
Journal of Electrical Engineering & Technology Vol. 6, No. 2, pp. 202~207, 2011 
DOI: 10.5370/JEET.2011.6.2.202 
202 

Hybrid Optimization Strategy using Response Surface Methodology 
and Genetic Algorithm for reducing Cogging Torque of SPM 

 
 

Min-Jae Kim†, Jaewon Lim*, Jang-Ho Seo* and Hyun-Kyo Jung* 
 

Abstract - Numerous methodologies have been developed in an effort to reduce cogging torque. How-
ever, most of these methodologies have side effects that limit their applications. One approach is the 
optimization methodology that determines an optimized design variable within confined conditions. 
The response surface methodology (RSM) and the genetic algorithm (GA) are powerful instruments 
for such optimizations and are matters of common interest. However, they have some weaknesses. 
Generally, the RSM cannot accurately describe an object function, whereas the GA is time consuming. 
The current paper describes a novel GA and RSM hybrid algorithm that overcomes these limitations. 
The validity of the proposed algorithm was verified by three test functions. Its application was per-
formed on a surface-mounted permanent magnet. 
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1. Introduction 
 
Cogging torque is produced by the interaction between 

the electric motor magnets and the stator slots within per-
manent magnet motors. If the cogging torque is large, 
torque ripples correspondingly become large, making mo-
tor control difficult [1]. Thus, it is an important factor in 
the design process of permanent magnet motors.  

Many methodologies exist endeavoring to reduce cog-
ging torque. However, these methodologies usually result 
in the overall reduction of the average torque. Thus, great 
care should be taken in the investigation of reducing cog-
ging torque without a significant reduction in the average 
torque. In previous cogging torque reduction studies, the 
focus is usually on comparing the genetic algorithm results 
with the response surface methodology (RSM) results [2-4]. 
According to the comparison, GA results are observed to 
be more exact than those of the RSM. However, the GA 
requires more time. 

In this study, we present a hybrid optimization algorithm 
combining the desirable aspects of the GA and the RSM. 
The hybrid algorithm is able to determine a solution within 
a smaller region than in the region exercised only by the 
GA, thus consuming less time. Moreover, the hybrid algo-
rithm determines a more precise solution than the RSM.  

The design factors of surface-mounted permanent mag-
net (SPM) electric motors are considered in this research. 
The main objective is to maximize cogging torque reduc-
tion while maintaining average torque. 

2. Proposed Algorithm 
 

2.1 Concept of the Proposed Algorithm 
 

The hybrid algorithm executes the GA and RSM simul-
taneously. Calculating all design variables within each 
available region is a very difficult task. Thus, the hybrid 
algorithm uses only several regions of the design variables 
to infer the object function. The general sequence of the 
hybrid algorithm is as follows: perform RSM in the initial 
search region, set a new search region, and then apply the 
GA in the new search region as shown in Fig. 1.  

Unlike the GA, the hybrid algorithm uses a new search 
region. The new search region is a search region with a 
reduced size; it is where finding the optimal value is per-
formed. Its size is set to almost half of the initial search 
region. The new search region center is determined by the 
RSM summit. 

Designing an optimal motor using the RSM has been 
greatly investigated in both past and present studies [3, 5, 
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Fig. 1. Optimization flow of the hybrid algorithm. 
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6]. Focusing on the RSM optimization region, exploring 
half of the RSM region is reasonable [6]. However, some 
exceptional cases exist, as shown in Fig. 3. These cases 
occur when the object functions have multi-peaks. Treat-
ments to such cases are presented in this study. 

 

2.2 Basic Steps of the Proposed Algorithm 
 
The algorithm used for the present investigation is a GA-

RSM hybrid, which performs faster and produces more 
precise results than the previous algorithms. The basic 
steps of the proposed algorithm (hybrid algorithm) are de-
scribed in sequence as well as illustrated in Fig. 2. 

Step 1: Sample the finite element method (FEM) results 
for the Central Composite Design of the Design of Ex-
periments. 

Step 2:  Determine the surface response from Step 1. 
Step 3:  Find a summit on the response surface via the 

conjugate gradient method. 
Step 4:  Assign a new search region that is half the area 

of the original region in Step 1. The new search region cen-
ter is the same as the design variable coordinates of the 
summit in Step 3. 

