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ASYMPTOTIC BEHAVIOR OF POSITIVE SOLUTIONS TO
SEMILINEAR ELLIPTIC EQUATIONS IN R"™

BAISHUN LA, QING LUO, AND SHUQING ZHOU

ABSTRACT. We investigate the asymptotic behavior of positive solutions
to the elliptic equation
(0.1) Au+ |z|'tuP + |2|2u? = 0 in R™.
We obtain a conclusion that, for n > 3,-2 < ls < I3 < 0 and ¢ >
p > 1, any positive radial solution to (0.1) has the following properties:
241, 241y
l
"L <p<gq, p#

limy 500 7 P~ w and lim,_,o7 9—1 u always exist if P
nt242h g "+n2j22l2 . In addition, we prove that the singular positive

n—2
solution of (0.1) is unique under some conditions.

1. Introduction

In this paper, we study the asymptotic behavior of positive solutions to the
following equation

(1.1) Au+ Ki(Jz))uP + Ka(|z])u? =0 in R", n >3,

and in particular, that of positive radial solutions to the equation

(1.2) Au+ |z|"u? 4 |z|2u? =0 in R", n>3,

where —2 <y <l <0,1<p<qgand A = E?a% is the Laplace operator, and

K1, K5 are locally Holder continuous in R™ \ {0}. We say a positive function
u(x) is an entire solution to (1.1), if u(z) satisfies (1.1) pointwise in R™ \ {0}.
When K (|z]) = Ka(|z]),p = g, rescaling, (1.1) reduces to

(1.3) Au+ K(|z)uP =0 in R", n>3.

(1.3) originates from many mathematical and physical fields, e.g., the well-
known scalar curvature equation in the study of Riemannian geometry, the
scalar field equation for the standing wave of nonlinear Schrodinger and the
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Klein-Goérder equations, the Matukuma equation describing the dynamics of
globular cluster of star, etc. Please refer to [16, 18, 20, 21, 23] and the references
therein. There have been many works devoted to studying the existence of
positive solutions of (1.3) in R™ after the first contribution by Ni [20] in 1982,
see [2, 6, 7, 8, 11, 12, 23] and the references therein. One of the features of
the equation is that (1.3) can posses infinitely many solutions as long as the
exponent p and the dimension n are large enough. Recent studies in [1, 3, 4, 9,
10 ] have paid special attention to this phenomenon. The purpose of this paper
is to study the asymptotic behavior of positive entire solutions and to present
the uniqueness result. In such perspective, we review related works as follows.
In the fast decay case, i.e., |[K| < Cr!,1 < —2, Ni [20] shows that (1.3) possess
infinitely many positive solutions which are bounded from below by positive
constants. Li and Ni [18] shows that, for positive solution to (1.3), the limit
Uso = lim, oo u(x) always exists. Furthermore, if uo, = 0 for any € > 0, we
have

Clx]?™ if p> %,

u(z) <
C. || (A=) +2)]/1-p if p< ntl

where C; is a constant depending on ¢, and if uy, > 0, we have

Clz|>— it 1< —n,
[u(z) — U] < Clz[* " log || if 1=-n,
C|z|?* if —n<l<-=2,

at oo.

For the slow decay case, i.e., K(r) > Cr! for | > —2 and r being large
enough, and additionally, K (r) satisfying:

(K.1) K(r) > 0in 7 > 0 and lim, oo 7' K (r) = koo > 0,

(K.2) K(r) is differentiable and [ (r~'K(r)]* € L',r > 0,

(K.3) K(r) is differentiable and [ (r~'K(r)]~ € L',r > 0.

Li [17] gave an accurate description on the asymptotic behavior of positive
solutions of (1.3), which can be stated as follows.

Theorem A ([17, Theorem 1]). Let u be a positive radial solution of (1.3).
Assume that K satisfies:
(i) (K.1) and (K.2), if 0 < 25 < 252 or
Th(ii) (K1) and (K.3), if 5% < 24 <n—2.
en,
) (2 (n—2— 27T /RST or
im r™u(r) = tee =

rT—00

0.
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Furthermore, if uso = 0, then imr"~2u(r) exists and is finite and positive.
Remark 1.1. When | = —2, a result similar to Theorem A holds (see [16, 17]).

