1(A3) = A3 ⊆ sint(cl(A3,
1
2
,
1
3
),

1
2
,
1
3
)

= sint(Ac
2,

1
2
,
1
3
) = Ac

2,

f is fuzzy ( 1
2 , 1

3 )-pre-semicontinuous. Butf is not fuzzy
( 1
2 , 1

3 )-S1-pre-semicontinuous, because

f−1(Ac
1) = Ac

1 6⊆ sint(cl(Ac
1,

1
2
,
1
3
),

1
2
,
1
3
)

= sint(Ac
1,

1
2
,
1
3
) = Ac

2.

Theorem 3.6.Letf : (X, T1, T2) → (Y,U1,U2) be a map-
ping from a SoIFTSX to a SoIFTSY and(r, s) ∈ I ⊗ I.
Then the following statements are equivalent:

(1) f is fuzzy(r, s)-S1-pre-semicontinuous.

(2) f−1(B) is fuzzy (r, s)-pre-semiclosed inX for each
fuzzy strongly(r, s)-semiclosed setB in Y .

(3) For each intuitionistic fuzzy setA in X,

f(scl(int(A, r, s), r, s)) ⊆ sscl(f(A), r, s).

(4) For each intuitionistic fuzzy setB in Y ,

scl(int(f−1(B), r, s), r, s) ⊆ f−1(sscl(B, r, s)).

(5) For each intuitionistic fuzzy setB in Y ,

f−1(ssint(B, r, s)) ⊆ sint(cl(f−1(B), r, s), r, s).

Proof. (1)⇔ (2) Trivial.

(2) ⇒ (3) Let A ∈ I(X), thenf(A) ∈ I(Y ). Since
sscl(f(A), r, s) is fuzzy strongly(r, s)-semiclosed inY ,
f−1(sscl(f(A), r, s)) is fuzzy (r, s)-pre-semiclosed inX
from (2). Hence
scl(int(A, r, s), r, s)

⊆ scl(int(f−1(f(A)), r, s), r, s)
⊆ scl(int(f−1(sscl(f(A), r, s)), r, s), r, s)
⊆ f−1(sscl(f(A), r, s)).

Thus we havef(scl(int(A, r, s), r, s)) ⊆ sscl(f(A), r, s).

(3)⇒ (4) LetB ∈ I(Y ), thenf−1(B) ∈ I(X). By (3),
we have

f(scl(int(f−1(B), r, s), r, s)) ⊆ sscl(f(f−1(B)), r, s)
⊆ sscl(B, r, s).

Thus scl(int(f−1(B), r, s), r, s) ⊆ f−1(sscl(B, r, s)).

(4)⇒ (5) LetB ∈ I(Y ). By (4), we obtain

scl(int(f−1(Bc), r, s), r, s) ⊆ f−1(sscl(Bc, r, s)).

Hence we have

f−1(ssint(B, r, s)) ⊆ sint(cl(f−1(B), r, s), r, s).

(5)⇒ (1) Let B be a fuzzy strongly(r, s)-semiopen set
in Y . Then by (5), we have

f−1(B) = f−1(ssint(B, r, s)) ⊆ sint(cl(f−1(B), r, s), r, s).

Thusf−1(B) is fuzzy(r, s)-pre-semiopen inX. Hencef
is fuzzy(r, s)-S1-pre-semicontinuous.

Theorem 3.7. Let f : (X, T1, T2) → (Y,U1,U2) be
a bijective mapping from a SoIFTSX to a SoIFTS
Y and (r, s) ∈ I ⊗ I. Then f is fuzzy (r, s)-S1-
pre-semicontinuous if and only if ssint(f(A), r, s) ⊆
f(sint(cl(A, r, s), r, s) for each intuitionistic fuzzy setA
in X.

Proof. Suppose that f is fuzzy (r, s)-S1-pre-
semicontinuous. LetA ∈ I(X), then f(A) ∈ I(Y ).
Since ssint(f(A), r, s) is fuzzy strongly(r, s)-semiopen in
Y , f−1(ssint(f(A), r, s)) is fuzzy (r, s)-pre-semiopen in
X. Hence we have
ssint(f(A), r, s)

= f(f−1(ssint(f(A), r, s)))
⊆ f(sint(cl(f−1(ssint(f(A), r, s)), r, s), r, s))
⊆ f(sint(cl(f−1(f(A)), r, s), r, s))
= f(sint(cl(A, r, s), r, s)).
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Conversely, letB be a fuzzy strongly(r, s)-semiopen set
in Y . Thenf−1(B) ∈ I(X). By hypothesis, we have

B = ssint(B, r, s) = ssint(f(f−1(B)), r, s)
⊆ f(sint(cl(f−1(B), r, s), r, s)).

Thus f−1(B) ⊆ sint(cl(f−1(B), r, s), r, s). Hence
f−1(B) is fuzzy (r, s)-pre-semiopen inX. Thereforef
is fuzzy(r, s)-S1-pre-semicontinuous.

Theorem 3.8. Let f : (X, T ) → (Y,U) and
g : (Y,U) → (Z,S) be mappings. Iff is fuzzy
(r, s)-S1-pre-semicontinuous andg is fuzzy strongly
(r, s)-semicontinuous, theng ◦ f is fuzzy (r, s)-pre-
semicontinuous.

Proof. Let B be a fuzzy(r, s)-open set inY . Sinceg
is fuzzy strongly(r, s)-semicontinuous,g−1(B) is fuzzy
strongly(r, s)-semiopen inY . Becausef is fuzzy (r, s)-
S1-pre-semicontinuous,f−1(g−1(B)) = (g ◦ f)−1(B) is
fuzzy (r, s)-pre-semiopen inX. Thusg ◦ f is fuzzy(r, s)-
pre-semicontinuous.
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