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A REMARK ON H-CONTACT UNIT TANGENT
SPHERE BUNDLES

SUN HyaNG CHUN, HONG KYUNG PAK, JEONG HYEONG PARK,
AND KOUEI SEKIGAWA

ABSTRACT. We shall give some curvature conditions for the unit tangent
sphere bundle of an n(> 4)-dimensional Riemannian manifold to be H-
contact. Furthermore, we provide an example illustrating Main Theorem.

1. Introduction

Studying the relationships between the geometric structures of Riemannian
manifolds and their respective unit tangent sphere bundles is one of interesting
topics in Riemannian geometry. A unit vector field V on M determines a map
between (M, g) and (T3 M,¢’). If the Riemannian manifold (M, g) is compact
and orientable, the energy of V is defined as the energy of the corresponding
map:

E(V) / |dV |dv, = —vol M,g) / IVV|2dv,,

where m = dimM [14]. V is said to be a harmonic vector field if it is a critical
point for the energy functional E in the set of all unit vector fields of M [14].

Perrone defined an H-contact manifold as a contact metric manifold whose
characteristic vector field £ is harmonic, and proved that a contact metric man-
ifold is an H-contact manifold if and only if the characteristic vector field £ is
an eigenvector of the Ricci operator [13]. Boeckx and Vanhecke [3] proved that
the unit tangent sphere bundle of a 2-dimensional or 3-dimensional Riemannian
manifold is H-contact if and only if the base manifold has constant sectional
curvature. Calvaruso and Perrone [5] obtained the same result in the case of
the n(> 4)-dimensional conformally flat manifold. The authors proved that the
unit tangent sphere bundle T3 M of an n(> 3)-dimensional Einstein manifold is
H-contact if and only if the base manifold is 2-stein ([8], Main Theorem). The
main purpose of the present paper is to prove the following:

Received October 23, 2009; Revised February 24, 2010.
2010 Mathematics Subject Classification. Primary 53C25, 563D10.
Key words and phrases. unit tangent sphere bundle, H-contact manifold.

(©2011 The Korean Mathematical Society

329



330 S. H. CHUN, H. K. PAK, J. H. PARK, AND K. SEKIGAWA

Main Theorem. Let M = (M,g) be an n(> 2)-dimensional Riemannian
manifold whose unit tangent sphere bundle Ty M equipped with the standard
contact metric structure (n, g, ¢,€) is H-contact. If dimM # 4, then the scalar
curvature T of M, the square norm |p|? of the Ricci tensor and the square norm
|R|? of the curvature tensor are all constant. If dimM = 4, then T and |p|* are
constant, however, |R|? is not necessary constant.

This Main Theorem together with Theorem 2 in Section 5 can be comparable
with the results ([7], Theorem 1 and Theorem 2). After the proof of Main
Theorem, we shall provide an example concerning Main Theorem.

The authors would like to express their thanks to the referee for the insightful
suggestion concerning Question 1.

2. Standard contact metric structure on a unit tangent
sphere bundle

All manifolds in this paper are assumed to be of class C*°. We refer to [2]
for the basic concepts and terminologies on contact metric manifolds.

Let (M,g) be an n-dimensional Riemannian manifold and V the associ-
ated Levi Civita connection. Its Riemann curvature tensor R is defined by
R(X,Y)Z = VxVyZ —VyVxZ — VxyZ for all vector fields X,Y and Z
on M. The tangent bundle of (M, g) is denoted by T'M and consists of pairs
(p,u), where p is a point in M and u a tangent vector to M at p. The mapping
m:TM — M, w(p,u) = p is the natural projection from TM onto M. For a
vector field X on M, its wvertical lift XV on T'M is the vector field defined by
X"%w = w(X) om, where w is a 1-form on M. For a Levi Civita connection V
on M, the horizontal lift X" of X is defined by X"w = Vxw. The tangent
bundle T'M can be endowed in a natural way with a Riemannian metric g, the
so-called Sasaki metric, depending only on the Riemannian metric g on M. It
is determined by

g(Xh,Yh):g(XU7YU):g(X7Y)o7T7 g(Xh7Yv):O
for all vector fields X and Y on M. Also, TM admits an almost complex
structure tensor .J defined by JX" = XV and JX" = —X". Then g is a
Hermitian metric for the almost complex structure J.