If ; = lo = 0, the equation (1.2) reduces to the following famous Lane-
Emden equation

(1.4) Au+uP +u?=0 in R" n>3.

The equation (1.4) has been paid much attention recently. When p and ¢ are
in the range ~*5 <p < Z—'_"g < g, the mixed growth structure (supercritical for
u large and subcritical for u small) has a profound impact on the existence and
non-existence theory, and changes the outcome for the Lane-Emden equation,
the analysis is surprisingly difficult. Recently Bamon et al. ([5]) proved that if
q is fixed and let p approach Z—Jjg from below, then (1.4) has a large number of
radial solutions. A similar result holds ([5]) for p > -5 and p is fixed, while
letting g approach Z—i‘g In addition, they proved that (1.4) doesn’t possess any
solution if ¢ is fixed and then let p be close enough to .

For physical reasons, we consider the positive radial solutions to the equation
(1.2), in which case it can be rewritten as

-1
(1.5) W DT P gl = 0, n>3,
r

where r = |z|.

In order to state our main results, we need some notations, which will be
used throughout this paper:

241
p—17

2+1s

] = Q2 = 95

)\’1771 =aj(n—2—ay), )\371 =ag(n —2— as),

v1(r) = r*tu(r), va(r) = re2u(r),

(note that aq > ag,n —2 — a1 > 0).
We sometimes suppose

n+2+ 24 n+2+ 2y
——3 , qF .

Now we give the following definitions:

(L6) p#

n—2

u(r) is said to be a singular solution of (1.5)(then we say wu(r) is singular
at infinity) at infinity if limsup,_, . r**u(r) > 0, and is said to be regular at
infinitely if lim, o, 7" 2u exists. Similarly, u(r) is said to be singular at 0 if
limsup, _,o 7*2u > 0, is said to be regular at 0 if lim, ¢ u exists.

One of our main results is as follows.
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Theorem 1.2. Suppose —2 < ly <11 <0, Z’tlzl <p<gq, and p,q satisfy (1.6).
Then, for any solution of (1.5), we have:

(1.7 lim 7w = )\, or lim r" 2u=c¢
r—00 T—>00

for some constant c; > 0. Moreover,

(1.8) lim 7%%?u = A9, or limu = cy
r—0 r—0

for some constant co > 0.

Remark 1.3. If, say, the origin is a singularity of u, the term |z|"2u¢ is dominant
and the term |z|'*uP is thus a small perturbation. At infinity, the situation is
just reversed, i.e., the term |z|"uP is dominant and the term |z|'2u? is a small
perturbation.

The device in the proof of Theorem 1.2 is an energy function which plays
a central role in the convergence of (1.7) and (1.8). If p = %f;ll, then

241
the coefficient of the energy function is 0 and r71u could oscillate endlessly

. 241y .
near the oo . As the same reason, if ¢ = %f;lz, then r <=1 4 could oscillate

endlessly near the origin.

Theorem 1.4. If -2 < Iy < I; <0, % < p < g, let u be a positive radial
solution of (1.2), then

(i) if ¢ = %_2212, then either (1.8) holds, or va(r) oscillates endlessly near
the origin between two sequences i ; and o ; satisfying 0 < p; < po; and

lim ;= pa, lim po ;= po,
1—> 00 71— 00

1 = lim infr%u(r) < lim supr%ﬁu(r) = o,
r—0 r—0
where @y and po are fived values satisfying

1 AG!
(1.9) 0 <y < A2 < pg, b(pa) = b(pz) <0 with b(v) = quﬂ - QTUZ;
(i) if p= %ﬁfh, then either (1.7) holds or vi(r) oscillates endlessly near
00 between two sequences iy ; and iy ; satisfying 0 < py ; < ph,; and

. / ! . / !
lim oy ; = pa, lim iy ; = pig,
1—> 00 11— 00

/ . . n=2 . n=2 ’
py = lim infr 2 w(r) < lim supr 2 u(r) = ps,
r—00 r—00

where p and ph are fized values satisfying

1 A
(110) 0 < piy < Ax < pi, ba(ph) = bu(ap) with ba(v) = g™ = ==,
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For the equation (1.3), when K = 1, it becomes the simplest model which
is called generalized Lane-Emden equation or Emden-Fowler equation in astro-
physics

(1.11) Au+uP =0 in R", n>3.
For (1.11), Serrin and Zhou [22] obtained the following uniqueness result.

