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SEMIGROUPS OF TRANSFORMATIONS
WITH INVARIANT SET

PREEYANUCH HONYAM AND JINTANA SANWONG

ABSTRACT. Let T'(X) denote the semigroup (under composition) of trans-
formations from X into itself. For a fixed nonempty subset Y of X, let
SX,)Y)={aeT(X): Yal Y}

Then S(X,Y) is a semigroup of total transformations of X which leave
a subset Y of X invariant. In this paper, we characterize when S(X,Y")
is isomorphic to T'(Z) for some set Z and prove that every semigroup A
can be embedded in S(A', A). Then we describe Green’s relations for
S(X,Y) and apply these results to obtain its group H-classes and ideals.

1. Introduction

The full transformation semigroup 7'(X) is extremely important and the
Green’s relations play an essential role in semigroup theory. As far back in
1952, Malcev [5] determined ideals of T'(X), later in 1955 Miller and Doss [2]
described its Green’s relations and group H-classes. This paper is devoted to
generalizations of these results.

The semigroup we consider is S(X,Y’) consists of all mappings in 7'(X)
which leave Y C X invariant. To the extent that S(X,X) = T(X), we may
regard S(X,Y) as a generalization of T'(X).

Magill [4] introduced and studied the semigroup S(X,Y) in 1966. Later in
1975, Symons [7] described the automorphism group of this semigroup. In 2005
Nenthein, Youngkhong, and Kemprasit [6] showed that S(X,Y) is a regular
semigroup if and only if X =Y or Y contains exactly one element, and E =
{a € S(X,Y): XanY = Ya} is the set of all regular elements of S(X,Y).
Here, in Section 2, we prove that: S(X,Y) is isomorphic to T'(Z) if and only
it X =Y and |Y| = |Z|, and we also prove that every semigroup A can
be embedded in S(A!, A). In Section 3, we characterize Green’s relations on
S(X,Y) and find that D = J if and only if X is a finiteset or X =Y or |Y| = 1,
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and we also show that its group H-class is isomorphic to a certain subgroup of a
permutation group. In Section 4, we describe ideals of the semigroup S(X,Y).

Throughout the paper, the set X we consider can be finite or infinite. The
cardinality of a set A is denoted by |A| and X = AUB means X is a disjoint
union of A and B. Also, we write functions on the right; in particular, this
means that for a composition a3, « is applied first.

2. Isomorphisms and embeddings

Let X be any set and Y a fixed nonempty subset of X. We consider the
subsemigroup of T'(X) defined by

S(X,)Y)={aeT(X): YaCY},
where Y« denotes the range of Y under a. Note that idx, the identity map
on X, belongs to S(X,Y) and
E={aeSX,)Y): XanY =Ya}
is the set of all regular elements of S(X,Y).
As in Clifford and Preston [1] vol 2, p. 241, we shall use the notation

= ()

to mean that o € T'(X) and take as understood that the subscript ¢ belongs
to some (unmentioned) index set I, the abbreviation {a;} denotes {a; : i € I'},
and that Xa = {a;} and a;a~! = X;.

With the above notation, for any o € S(X,Y) we can write

o (Az- B; C’k>
a; bj Cl ’

where A, NY # 0;B;,Cr € X\Y;{a;} CY,{b;} CY\{a;} and {cx} C X\Y.
Here, I is a nonempty set, but J or K can be empty. For examples: If o € F,
then J is an empty set. And if a € S(X,Y)\E, then both I and J are nonempty
but K can be an empty set.

The following example shows that in general F is not a subsemigroup of
S(X,Y).

Example 1. (a) Let X = {1,2,3} and Y = {1,2}. Define

(0 os=(3 ).

Then we have «, 5 € E, but

af = (“’12} g) ¢E.
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(b) Let X = N denote the set of positive integers and Y = {1, 2}. Define

_ ({2 X\{1,2} _ (1 X\{1}
= (U)o ()
Thus we have o, 8 € F, but

of = ({1,12} X\{21,2}> ¢ E

Therefore, E in (a) and (b) are not subsemigroups of S(X,Y).