Step 5:  Perform the GA in the new search region. 
Step 6:  Perform the GA again if the final result is on the 

boundary (exceptional case treatment). 
 

2.3 Exceptional Case Treatment 
 
When limiting the search area to almost half of the RSM 

regions, as in the case shown in Fig. 3, a possibility exists 
that the real optimal solution may be neglected if the real 
solution is not near the RSM optimal solution. To avoid 
such exceptional case, the hybrid optimizing algorithm 
uses an expanded exploration region and explores 120% of 
the area of the new search region. Fig. 3 shows the se-
quence of finding a real object function in such an excep-
tional case. 

 
 

3. Proposed Algorithm Test 
 
The hybrid algorithm was verified by three test functions. 

To evaluate the performance, the result was compared with 
that obtained using the GA. The convergence of the GA 
and the hybrid algorithm was determined by the elite root 
convergences generated in each generation. To reduce de-
viation, test calculations were performed 10 times. More-
over, the average of the FEM calculation number was se-
lected as the resultant call number until convergence oc-
curred. 

 
3.1 Case 1 

 
Fig. 4 shows a test function using Eq. (1), which repre-

sents a real equation for the test function 1. Table 1 shows 
the results using both the GA approach and the proposed 
hybrid algorithm approach. The table indicates that, on 
average, a 19% calling number reduction was achieved 
using the proposed algorithm. 

 
2

2sin( ) 1 exp( )
40
xz x y y= + + − + −         (1) 

Fig. 2. Basic steps of the hybrid algorithm. 
 
 

(a) RSM optimal solution of exceptional case 
 

(b) New searcg reguib if exceptional case 

(c) Exoabded bew searcg region 

Fig. 3. Exceptional case treatment of the hybrid algorithm.
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Table 2. Test function 2 comparison between the GA and 
the hybrid algorithm 

Sequence GA until  
convergence 

Hybrid algorithm 
 until convergence 

1st 84 48 

2nd 66 63 

3rd 69 45 

4th 69 48 

5th 63 12 

6th 81 21 

7th 48 75 

8th 39 96 

9th 96 54 

10th 57 36 

Average 67.2 49.8 

 
Table 3. Test function 3 comparison between the GA and 

the hybrid algorithm 

Sequence GA until  
convergence 

Hybrid algorithm 
 until convergence 

1st 404 153 

2nd 522 148 

3rd 585 157 

4th 574 239 

5th 391 439 

6th 222 63 

7th 360 388 

8th 438 233 

9th 984 172 

10th 631 142 

Average 511.1 213.4 

 
3.2 Case 2 

 
Fig. 5 shows the test function using Eq. (2), which repre-

sents a real equation for the test function 2. Table 2 shows 
the results using both the GA approach and the proposed 
hybrid algorithm approach. The table indicates that, on 
average, a 26% calling number reduction was achieved 
using the proposed algorithm. 

 
2 2 2 3 5

2 2 2 2

3(1 ) 2exp( ( 1) ) 10 ( )
5

1exp( ) exp( ( 1) )
3

xz x x y x y

x y x y

= − × − − + − × − −

× − − − − + −

 

(2)

 

 
3.3 Case 3 

 
Fig. 6 shows the test function using Eq. (3), which repre-

sents a real equation for the test function 3. Table 3 shows 

 
Fig. 4. Test function 1. 

 

 
Fig. 5. Test function 2. 

 

 
Fig. 6. Test function 3. 

 
Table 1. Test function 1 comparison between the GA and 

the hybrid algorithm 

Sequence GA until  
convergence 

Hybrid algorithm 
 until convergence 

1st 54 39 

2nd 84 54 

3rd 54 57 

4th 88 66 

5th 48 48 

6th 42 38 

7th 72 48 

8th 105 63 

9th 51 45 

10th 54 71 

Average 65.2 52.9 
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the results using both the GA approach and the proposed 
hybrid algorithm approach. The table indicates that, on an 
average, a 78% calling number reduction was achieved by 
using the proposed algorithm. 