Theorem B ([22]). If 25 < p < %2 then (1.11) admits ezactly one solution

n—2’
p21 (n—2— ﬁ)r_ﬁ singular at the infinity. If p > Z*’%, then (1.11) admits
ezactly one solution p—(n -2 - ﬁ)r_%, singular at the origin.

Remark 1.5. From Theorem B, we know that (1.11) has only one solution which
is singular at infinity for %5 <p < ”+2 and singular at the origin for p > "+§
Inspired by Theorem B, we derive the followmg result.

Theorem 1.6. (i) If -2 <y <3 < 0,% <p<g< %j‘flz, then (1.5)
admits exactly one positive solution singular at infinity. This solution has the
following exact limits:
lim r®u = Ay, lim r®?u = Ag;
—00 r—0
(i) If =2 <ls <l < O,% < p < g, then (1.5) admits exactly one
positive solution singular at the origin. This solution has the exact limits:
lim r*u = Ay, lim r®?u = As.
r—00 r—0
This paper is organized as follows. In Section 2, we make some basic ob-
servations and fundamental estimates of positive solutions. In Section 3, the
asymptotic behaviors at co and 0 of positive solutions are studied. Finally, the
uniqueness result is established.

Throughout this paper, unless otherwise stated, the letter C' will always
denote various generic constant which is independent of u and may change its
value from line to line.

2. Preliminaries

In this section we present some preliminary results for radial solution u(r)
of (1.5), where r = |z| is the radius.

Now we prove the following priori estimates, which are inspired by the work
of Ni [20].

Lemma 2.1. If -2 <y < l; <0, % < p < q, let u(r) be a positive radial

solution of (1.5) for r € (0,00), then we have, for some positive constant C,
241
(i) If u tends to oo as r — 0, then u(r) < Cr~ =
241
(i) If u tends to 0 as r — oo, then u(r) < Cr~ =
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Proof. (i) For a radial solution u = u(r), we rewrite (1.5) in the following form:
(2.1) (7Y A ) — o,

Since u — 0o as r — 0, there exists small g > 0 such that u’ < 0 in (0, o).
Integrating (2.1) from 7 to r (7 < r < rg), we obtain

T
(1) = 7 (F) —/ s (st P 4 s'2uf)ds.
T

Therefore, r"~1u/(r) < — [T s"~1(shuP + s™2ud)ds for all 0 < 7 < r. Then
letting ¥ — 0, we obtain

.
Tl (r) < —/ s (s uP 4 s'2u?)ds
0

T
< —/ s sty dds.
0

Since u is decreasing near r = 0, we find that

" 1
"l (r) < —uq(r)/o s" sl ds = —mrn”zuq(r%
which in turn leads to
!/
(22) U (T) S o C lo+1
ud(r) n+ly

Integrating (2.2) over (7, ), we have

T / T
(2.3) / 4 (:) ds < —C [ s2Tlds.

Fou 7

It follows from (2.3) that
-1
1—q > (7)1 q lo+2 _ Zla+2
w I (r) > u(r) "9+ 12 2(r 7.
Letting ¥ — 0, we have
ut=(r) > Cr2tle,

241
So we have u(r) < Cr-at for0<r< ro, and the proof is completed.

Part (ii) of Lemma 2.1 may be handled in a similar way. Similar to the proof
of (i) there exists a large number R > 0 such that, for all r > R,

T
r" ! (r) < —/ s LshuPds.
R
By a similar computation, we have
/
u(r 1
ulr) 1

2.4
(2:4) uw? T n+l

(Rn+l1,r1—n _ T1+l1 )

Integrating (2.4) over (R,r), we have

urTP(r) > Cr*Th at r = co.
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241
So we have u(r) < Cr 71 asr — 00, and the proof of part (ii) is completed.

O

Lemma 2.2. Let u be a positive solution of (1.5). Then there exist two positive

numbers 7 and T SUCQthhat .
() [/ ()] < Cr~ G, W) < CrmGTE Y for0<r < F

1 l
(i) |u/(r)] < CT_(%—H); |u" ()| < or= G +2) forr>T.