To give a necessary and sufficient condition for E to be a regular subsemi-
group, we first note the following.

() If X =Y, then E = S(X,Y) =T(X) which is a regular semigroup.

(2) If |Y] =1, say Y = {a}, then for each oo € S(X,Y) we have XaNnY =
{a} =Ya,50 S(X,Y)=FE.

Lemma 1. The following statements are equivalent:
(1) E is a regular subsemigroup of S(X,Y).
(2) S(X,Y) is a regular semigroup.
B) X =Y or|Y|=1.

Proof. From [6], Corollary 2.4, we have S(X,Y) is regular if and only if X =Y
or Y] = 1. Now, assume that E is a regular subsemigroup of S(X,Y’) and
suppose that ¥ ¢ X and |Y] > 2. Let a,b € Y be such that a # b and
c € X\Y. Define o, 8 € E by

-2 ) o )

Then af = (1; X;Y) ¢ F which is a contradiction. Therefore, Y = X or

Y] = 1. Conversely, assume that X = Y or |Y| = 1. If X = Y, then
E = T(X) which is a regular semigroup. If |Y| = 1, then S(X,Y) is regular
and F = S(X,Y), thus E is a regular subsemigroup. O

If X is an infinite set and Y is a finite subset of X, then X # Y. Thus we
have the following corollary.

Corollary 1. If X is an infinite set and Y is a finite subset of X, then E =
S(X,Y) is regular if and only if |Y| = 1.

Theorem 1. S(X,Y) = T(Z) for some set Z if and only if X =Y and
Y| =12].

Proof. f X =Y and |Y| = |Z|, then S(X,Y) = S(Y,Y) = T(Y) = T(2).
Conversely, assume that S(X,Y) = T(Z). Suppose that Y ¢ X, then | X| > 1.
If Y] =1, say Y = {a}, then S(X,Y) is a regular semigroup (by Lemma 1)
with more than one element and having

(%)
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as a zero element. That means S(X,Y) = T(Z) is a semigroup with zero
which is a contradiction. But, if [Y| > 1, then S(X,Y) is not regular, thus
S(X,Y) 2 T(Z) which is a contradiction. Therefore X = Y and hence
S(X,Y)=8(Y,Y)=T(Y). Thus T(Y) 2 T(Z) and this gives |Y|=|Z|. O

Since X # Y when X is an infinite set and Y is a finite subset of X, the
following corollary is an immediate consequence of Theorem 1.

Corollary 2. If X is an infinite set and Y is a finite subset of X, then S(X,Y)
is never isomorphic to T(Z) for any set Z.

From Theorem 1, we see that S(X,Y) is almost never isomorphic to T(Z).
However, we can embedded T'(Y) into S(X,Y) by sending o — o' where
o' € S(X,Y) is defined by

, za ifx ey,
o =
xz ifreX\Y.

In 1959, M. Hall ([3], Theorem 1.1.2) showed that every semigroup A can
be embedded in the full transformation semigroup by using the extended right
regular representation of A. That is for each a € A, define a map p, : A! — A!
by zp, = za (z € A'). Then p, € T(A') and ® : A — T(A') given by
a® = p, is a monomorphism. Since for each a € A, we have xp, = xa € A
for all x € A, it follows that p, € S(A!, A) and so ® maps A into S(AY, A) is
a well-defined monomorphism. That means A can be embedded in S(A!, A)
which is a proper non-regular subsemigroup of T'(A') if A does not contains an
identity element. Thus we have proved the following theorem.

Theorem 2. Every semigroup A can be embedded in S(Al, A).

3. Green’s relations on S(X,Y)

Since S(X,Y) is not a regular subsemigroup of T'(X) if Y ¢ X and |Y| > 1,
Hall’s theorem ([3], Proposition 2.4.2) can not be applied to find the £ and R
relations on this semigroup. However, it is well-known that L8 in T(X) if
and only if Xao = Xf; and @RS in T(X) if and only if 7, = 7 (see [1] vol 1,
Lemma 2.5 and Lemma 2.6).