 
2 2900 ( 5) ( 5) 10 cos(2 10 )

10cos(2 10 )
z x y x

y
π π

π π
= − − − − + × −
+ −

 
(3)

 

 
 

4. Proposed Algorithm Application 
 

4.1 Basic Specifications and Characteristics of the 
SPM 

 
The basic application model upon which the hybrid al-

gorithm was tested is a three-phase BLAC SPM motor, as 
depicted in Table 4. Fig. 7 shows the back EMF of the ba-
sic model, illustrating a maximum voltage of 3.73 V at 
6000 r/min. Fig. 10 shows the cogging torque. The maxi-
mum cogging torque value appeared 6 times per period, 
and the peak to peak value was approximately 2.2×10-2 Nm, 
which is about 20 % of the torque average [7]. 

In the model, the maximum input current per phase was 
10 A with 30 turns as shown in Fig. 8. Fig. 11 presents the 
temporal pattern of the torque ripples with the maximum 
input current. The torque average was approximately 
1.03×10-1 Nm.  

Naturally, the motor does not operate at a full load all the 
time. Thus, the ratio of the cogging torque peak-to-peak 
value to the torque average is larger under the actual oper-
ating condition. Considering safety and the operation of the 
motor, this is not acceptable. 
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Fig. 7. Three-phase back EMF of the basic model. 
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Fig. 8. Three-phase input current of the basic model. 

4.2 Design Variable and Object Function 
 
Cogging torque generally varies with the pole angles, 

air-gap length, magnetization direction, slot openings, bi-
furcated teeth shape, skewing, slotless armature, etc. In the 
current study, pole angle and bifurcated teeth diameter 
were selected as the design variables.  

To use the hybrid algorithm, the RSM was first per-
formed on limited design variables x and y (0≤x≤4, 
0≤y≤10), where x represents the bifurcated teeth diameter, 
and y is the pole angle. In this paper, Z is an object func-
tion represented by 

 
1Z Torque Average K

Cogging TorquePeak toPeak
= + ×

  
(4)

 

 
where K is a constant required for balancing the torque 
average (Nm) and the cogging torque peak-to-peak (Nm). 
The goal is to maximize Z. 

To maximize Z, the first term and the second term in Eq. 
(4) must both be large. However, if we bifurcate or enlarge 
the pole angle greatly to produce a larger value for the sec-
ond term, the output power would decrease. The torque 
average would decrease, indicating that the first term in Eq. 
(4) would be reduced, whereas the second term in Eq. (4) 
would increase. The reason is that the enumerator, i.e., the 
cogging torque, would be reduced. Alternatively, if we bi-
furcate or enlarge the pole angle weakly, the first term in 
Eq. (4) would maintain its value. However, the second term 
would be reduced as the enumerator, i.e., the cogging 
torque, would not shrink much. Therefore, maximizing Z is 
not a simple task and is determined by balancing the first 
and second terms of Eq. (4). When balancing the first term 
and the second terms, appropriately setting K should be the 
first consideration. The reason is that if we select the value 
of K inappropriately, then we can obtain the maximized Z 
with a small torque average and a small cogging torque 
peak-to-peak. We can also obtain a large torque average, 
but the cogging torque peak-to-peak will be large as well. 
Such cases are not acceptable. 

Therefore, a criterion was developed to allow K to main-
tain the average torque level, which is 95% of the basic 
model, and the cogging torque peak-to-peak, which is as 
much as 40% of the basic model. That is, the basic model 
average torque was 1.03×10-1 Nm, and the cogging torque 
peak-to-peak was 2.2×10-2 Nm. The required optimized 
average torque was 9.8×10-2 Nm (95%), whereas the re-
quired optimized cogging torque peak-to-peak was 8.8×10-

3 Nm (40%). If the goal is satisfied, then the cogging 
torque peak-to-peak would be less than 10% of the average 
torque, whereas it would be over 20% in the basic model. 
Thus, the following equation was used: 

 
 

1 2
2 31.03 10 9.8 10

2.2 10 8.8 10
K K− −

− −× + < × +
× ×

   (5) 
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K, which satisfies Eq. (5), is K > 7.6×10-5. If we select K 
to be much greater than 7.6×10-5, then the effect of the 
torque average becomes very small, allowing us to obtain 
the maximized Z with a small torque average. However, 
this result is ineffective because we do not want to reduce 
the torque average despite the maximized Z. Therefore, to 
produce the desired results for K, 1×10-4 was selected as 
the design value of K for optimization processing. 