Proof. (i) Integrate (1.2) in a small ball B, with radius r centered at 0. From
Lemma 2.1 and Green’s identity, we obtain

—wpr T (1) = —/ Au :/ (|| uP 4 |z|'2ul)dx
B, B,

T 1 = P
<C s2uls" ds < C § -1 TR g
0 0

_ o Bartuin

So as r — 0, we have

,u/(r) = |u/(r)| < CT’_%Q""ZTH _ CT_(2;:112 +1)’

-1
lu’| < [ . /| + rhuP + rl2ud

< O+ 4 plo= S0 < = (FE4D),

And the proof of (i) is completed.

Part (ii) of Lemma 2.2 may be handled in a similar fashion. As in the proof
of (i), for large r we have

wyr™ (= (1)) = —/ Au = / shtu? + s'2uldz
B,

=T 1
<C+C s~ papthtnTlgg
Ro
where Ry is a large positive number. By a simple computation, we obtain
241 241
o/ ()] < Cr= G ()] < Crm G ag r = oo,
and the proof is over. O

Lemma 2.3. Suppose that u is a positive solution of (1.5). Let v(r) = r®u(r).
Then v satisfies
,,+n—1—2av,_ (n—2-a)a

= v+ phime=Dayp L pla—(g=Daya _

r r
Let & = ay. Then we have (vy = r*u)

P
n—1-— 2041v1 _ (n—2-— Oz1)oz1v1 n v _|_T127(q71)a1v§ —0.

(2.5)  of + = 2
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Let & = ag. Then we have (v = r*2u)

n—1-2a n—2—a)a v
(26) 7}’2/ + " 21)/2 _ ( > 2) 21)2 + r% +7,.l17(17*1)a2v§ = 0.

This lemma can be proved by straight forward calculations, thus we omit it
here.

Lemma 2.4. We have
(2.7) viPr € LYNR,00), vir e LY(0,R),
where R is a large positive number.

Proof. Multiplying (2.5) by v{r? and integrating from R to r > R, we obtain

(2.8)
T T T
12 .2 r A1 1 r
sl i viZsds— 02| 4 T 4 [ stemealam A2y 05 —
2 |, R 2 p+1t R !
where ¢! =n —2 — 204.

From (ii) of Lemma 2.2, we obtain

C C
(2.9) il < —5 il < 5 at r=oc,
so vP ! ,@ and [5, s'271(@=D+2¢/4%ds are bounded at r = oo, which
R R
imply
/ vilsds < C forall r> R
R

since ¢! # 0 by (1.6), and the first one (named as (2.7)1) of (2.7) follows. (2.7)2
can be handled by a similar way, we omit it here. O

Lemma 2.5. We have

(2.10) lim rv} = 0; }%rué = 0.

Proof. Now we prove (2.10);. Suppose for contradiction that it is not true,
then there exists a sequence r; — 400 such that

|v] (ri)rk| > C.
From (2.9), one obviously has, near oo,
M
-
for some M > 0. Combining the above two inequalities yields

[0 (r)r? — vy (re)ri| < Mlr — ri max(3, ),

|(?r?)'] <

and so
2 2
12

C -
VPt = oo e[l e) e, (Lt el e(14e) = o7z



ASYMPTOTIC BEHAVIOR OF POSITIVE SOLUTIONS 439

This contradicts (2.7);.
The proof of (2.10)s may be handled similarly. As in the previous proof, we
have, near 0,
gy < 2
r
for some M > 0, and by a similar calculation, we will obtain a contradiction
and the proof is completed. (I

Lemma 2.6. Let u be a positive superharmonic function near oo and @ be its

spherical mean. Then, r™" 24 is increasing as r — o0.

Proof. Put f(t) :=r""2u(r),t = logr. Then f satisfies
ff=n=2)f"<0
and f/(t) < e"=20=T) f/(T) on [T, t] for T large. Because f is positive, f must

be increasing near co. It implies that (r"~2%(r)), > 0 near co. d

3. Asymptotic behavior

In this section we investigate the asymptotic behavior at co and 0 of positive
solutions of (1.5). We prove that any positive solution of (1.5) must behave
either like = or 727" at co. In addition, if any positive radial solution of
(1.2) is singular at the origin, then it must behave like r~—*2. Now we give the
proof of Theorem 1.2.

p+1 p—1, 2
U1 Al vl

The proof of Theorem 1.2. Consider the function a(r) = T — — 3 By
Lemma 2.4 and Lemma 2.5, we have, for fixed R > 0,

12,.2 T r

vir _ @41

12 -0, / Vs — ey, / rl2 =1 2P eg as T — 00
R R

for some constants ¢y and cg. This implies, by (2.8), that a(r) must tend to a
finite constant ¢4 as t — oo. We claim vy approaches a finite limit as r — oo.
If not, we may choose two sequences {n;} and {&} going to oo as i — oo such
that

{n;} are local minima of vy, {;} are local maxima.