Lemma 2. Let o, € S(X,Y). Then a = vf for some v € S(X,Y) if and
only if Xa C XB and Ya CYB. Consequently, aLB if and only if Xa = X
and Ya=Yp.

Proof. We first note that if a = v for some v € S(X,Y), then Xa C X and
Ya=Yy8=(Yy)B C Y since y € S(X,Y).

To prove the converse, we suppose that Xa C X8 and Ya C Y5. Then
Y(aly) CY(Bly) where aly, By € T(Y). Hence, by a standard result, a|y =
d(Bly) for some § € T(Y): that is, ya = (yd)p for each y € Y. Now, for each
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x ¢ Y, there exists some o’ € X such that xa = 'S since Xa C X . Thus for
each z ¢ Y, choose such an 2’ and extend 6 € T(Y) to v € T(X) by

xd ifzey,
Ty =
7  ifx¢Y.
Then v € S(X,Y) and o« = 03 as required. O

We note that for any o € S(X,Y), the symbol 7, will denote the composi-
tion of X induced by the map «, namely

o = {xa™!: z € Xa},
and 7, (Y") will denote the subset of 7, defined by
1Y) ={ya 'y € XanY}.
For a,8 € S(X,Y), AC m,, and B C mg, we say that A refines B if for each
A € A there exists B € B such that A C B.

Lemma 3. Let o, 8 € S(X,Y). Then o = By for some v € S(X,Y) if and
only if mg refines mo, and m3(Y') refines mo(Y). Consequently, R if and only
if 1o =75 and T (Y) = m3(Y).

Proof. 1t is clear that if o = v for some v € S(X,Y), then ms refines 7, and
7w3(Y) refines mo (Y).

Conversely, assume that the conditions hold. For each x € X, there exists
z € X such that x = 2, so we define v : X — X by

oy — za, ifxe Xp,
T8, ifee X\XB.

Then + is well-defined since mg refines m,. Now, we prove that v € S(X,Y).
For each y € Y, we have y € X\XfB ory € XpNY. If y € X\X}3, then
yy=yB € Y since B € S(X,Y). If y € X NY, then there exists z € X such
that y = zf3. Since m3(Y) refines m,(Y), we have z € y3~! C y/a™! for some
y € XanY. Thusyy = 2By =za =y €Y. Also, we have 23y = (z08)y = za
for all x € X by the definition of ~. O

Recall that each group H-class of T(X) is isomorphic to a permutation
group G(A) for some A C X ([1] vol 1, Theorem 2.10). Here, for the semigroup
S(X,Y), the result depends on the group which is denoted by G(A4, B) and

G(A,B) = {p € G(4) : plp € G(B)},
where B C A for some AC X and BCY.

Theorem 3. Let € be an idempotent in S(X,Y). Then the group H-class H,
is isomorphic to G(A, B). In this case, A is a cross section of .
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Proof. Since € is an idempotent, we can write

. C; Dy
o C; dj ’

where ¢; € C;NY and d; € D; C X\Y. Let B = {¢;} CY and A = {¢;}U{d,;} C
X. Since H. = L. N R, we have by Lemma 2 and Lemma 3 that

_ ) (G Djy.
H, = { <Cig djé) :0 € G(B),d € G(A\B)}.
Let p =0 U§. Then p € G(A, B) and

C; D;
H. = ¢ 7):peG(A B) ;.
{(p o) el >}
C; Dj

Therefore, H. is isomorphic to G(A, B) by sending (cip dip
G(A, B) is a subgroup of the permutation group G(A). O

) — p where

We note that when € = idx, then H, the group of units of S(X,Y") is isomor-
phic to G(X,Y") and this group was shown to isomorphic to the automorphism
group of S(X,Y) when |Y| > 2 (see [7], Theorem 4.2).

Clifford and Preston in [1] vol 1, Lemma 2.8, proved that two elements of
T(X) are D-related if and only if they have the same rank, that is, the ranges
of the two elements have the same cardinality. But, for S(X,Y) we have the
following theorem.