The unit tangent sphere bundle 7 : 1M — M is a hypersurface of T M
given by gp,(u,u) = 1. Note that 7 = 7 o4, where 7 is the immersion. A unit
normal vector field N = «" to Ty M is given by the vertical lift of u for (p,u).
The horizontal lift of a vector is tangent to T3 M, but the vertical lift of a
vector is not tangent to T3 M in general. So, we define the tangential lift of X
to (p,u) € ThM by

X

pu)

(X = g(X,u)u)".

Clearly, the tangent space T, )71 M is spanned by vectors of the form X h and
X*, where X € T,M.
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We now define the standard contact metric structure of the unit tangent
sphere bundle 77 M of a Riemannian manifold (M, ¢g). The metric ¢’ on Ty M is
induced from the Sasaki metric § on T'M. Using the almost complex structure
J on TM, we define a unit vector field &', a 1-form 1’ and a (1,1)-tensor field
¢’ on TY M by

& =-JN, ¢ =J—-n®N.
Since ¢'(X,¢'Y) = 2dn'(X,Y), (', g',¢',&') is not a contact metric structure.
If we rescale by

1 _ 1
£:2§/a 772577,7 ¢:¢/a nggla
we get the standard contact metric structure (1,3, ¢,¢). From now on, we

consider Ty M = (T1 M, n, g, ¢, &) with the standard contact metric structure.

W

Let {eq,. .., e, = u} be an orthonormal basis of T, M. Then the Ricci tensor
p of T1 M is given by

pXLYY) = (n—2)(9(X,Y) — g(X,u)g(Y, u))
+ - Zg (u, X)ei, R(u,Y)e;),
pX, Y = é((mﬂx, Y) - (Vxp) ().
X" YM) = p(X,Y) ffZg (u, €)X, R(u, e;)Y),

where p denotes the Ricci curvature tensor of M. We refer to [4, 7, 11, 12] for
the formula (2.1).

3. H-contact unit tangent sphere bundles

Let M = (M, g) be an n(> 3)-dimensional Riemannian manifold and {e; }1,
be a local orthonormal frame field at an arbitrary point p € M. Now, we assume
that Ty M is H-contact with respect to the standard contact metric structure
(1,3, ®,&). Then the base manifold M satisfies the following conditions [5].

(3.1) Vipjk — Vjpir =0,
(3.2) 2pap = Z RaivjRaiaj (a # D).
ij=1

From (3.1), we see easily that the scalar curvature 7 of M is constant.
Now, we shall deduce several easy consequences of formula (3.2) for the later
use. We set

(3.3) {u = cos fe, + sin fey,

xr = —sinfe, + cos ey for all a # b.
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Substituting (3.3) into the left hand side of (3.2), we get (using some standard
trigonometric identities)

(3.4) 2p(cos beq+sinbep, —sin Oe,+cos Oep) =2pap c08(26) + (b — Paa) SIn(26).

Similarly, substituting (3.3) into the right hand side of (3.2), and taking account
of (3.3), we get
Z R(cosbe, + sinfey, e;, —sinfe, + cos Oey, e;)
ij=1
x R(cos fe, + sinfey, e;, cos fe, + sin bey, ;)
1 n n )
= 2pap cos(20) + i{ Z (Rpinj)? — Z (Raiaj>2} sin(20)
(35) i,7=1 i,j=1
1 n n n
+ Z{ > (Raivg)? + > RaivjRiaj + Y RaiajRoi;
ij=1 ij=1 i,j=1
1 n 1 n
— 5 Z (Raia]‘)Q — 5 Z (Rbibj)Q} sin(49).

i,j=1 i,j=1

Then, comparing the finite Fourier series in (3.4) and (3.5), we obtain two
equations:

n n
(3.6) 4(paa = pov) = Y (Raiag)* = Y (Ruin)’,
ij=1 inj=1
2{ Z (Raiv;)” + Z Raivj Rpiaj + Z Raiaijibj}
(3.7) ij=1 ij=1 ij=1
= Y (Raiaj)* + >, (Ruing)*.
ij=1 i=1

We shall recall the following fact ([8], Lemma 4.1) which plays an important
role in the proof of Main Theorem.