M <& < Mit1,8=1,2,....
And we have

v1(n;) = my, v1(&) = ma asi — oo
for some positive constants my, mg with m; < mgy. Since a(r) tend to a finite
constant as r — oo, we have
+1 -1 +1 -1
i I

p+1 2 p+1 2

= C4,
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where ¢4 is a constant. However, the intermediate value theorem shows that
there exists r; € (n;,&;) such that
da(v)

v(r;) =mg, myp <my < mgand ——=(r;) =0.

dv

p+1 p—1 2 p+1 p—1,2
me AT my i v A v

Furthermore, we have ) 5 = ¢y, since pEm) 5
minima for v; € [0,+00]. A contradiction is obtained. Similarly, we conclude

that r®2u(r) approaches a finite limit as r — 0.

has only one

Claim. (1) lim,_,~ v1(r) must be either 0 or Ay;
(2) lim,_, v2(r) must be either 0 or As.

We only prove (1), the demonstration of (2) being the same. We denote the
lim, oo v1(r) by voo. Now, if vy, # 0, we want to show that ve = A;. From
(2.5), we have

@4_( _9_9 )@_( —2—ay) + P 4 elle=(@=Dar+2)t, 0 _
dt2 n a1 dt n a1 )1V v (& vy =Y,

where ¢t = logr. From Lemma 2.5, we have v/(f) — 0 as t — oo. So
lim;_, oo v”(t) exists and must be 0. Immediately, we have vy, = A1 or 0.

If lim, 00 v1(r) = 0 or lim, g v2(r) =0, (2.5) and (2.6) suggest that v; (i
1,2) tend to zero at an algebraic rate. Indeed, since p,q > 1 and v;(i = 1,2) is
expected to satisfy asymptotically the following equations

w0

. APt
’U/ll + Rt —ean lr 2a1’l}i — ;42 v = 0 as r— o0,
" n—1—2as ./ At
’U2—|-7r 21}2— iQ 1)2—0 as r — 0.

Therefore v; should satisfy the following asymptotical behaviors
vy A (Pm20n) gt 00, vy~ at 0.
Now we claim: (i) If lim, . v; = 0, then lim, , 7" 2u = ¢ > 0;
(i1) If lim, o ve = 0, then lim,_,ou = ¢; > 0.
First, we prove (i), by assumption, for any £ > 0 there exists a positive

number 7. such that v, satisfies

—-1- 2a1v, B (A1 —¢)

n
(3.11) vy + 1 2

vy >0, r>r..
The characteristic equation of (3.11) has the two characteristic values

n—=2—4/(n—2)%2—4e — oy + O(E),

2
a2:al_wzal+2_n+0(5)~

Rewrite (3.11) as

a; = & —
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where D := 4 D% := %.
Let (D — “2v;) = Uy, so we have
1—
Ul + ral U, >0,
from which, we have
(3.12) [0 (D — Z2)py) > 0,
r

Observe that, for € small enough,

lim 1= +0E (D~ 2y, =0 by (2.9),

r—>00 T

since 1 — ay + O(e) < 1. Tt follows from (3.12) that
(D — @)vl <0, 7>re.
r

Integrating once from r. to r yields

V1 < €or®? = ¢ t2nt0E) s
Thus for e sufficiently small,
n—1-2a A1
(3.13) vy + . v] — ;2 vy = g(r)
with
vt l 1 2-6
(3.14) g(r) = ot 2=(@=Daryd — O(r=27%) near oo,

where ¢ is a positive constant.
Applying the method of variation of parameters to (3.13), vy is represented
by

vi(r) = C1(R)r* + Co(R)r* "
Ta1+2—n T rot T
+ By /R sV g(s)ds — 5 /R 517 g(s)ds.
By a similar computation, we have, from (3.14) and the boundedness of v (r) ,

v (r) = Croat2—n 4 0(ra1+27”),

hence,
r2u(r) < C  at r=oo.
By Lemma 2.6, there exists a constant ¢ such that 7" ~2u(r) — c as r — oc.
The proof of (ii) is handled by the same way. As in the proof of (i), for any
e’ > 0, there exists a positive number 7., such that
’ (67

lim "~ 102 tOED (D — 2y, = 0,

r—0 r
and

(D— ), >0, 0<r<ro.
,
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Integrating once from r to r., yields