Theorem 4. Let a,f € S(X,Y). Then oDf if and only if |Yao| = Y],
Xa\Y| = |XB\Y| and [(Xa nY)\Ya| = |(XBNY©YS.

Proof. First assume that aLyRpS for some v € S(X,Y). Then by Lemma 3,
we have mg = 7, and m3(Y") = 7, (Y). Thus we can write

6 - Az Bj Ch. _ Az Bj Ch
- a; bj Ck 1= Z; Yj Zk ’

where A; NY # 0;B;,C, € X\Y;{a;},{z:} C Y;{b;} C Y\{ai},{y;} C

Y\{x;} and {cx}, {zx} C X\Y. Since Xa = Xv, Ya = Y+ by Lemma 2, we
must have
(Li M; Nk>
o= ,
T Yj 2k

where L; NY # 0 and M;, N, € X\Y. Then |Ya| = {z;}| = |I| = [{a;}| =
VB, [Xa\Y] = {z}] = [K| = {ex}] = [XB\Y] and [(XanY)\Ya| =
HyiH = [J] = [{b;}] = [(XBAY)\Y 5.

Conversely, assume that the conditions hold. We can write

az(Ai B; Ck>7B:(Ui Vi VV!c)7

a; bj u;  vj Wk
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where A, NY # 0 # U; NY;B;,Cr, V;, Wi, € X\Y;{a;}, {w;} CY;{b;} C
Y'\{a;},{v;} CY\{u;} and {cg}, {wr} € X\Y. Then we define

(U v W
= a; bj Ck ’
thus p € S(X,Y) and Ypu = {a;} = Yo, Xp = {a;} U{b;} U {ct} = Xa. So

aly by Lemma 2. Also we have 7, = g and 7,(Y) = {U;} U{V;} = m3(Y).
Hence yRS by Lemma 3 and therefore aDg. O

Corollary 3. Let a, 0 € S(X,Y). If Y is a finite subset of X, then aDp if
and only if | Xa| = |X8|,|[Ya|=|YB| and | XanY|=|XNY].

Proof. Suppose that Y is a finite subset of X. If oD, then by Theorem 4, we
have |[Ya| = Y|, | Xa\Y| = | XA\Y]| and |(XanY)\Ya| = [(XBNY)\YS|.
Since XanNY =YaU[(XanY)\Yal, it follows that [ XanY| = |Ya|+|(Xan
Y)\Yal = V8] + (X8 N Y)\VB| = [V BU[(XB N Y)\Y ]| = XN Y] Since
Xa=(XanY)U(Xa\Y), we get [ Xa| = |XanY|+ |Xa\Y|=|XNY]|+
XB\Y] = (X5 N Y)O(XE\Y)| = |XBl.

Conversely, assume that the conditions hold. Since Y is a finite set, we have
Ya,YB,XanY and XBNY are finite. Hence |Ya|+ |[(XaNY)\Ya| = |Xan
Y|=|XpNY| =Y+ |(XBNY)\Y S| which implies that (XaNY)\Ya| =
[(XBNY)\YP| since |[Ya| = |V is finite. Since |[XaNY| = | XFNY] is
finite and | XaNY|+ | Xa\Y| = |Xa| =|X3] = |XBNY]|+ |XB\Y|, we have
|Xa\Y| = |XB\Y|. Therefore, Dj3 as required. O

Theorem 5. Let o, € S(X,Y). Then a = A\Bu for some A, u € S(X,Y) if
and only if | Xa| < |XB|,|Ya| <|YB| and | Xa\Y| < | XB\Y|. Consequently,
aJp if and only if | Xa| =|XB],|Ya| = Y| and | Xa\Y| = | XB\Y].

Proof. Assume that o = \Bu for some A\, pu € S(X,Y). Then

| Xa| = [XABu| = [(XAB)ul < [XAB| = [(XN)B] < |XBI,
[Yal = [YABul = |(YAB)ul < [YAB] = [(YA)B] < |[YB|, and
[ Xa\Y| = [XABR\Y| = [(XN)Bu\Y] < [XBu\Y],
= [(XB)p\Y],
= [[((XB\Y)U(XBNY)pu\Y],
[(XB\Y)p U (XBNY)u]\Y],
[(XB\Y)p\YTU[(XBNY)p\Y]|,
(XB\Y)p\Y| < [(XB\Y )| < [XB\Y].