Lemma 1. Let S™(n > 2) be an n-dimensional unit sphere centered at the
origin 0 in an (n+ 1)-dimensional Euclidean space E"' and f be a real-valued
function on S™ satisfying the condition f(u) = f(v) for any u,v € S™ such that
u L v. Then, f is constant on S™.

4. Proof of Main Theorem

Let M = (M, g) be an n(> 3)-dimensional Riemannian manifold satisfying
the hypothesis of Main Theorem and {e;}]—; be any orthonormal basis of T, M
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at an arbitrary point p € M. Then from the equality (3.6), we get

(41) 4paa - Z (Raiaj)2 = 4pbb - Z (Rbibj)2
i,7=1 i,7=1

for all @ # b. We may regard (T, M, gp) as an n-dimensional Euclidean space E™
and the unit tangent sphere U, = {u € T,M||u| = 1} as an (n—1)-dimensional
unit sphere S"~1(C E"), respectively. We now consider the smooth function
F on E" = (T,M, g,) defined by

n

(42) F(u) = 4p(uau)g(ua u) - Z (Ruiuj)2

4,j=1

for all w € T,M. Further, we denote by f the restriction of the function F
to S"~! = U,. Then, applying Lemma 1 to the function f on S"~!, we see
that there exists a function C' on M satisfying the following equality for any
u € 8" 1, at each point p € M:

n

(4.3) 4p(u,u) = > (Ruinj)® = C(p).

ij=1
From (4.3), we have also

n

(4.4) 4p(u, u)g(u,u) = Y (Ruing)* = C(p)g(u, u)g(u, u)

1,j=1

for any uw € T,M = E", at each point p € M. We set u = Z?:l use;. Then,
from (4.4), we have

Z { Z (4pab9cd - Z Raibchidj)}UaubUcud

ab,c,d=1 " (a,b,c,d)EG, ij=1
(4.5)

n

= C(p) Z { Z gabgcd}uaubucud

a,b,c,d=1  (a,b,c,d)ES,

for any (u;) € E™, where &4 denotes the set of all permutations of the letters
a, b, c,d. Since we may regard both sides of the equality (4.5) as homogeneous
symmetric polynomials of degree 4, from (4.5), we have

(4.6) Z (4pabgcd - Z Raibchidj> =C(p) Z JabYed

(a,b,c,d)eS4 i,j=1 (a,b,c,d)eG4
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at each point p € M. From (4.6), by direct calculations, we get
4(pabgcd + Pacgbd + PadGbe T PocYad + PbdJac + pcdgab)

- § azb; czdj + Razbdewj + Razchbzdj + RazchdzbJ
i,5=1

+ Raidj Ryicj + Raidj Reivy)
= 2C(p)(9abed + JacTbd + JadJye)

for any 1 < a,b,c,d < n. Transvecting g.q with (4.7), we have
(4.8)

A(n+4D)pab +47gap +2 Y pijRaivj =3 > RuiajRiinj = 2(n + 2)C(p)gab-

ij=1 iy, k=1
From (4.8), we have immediately

2n(n + 2)C(p) = 4(n +4)7 + 4n1 — 2|p|*> — 3|R|?

4.9
(4.9) =8(n+2)1 —2|p|* - 3|R%.

From (4.9), we may see that C' gives rise to a smooth function on M. Thus,
from (4.9), since 7 is constant, we have
(4.10) 2n(n + 2)uC = —2ulp|* — 3u|R|?

for any tangent vector u at any point p € M. Now, since 7 is constant, from
(4.8), taking account of the second Bianchi identity and (3.1), we have

2 Z ang azbj 3 Z Rkiag (v Rk"Lb]) - 2(” + Q)Vbc

a,ij=1 a,ij,k=1

and hence,

(4.11) —%vb|R|2 =2(n+2)V,C.
Thus, from (4.11), we have

(4.12) —3u|R|* = 8(n + 2)uC.
Thus, from (4.10) and (4.12), we have

(4.13) Sulp|? +3(4 — n)u|R|* =

for any tangent vector u at each point p € M. Therefore, if n = 4, then |p|? is
constant.
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On the other hand, operating V,, on both sides of (4.7) and taking sum with
respect to a, we have