!
vy < car@2 O,

Applying the method of variation of parameters to (2.6), we immediately obtain
that vy is bounded by %2, and in turn « is bounded, by standard theory, we
have lim,_,o u(r) = ;.

When p = %jﬁll orq = %jﬁb, there is another possibility: "7 u could
oscillate endlessly near oo or oscillate endlessly near the origin. (]
The proof of Theorem 1.4. (i) The function v (t) := r*2u,t = logr, satisfies

vy — )\g_lvg +vd + e51t1;§ =0,

where 61 = (a1 — ag)(p — 1) > 0. Note that by Lemma 2.1(i), vo(t) is bounded
near —oo. Define an energy function
1 2 )‘371 2

1
E(t) = 51}2 — 2 ’UQ + qu+1.

As in (2.8), we have
T
E(t)=C(T) +/ 15 vhvlds,
t
where T is a fixed number.
In case that vs oscillates near —oo, then we may suppose that
0<p; = lim infove(t) < lm supwvs(t) = g < 0.
t——o0 t——oo

Then, there exist two sequences 7; and ¢; going to —oo as ¢ — oo such that
7; and g; are local minima and local maxima of vy, respectively, satisfying

M < & < Mit1,t = 1,2,.... From (2.8), we know lim;, ftT e‘slsvé’véds
exists, so F = lim;_,_, E(t) exists, and from which we have

gt 1 AT 1
Jlim B(mi) = —=5—pi + ﬁ/f{“ = - u+ mug“ = lim E(e;),
which implies that b(u1) = b(uz).
Observe that for each ¢ > 1,
(3.16) 0 < of(m) = A5 oa(mi) — v (m) — 05 (ms) e ™,
while
(3.17) 0> vf(e;) = A ug(ey) — vl (e;) — v8(g;)ehee.

Putting va(n;) = p1,i,v2(gs) = pa,i, we have
lm gy =pr,  lim g = po.
11— 00 11— 00
From (3.16) and (3.17), we obtain
0 < <Az < po.
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The proof of (ii) can be handled in a similar way, we omit it here. (]

4. A uniqueness result

In this section, we shall prove a uniqueness result for positive radial singular

solutions of (1.5) when p > ”tfi“ll and ¢ < %2212 More precisely, we
require that solutions be singular at infinity for ¢ < ”+2+2[2

n+2+2l1

, and be singular
at the origin for p > In order to prove Theorem 1.6, we need a finer
asymptotic behavior of solutlon to (1.5) near 0 and oo.

Let w(t) = v; — Ay, t = logr. If limp oo v(t) = A1, then we have
limy_ 4 oo w(t) = 0 and
(4.1) w4+ (n—2—=20)w' + (2+1L)(n—2—a))w+ f(w) + (w+ A;)% =0,
where § = %+2+12 < 0, and

—1 > (p — k‘ =+ 1) w
P = Oy =X ==Y CER
— 1A

= %wz +o(w?) for w near 0.

Theorem 4.1. Let u(r) be a singular solution of (1.5) at infinity and % <
p < %f;ll Then for any € € (0,—0) we have
(4.2) w(t) =0(e™"), w'(t)=0(e""") as t — +o0.