Conversely, assume that the conditions hold and write

a = y
a; bj Ck
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where A, NY # 0; B;,C, € X\Y;{a;} CY,{b;} C Y\{a;}, {cx} € X\Y. By
the assumption we can write

5_<Ui U Vi W Wk>

U U Um Wn, W

where U; NY # 0 # U NY; Vi, W, Wi, € X\Y;{us,wi} C Y, {vn} C

Y \{wi, w}, {wn, we} C€ X\Y and |I| + [J[+ |K| < |[I| + |L[ + [M] + [N]+ | K].
We consider in two cases:

Case 1 : |J| <|L|+|M|+|N|. Let LUM UN = PUQ where |P| = |J|.
Then we can write {U; } U{V,,,} U{W,,} = {S,}U{S,} and rewrite 3 as follows:

5= Uy S, Sq Wi
U Sp 8¢ W)~

Since |J| = |P|, there is a bijection ¢ : J — P. Now define

\_ A, By Cg
T Yo )
where z; € Uy NY, Yy, € Sjgp, 21 € Wi So A € S(X,Y). Choose ig € I and let
I' = I\{ip}. Then define

= <“z" Sie Wk X\{uz"vsmwk}>
Q; bj Ck A ’
So p e S(X,Y) and a = ABpu.

Case 2 : |J| > |L| + |M| + |N|. Then Xg is infinite (for if X3 is finite,
then | Xa| = |I| + |J| + |K| > |I| + |L| + |M| + |[N| + |K| = | X 3| which is a
contradiction). Hence |J| < |I| or |J| < |K| are infinite cardinals. If |J| < |I|
is an infinite cardinal, then write I = PUQ where |P| = |I|,|Q| = |J]. Thus
we can write {U;} = {S,} U {S,} and rewrite § as follows:

. Sy Sq U Vi, W, Wy
Sp 8¢ U Um Wy Wg /)

Since |I| = |P] and |J| = |Q)|, there are bijections ¢ : I — P and ¢ : J — Q.
Then define A and p as follows:

5= (Ai B; C’k> 7
Tip Yju 2k
where Tip € Siga NY,yy € Sﬁp, zr € Wy,
and
_ (Sw sy wk X\{sug, Sjwvwk})
K Qg bj Ck (79 ’

where I’ = I'\{io} for some fixed ig € I. So, we see that \,u € S(X,Y) and
a = ABu. For the case |J| < |K]| is an infinite cardinal, we write K = GUH
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where |G| = |J|, |H| = |K|. Write {W},} = {T,}U{T})} and rewrite § as follows:
5= <Ui U Vi W, T, Th) '

Ui U UV Wy tg T

As above, we can define A, € S(X,Y) such that a = \Bpu. d

The following example shows that in general D # J on S(X,Y).
Example 2. Let X = N and Y the set of positive even integers. Then we

define
o= (n) and 8 = (in X;Y> .
2n) en n neN

Hence o, 8 € S(X,Y) and | Xao| = Ng = | XB,|Ya| = Ng = |V, | Xa\Y| =
0= |XB\Y]|, so aJpB. Since |(XanNY)\Ya| =Ry #1=|(XBNY)\YS|, we
have v and g are not D-related on S(X,Y).

Even Y is a finite proper subset of X, we still have D # J on S(X,Y).
Example 3. Let X =N and Y = {1,2,3,4}. Then we define

a_({lg)’Q} {3,14} n—l—i) andg—({l’f"” g {5236} n+g> .
N4/ en n+0/ en

Hence o, € S(X,Y) and |Xa| = Rg = |X5],|Ya| =2 = Y|, | Xa\Y| =
Rg = |XB\Y], so aJB. Since |[XaNY|=2but | XFNY]| =3, we have o and
B are not D-related on S(X,Y’) by Corollary 3.

Theorem 6. D =7 on S(X,Y) if and only if X is a finite set or X =Y or
Y] =1.