4(Vapse + Vepsa + Vipea)
- Z (RaibiVaReidj + RaivjVaRaici + Raic;VaRbidj
(1.14) o
+ RaicjVaRaivj + RaidjVaRvici + RaiajVaRein;)
=2((VoO)gea + (VeO)gba + (VaC)gee).-
Here, we get

n 1 n
Z Raiv;VaReidj =3 Z Rait;(VaReigj — ViRcadj)

ai,j=1 ayi,j=1

1 n
(4.15) =-3 Z Raiv;V e Riadj

a,i,j=1
1 n
=5 > Rait;VeRaidj-
a,i,j=1
Similarly, we have the following.

n 1 n
Z RaiijaRdicj:§ Z RaivjValRaicj,

a,i,j=1 ai,j=1

Z RaicjvaRbidj:% Z Raicjvaaidj7

a,i,j=1 a,i,j=1
n n
1
(4.16) g RuiciVaRain; = 3 E RuiciVaRaivyj,
a,ij=1 a,i,j=1

Z RaidjvaRbicj:% Z RaiajVoRaicj,

a,i,j=1 a,i,j=1

Z RaidjvaRcibj:% Z RaidjV e Raivy-

a,i,j=1 a,i,j=1

Thus, from (4.15) and (4.16), transvecting (VC)ged + (VeC)gba + (VaC)goe
with the left hand side of (4.14), we have

4 Z (VuC)gea + (VeC)goa + (VaC)gie) X (Vapoe + Vepsa + Vopea)

1
(4.17) — 3 Z (VsC)gea + (VC)gba + (VaC)gye)
X (Vo(Raicj Raigj) + Ve(Raivj Raidj) + Va(Raivi Raics))-
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Similarly, transvecting (VyC)ged + (VeC)goa + (VaC)gpe with the right hand
side of (4.14), we have

2 Z (VoC)gea + (VeC)gba + (VaC)gbe)
X (VsC)ged + (VeC)gba + (VaC)goe)
(418) =23 {4(V,0)% + 4(V.C)? +4(V4C)? + (V4C)? + (VuC)?
+ (Ve0)? + (VaC)? + (V0)? + (V.C)?}
= 36|VC|%,
and hence, from (4.17) and (4.18), we get

36|VC|?

= — 1{2 Z(VbC)(vc(RaibjRaicj)) + Z(VbC)(Vb|R|2)

2
+ 2 Z(VCC)(vb(Raichaibj)) + Z(VCC)(VC|R|2)
+2 3 (VaC) (Vo Racts Raiar)) + 3 (VaC)(Val RI?) }

= - ZZ(Vz’C)Vz"RF'
Thus, we have
(4.19) 16|VC|* = = (ViC)Vi| R,
From (4.11) and (4.19), we have
(4.20) 128(n + 2)|VC|* = 3|V|R]?|".
On one hand, from (4.11), we have
(4.21) 64(n +2)2|VC]? = 9|V|R]*|*.
Thus, from (4.21) and (4.20), we have

6| VIR = (n+2)|VIR]|?,

and hence,
(4.22) (n—4)|VIR]>|” = 0.

Thus, if n # 4, then V|R|?> = 0, and hence, |R|? is a constant. Therefore,
from (4.13), it follows that |p|? is a constant. This completes the proof of Main
Theorem.

Here, we remark that an 7-Einstein structure is a special case of an H-
contact. In [7], we proved that if Ty M is n-Einstein, then 7, |R|? and |p|? are
all constants.

Lastly, we provide an example illustrating the latter part of Main Theorem.



A REMARK ON H-CONTACT UNIT TANGENT SPHERE BUNDLES 337

Let M be a 4-dimensional real half-space given by M = {(x1, 22, z3,24) €
RY| 21 > 0, (72,23, 24) € R3} and define a Riemannian metric g on M by

T 0 0 0

0 x4+ f”% _ x2x3 T3

(4.23) 9= (9:7) = T

. ij - ,

0 —Z2%3 g4 T2 _ @3

4xq 1 4xq 2xq

0 3 — Z2 1

21, 2, 1

where g;; = g(a%i7 a%j) [9, 10].