Proof. For T > 0 and ¢ € (0,7T), multiplying (4.1) by 2w’(¢) and integrating
from t to T, we obtain
T T
[w’2+(2+ll)(n—2—a1)w2]‘ +2(n—2—2a1)/ w'?ds
(4.3) ! t

T T
—|—2/ f(s)w'd5+2/ (w + M)’ w'ds = 0.
t t
By (2.10), it is easy to see that for large ¢,

w?(T) = 0, w*(T) = 0,

/lf (_?V23@+4M@)%T%+m

It follows from Lemma 2.4 and (4.3) (letting T — oo) that, for large ¢,
w%w+@+mmf2—mmﬂwgcmﬁ+/ (w + M)/ ds,
t
since n — 2 — 2a; < 0. It follows that for large ¢

(4.4) W?{t)+ 2 +1)(n—2—a)w?(t) < C’/too(w + A)2e?w'ds < Ce.
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Hence by (4.4) and the fact (2+11)(n — 2 — 2aq) > 0, we have
W' (8)] + [w(t)] < Ce.
Therefore
T S T 358 35
’/ (w+ X)le tw’ds‘ < C/ e2% < Ce?t,
t t
which, together with (4.4), imply, that
! ()] + [w(®)] < Ce .
Thus for any m > 0, using a simple iteration of m-step in (4.4) yields

(2m-1)5

' ()] + [w(t)] < Ce >,

and (4.2) follows by taking m large. O

Remark 4.2. As a matter of fact, applying the method of variation of param-
eters to (4.1), we have that € can reach at —d. Because of (4.2), we have
f(t) = O(w?(t)) = O(e”) and
1 [ a2 2a
w(t) = _7/ et (s sinw(s — 1)[f(s) + (v + A\1)P]ds = O(e®),
w Jt
where w = ((24+l1)(n—2— ) — 3(n—2 — 201)2)2.
Remark 4.3. If u(r) is a singular solution of (1.5) at 0, and 2t < ¢ < 2242l
then we have a similar result
va(r) = A2 = O(r), (v2(r) = A2)’ = O(r™") as 1 — 0,
where € € (0, (2“;)_# +2+1).
Now we are ready to prove Theorem 1.6. Let u;(r) and ug(r) be two different
singular solutions of (1.5) at infinity. We introduce the function
W(t) = r*uy(r) — r*ug(r) = wi(t) — wa(t), t=Ilogr,

and show that w(¢) is identical to zero.

Proof of Theorem 1.6. Clearly w(t) satisfies
() + (n—2—2a)@0' )+ 2+ 11)(n—2—ai)w
+(f(wr) = fwa)) + [(wi(t) + X1)? = (wa(t) + A1)7e = 0.

For T > 0 and ¢ € (0,T), multiplying (4.5) by 2@’ and integrating from ¢ to T,
we obtain
(4.6)

T
[@7? + (2+1)(n—2— al)wz]’j Tl 2a1)/t "

(4.5)

2 / Flwy) — flwg))a +2 / (w1 (8) + M) — (wa(t) + A)7)eda’ = 0.
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Thus we have the following estimates:

T T
’/ [f(wl) ’lU2 i ‘ < C/ e~ €S < C e—ss(w2_|_u—]/2)
t
and

/tT[(uu(t) + )T = (wa(t) + M) e 0’ < C/ w'?).
For large t, it follows, by letting T' — 400 and using Theorem 4.1, that
@?(t) + 2+ 1) (n—2—a)w?(t) < O/oo e = (w? + w'?),
t
since n — 2 — 2a; < 0. From which, we have

w?(t) + w(t) < C/ e = (w? + w'?),
t

sine (2 +11)(n —2 —a1) > 0. Hence w'?(t) + w?(t) = 0 for all sufficiently
large t by the Gronwall inequality. According to the uniqueness of ordinary
differential equation, w is identically zero for all ¢.

When p > %f;ll, we use the transformation
wy(t) = r*ui(r) = r*uy(r) = z1(t) — 22(t), t=logr,
where z;(t) = r*2u;(r) — A2 = 0 (i,=1,2) as t - —oo. Then wy (t) satisfies
wy”(t) + (n— 2 = 2a0)wy (t) + (2 + l2)(n — 2 — ag)un
+(f(21) = F(22)) + [(21(8) + A2)? = (22(1) + Ao)P]e™" = 0,

where d; = (p — 1)(aq — az) > 0, and

(4.7)

N

_ . —-1_ Ooq_k+1 z k
R RS Sl

— )AL
_ %22 + 0(2?) for t near — oo.

The equation (4.7) is the same as (4.5). On the other hand, one can easily see
from previous proof that the key ingredient of the proof for the case p > M
is that the coefficient of the term w;’(¢) is not less than 0. Fortunately, we
have n — 2 — 2ae > 0 when p > M Hence the proof above carries over
immediately. (]
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