Proof. If X is a finite set, then by [3], Proposition 2.1.4 we have D = J. If
X =Y, then S(X,Y) = T(X) and thus D = J by [1], Theorem 2.9(i). If
Y| = 1, then S(X,Y) = E. Let a,8 € S(X,Y) be such that «J8. So,
| Xa| = |X8],|Ya|l = |YB| and | Xa\Y| = | XB\Y]. Since o, € E, we have
(XanY)\Ya|=|Ya\Ya| =0=|YB\YS| = [(XBNY)\Y S| and hence aDg.
Thus D = J.

Conversely, assume that D = J on S(X,Y), and suppose on contrary that
X is an infinite set, Y ¢ X and |Y| > 2. Let a,b be two distinct elements in
Y and ¢ € X\Y. We consider in two cases:

Case 1 : Y is a finite set. Then |X\Y| = |X| and define o, f € S(X,Y) as

fOHOWb:
a 0 X X\(Y { }) a X X\Y

Thus |Xa| = |X\Y]| = |XB],[Ya] =1 = |Yf] and | Xa\Y| = | X\Y| =
|XB\Y]|, we get «JB. But, | XanY| =2+#1=|X8NY]|, so a and 8
are not D-related by Corollary 3 and this leads to a contradiction.
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Case 2 : Y is an infinite set. Then define a, § € S(X,Y") as follows:
_ <x {a,b} X\Y and § — (i (X\Y)U{a}

T a b a

>xEY\{a,b} >xEY\{a}

Since |Xa| = Y| =|X3],|Ya| = Y| =|YS| and | Xa\Y| =0 = | XB\Y|, we
get aJp. But, |(XanY)\Yal|=1#0=|(XBNY)\YJ| so « and § are not
D-related which is a contradiction. O

As a direct consequence of Theorem 6, we have the following corollary.

Corollary 4. If X is an infinite set and Y is a finite subset of X, then D = J
on S(X,Y) if and only if |Y| = 1.

4. Ideals of S(X,Y)

Let p be any cardinal number and let
p’ =min{q:q > p}.
Note that p’ always exists since the cardinals are well-ordered and when p is

finite we have p’ = p + 1 = the successor of p. As shown by Malcev [5], the
ideals of T'(X) for any set X are precisely the sets:

T, ={aeT(X):|Xa| <r},
where 2 < r < |X|" (see also [1] vol 2, Theorem 10.59).

To describe ideals of S(X,Y) for any set X and any nonempty subset Y of
X, welet |[X|=a,|Y]=band |X\Y| = c. In addition, for each cardinals r, s, ¢
such that 2 <r <a/,2<s<bV and 1 <t <, define

S(rys,t) ={a e S(X,Y):|Xa| <r|Ya| <sand |[Xa\Y]| < t}.

Then if r =a’ or s = b or t = ¢/, the set S(r, s,t) can be deduced in a simple
form:

S(d,s,t) ={aeS(X,Y):|Ya| <sand | Xa\Y| < t},
Sirb,t) ={aeSX)Y): |Xa|l <rand|Xa\Y| <t}
S(r,s,d) ={aeS(X,Y):|Xa| <rand |Yal < s},
S(a', b, t) ={a e S(X,Y): | Xa\Y| < t},
S(r,b,d) ={ae S(X,)Y): | Xao| <1},
S(d,s,d) ={ae S(X,Y):|Ya| < s},

and SV, d)=S(X,Y)

We observe that: if X =Y, then |X| =a = [Y]and |[X\Y| =0, thus S(r,r,1) =
{a e S(X,Y): | Xa|<r}={aeT(X):|Xal <r} which is an ideal of T'(X).