Then we see that (M, g) is Ricci flat and 2-stein, and hence, the unit tangent
sphere bundle T7 M equipped with the standard contact metric structure is H-
contact. However, we may also check that the square norm of the curvature
tensor is not constant [8]. Reflecting on Main Theorem, the following question

will naturally arise.

Question 1. Is an n(# 4)-dimensional Riemannian manifold, whose unit
tangent sphere bundle equipped with the standard contact metric structure
having H-contact, locally symmetric?

5. An application

In this section, we shall provide an application concerning Main Theorem.
First, we define symmetric (0,2)-tensor field o on M by

(5.1) o(z,y) = Z Raiji Ryijk

4,3,k
for any x,y € T, M at each point p € M. An n-dimensional Einstein manifold
M = (M,g) is called a super-Einstein manifold [4] if M additionally satisfies
the condition

R

(5.2) ! -

We here remark that the constancy of |R|? follows from the condition (5.2)
for an n(# 4)-dimensional super-Einstein manifold ([4], Lemma 3.3). For a 4-
dimensional super-Einstein manifold, the constancy of |R|? is usually required
([4], p- 531). We may easily check that a 2-stein manifold satisfies the condition
(5.2). It is also well-known that every harmonic space is super-Einstein [1].

For the remainder of this section, we assume that M = (M,g) is an n-
dimensional Riemannian manifold whose unit tangent sphere bundle 71 M (eq-
uipped with the standard contact metric structure (n, g, ¢,£)) is H-contact,
unless otherwise specified. Then, since the characteristic vector field ¢ is an
eigenvector field of the Ricci operator @ of Ty M, there exists a smooth function
A (call it the corresponding eigenvalues of Q) satisfying

(5.3) Q¢ = A&
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Thus, from (2.1), (4.3), (4.9) and (5.3), we have
=4p(u,

by ( u) — QOL(U,U)
(5.4) B 8 _2p  3IRP
= —4p(u,u) + T n(n+2) nn+2)

on T M.
Further, from (2.1), we also see that the scalar curvature 7 of T3 M is given
by

(5.5) T=4(n—-1)(n—2)+ 47 — a(u,u)
for any u € T1 M. Now, we shall prove the following:

Theorem 2. Let M = (M, g) be an n(# 4)-dimensional Riemannian manifold
whose unit tangent sphere bundle Ty M is H-contact. Then, the followings are
equivalent:

(1) the corresponding eigenvalue X of the Ricci operator Q of Ty M is con-
stant.

(2) the scalar curvature T of Ty M is constant.

(3) M is 2-stein.

Proof. It suffices to prove the equivalence of (1) and (3) and the equivalence
of (2) and (3). Since dim M # 4, from (5.4), taking account of Main Theorem
and the result ([8]), we have the equivalence of (1) and (3).

Similarly, from (5.1), (5.5) and Main Theorem, we see easily that 7 is con-
stant on T3 M if and only if the equality (5.2) holds on M. Thus, from (4.9)
and (4.14) ~ (4.16), taking account of Main Theorem, we have
(5.6) bgdvbpcd =0.

Thus, from (3.1) and (5.6), it follows immediately that Vp = 0. By the result
of Calvaruso and Perrone ([5], Theorem 4.2), we see that M is Einstein (and
hence, 2-stein). This completes the proof of the equivalence of (2) and (3). O

Now, let M = (M, g) be alocally symmetric space whose unit tangent sphere
bundle T3 M is H-contact. Then, we also see that M is Einstein (and hence,
2-stein). Thus, in this case, we see that the corresponding eigenvalue X of the
Ricci operator Q of Ty M and the scalar curvature of the unit tangent sphere
bundle Ty M of M are both constant by virtue of Theorem 2. So, in order
to determine the base manifold whose unit tangent sphere bundle T3 M is H-
contact, it seems reasonable to start with the case where the scalar curvature
of T1 M is constant. Therefore, as a special case of Question 1, the following
question will be raised.

Question 2. Is n(# 4)-dimensional 2-stein manifold locally symmetric?
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