Theorem 7. The set S(r,s,t) is an ideal of S(X,Y).
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Proof. Let a € S(r,s,t) and A, u € S(X,Y). Then |Xa| < r,|Ya| < s and
|Xa\Y| < t. Thus by using the same proof as given in Theorem 5, we get
X (Map)| < | Xa| <r, [Y(Aap)| < |Ya| < s and [X(Aap)\Y| < [ Xa\Y| < t.
Hence Aap € S(r, s,t). Therefore, S(r, s,t) is an ideal of S(X,Y). O

We note that if r < u,s < v and ¢t < w, then S(r,s,t) C S(u,v,w). The
following example shows that there is an ideal in S(X,Y’) which is not of the
form S(r, s,t) and the set of ideals of S(X,Y’) does not form a chain under the
set inclusion.

Example 4. Let X = {1,2,3,4} and Y = {1,2}. Then |X| = 4,|Y| = 2
and | X\Y] = 2. Since 5(3,3,1) and S(4,2,2) are ideals of S(X,Y), we have
S5(3,3,1) U S(4,2,2) is also an ideal of S(X,Y). Suppose that S(3,3,1) U
S(4,2,2) = S(¢,m,n) for some 2 < ¢ <52<m<3and1<n<3 Ifl<4
or n < 2, then there is @ = ({112} g j) € 5(4,2,2)\S(¢,m,n), and if m < 3,
then there is # = (] (#34) € 5(3,3,1)\S(¢,m,n). Both cases contradict our
supposition. So £ > 4,m > 3 and n > 2. Consider § = (} g {3:’34}) € 5(4,3,2),
but & ¢ S(3,3,1) U S(4,2,2), s0 S(3,3,1) U S(4,2,2) # S(r s,¢) for all r > 4,
s>3and t > 2. Since o € 5(4,2,2)\5(3,3,1) and 8 € 5(3,3,1)\S(4,2,2), we
conclude that the set of ideals of S(X,Y) does not form a chain.

To obtain ideals of S(X,Y) we need the following notation. Let Z be a
nonempty subset of S(X,Y). Define

K(Z)={ae S(X,Y): |Xa| <|X3|,|Ya| <|Y| and
| Xa\Y| < |XB\Y]| for some 5 € Z}.

Then we see that Z C K(Z) and Z; C Zs implies K(Z,) C K(Z).

Theorem 8. The ideals of S(X,Y) are precisely the set K(Z) for some non-
empty subset Z of S(X,Y).

Proof. Let I be an ideal of S(X,Y). We prove that I = K(I). If a € K(I),
then | Xo| < |XB],|Ya| < [V and | Xa\Y| < |XB\Y] for some 8 € T and
thus by Theorem 5 we have « = A\Bu for some A\, u € S(X,Y). Since 8 € [ is
an ideal of S(X,Y), it follows that & = A\Bu € I, and that K(I) C I. Usually,
we have I C K(I). Therefore, I = K(I).

Conversely, we prove that K(Z) is an ideal of S(X,Y). Let a € K(2)
and A\, p € S(X,Y). Then |Xa| < |Xf|,[Ya| < |Y5] and | Xa\Y| < | XB\Y|
for some 5 € Z. Like before, we have |X(Aap)| < |Xa|, |[Y(Aap)| < [Ya
and |X(\ap)\Y]| < [Xa\Y]. Thus [X(\ap)| < |XB], [V(hap)| < [Y5] and
| X (Aap)\Y| < |XB\Y|. Hence Aap € K(Z) and therefore K(Z) is an ideal of
S(X,Y). O

The following result was first proved by Malcev [5] in 1952.
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Corollary 5. The ideals of T(X) are precisely the set T(r) = {a € T(X) :
| Xa| <1}, where 2 <r <|X/.

Proof. By taking Y = X in Theorem 8, we see that the ideals of S(X,X) =
T(X) are precisely the set K(Z) for some nonempty subset Z of T(X). Let r
be the least cardinal of A = {s: s> |Xg]| for all 8 € Z} (A is nonempty since
|X|" € A). Then for each a € K(Z), there is § € Z such that |[Xa| < | X8| <r
and thus K(Z) C T(r). Conversely, suppose that o ¢ K(Z), then | Xa| > | X |
for all 8 € Z. Thus |Xa| € A and hence | Xa| > r since r is the least cardinal
of A, that means o ¢ T'(r). So, T(r) C K(Z) and therefore K(Z) =T(r). O
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