 
4.3 Optimization Result 

 
The regression function by the RSM was determined to be 

2 2

( , ) 0.103862 0.00719426 0.00113873
0.00305787 0.00013749 0.0000688328

f X Y X Y
X Y XY

= + +

− − −

 
(6) 

The response surface derived from the RSM result is 
shown in Fig. 9. The summit of the response surface was 
found at (X,Y) = (1.12, 4.66) with  f(X,Y) = 0.11. Thus, the 
new search region used in the hybrid algorithm was estab-
lished with its center at (1.12, 4.66). 

The results in Table 5 were obtained using the GA. The 
call number reduction based on the FEM calculation count-
ing number was as much as 74%. The optimal solution was 
found when X and Y were 1.6 mm and 6.8 degrees, respec-
tively, with Z = 0.1486. This indicates some difference 
with the RSM result when (X,Y) = (1.12, 4.66). 

In Fig. 10, the cogging torque peak-to-peak value in the 
optimized model occurs 6 times and is 2×10-3 Nm, which is 

 
Fig. 9. Response surface of the optimized model. 

 

0 1 2 3 4 5

-8

0

8

C
og

gi
ng

 T
or

qu
e 

(m
N

*m
)

Time (ms)

 Cogging Torque(Before Opt)
 Cogging Torque(After Opt)

Fig. 10. Cogging torque before and after optimization. 
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Fig. 11. Torque ripple before and after optimization. 

Table 4. Basic motor specifications 

Power 65 W Phases 3 Phase 

Current type Sinusoidal Max r/min 6000 

Height 12 mm Slots 12 

Turns 30 Poles 4 

 
Table 5. FEM call number comparison with the GA and 

the hybrid optimization 
 GA Hybrid optimization 

FEM call number 3900 909 

 
Table 6. Torque average, torque ripple, and cogging torque 

before and after the hybrid optimization algorithm

 Basic model Optimized model Comparison
Torque average

[Nm] 1.03×10-1 9.86×10-2 4.5 % 
reduction 

Torque ripple 
[Nm] 2.19×10-2 6.7×10-3 70 % 

reduction 
Cogging torque

[Nm] 2.2×10-2 2×10-3 91 % 
reduction 

 

(a) Model before optimization (b) Model after optimization

Fig. 12. Shape of the model before and after optimization.
 

 
Fig. 13. Expanded view of the optimized model showing 

the bifurcated teeth diameter and pole angles. 
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about 9% of the value of the basic model 2.2×10-2 Nm. The 
figure also shows a comparison of the cogging torque 
peak-to-peak before and after optimization.  

The average torque in the optimized model is 9.86×10-2 
Nm, and the torque ripple peak-to-peak is 6.7×10-3 Nm. The 
torque average drops from 1.03×10-1 Nm in the basic model 
to 9.86×10-2 Nm in the optimized model, representing a 
4.5% reduction. The torque ripple peak-to-peak drops from 
2.19×10-2 Nm in the basic model to 6.7×10-3 Nm in the op-
timized model, resulting in a 70% reduction. This result in-
dicates that the hybrid algorithm optimization can maintain 
the average torque while successfully reducing the cogging 
torque. A summary of the results is presented in Table 6. 

When X = 1.6 mm and Y = 6.8 degrees, the shape of the 
motor is as shown in Figs. 12 and 13. 

 
 

5. Conclusion 
 
The current paper presented a hybrid optimization meth-

odology capable of reducing cogging torque in an SPM 
motor. The methodology utilized a combination of the GA 
and the RSM to reduce cogging torque while the maintain-
ing average torque. The hybrid algorithm overcame the 
weaknesses of the previous GA and RSM optimization 
algorithms. Previous methods used either the GA or the 
RSM; the GA usually consumes a large amount of time, 
whereas the RSM is not always accurate.  In this paper, 
bifurcated teeth diameters and pole angle changes were the 
design variables. The object function obtained cogging 
torque reduction while maintaining the average torque. The 
hybrid algorithm flow was RSM  CG  GA. The results 
indicate that the hybrid algorithm is 76% faster than the 
GA alone and is more precise than using the RSM alone in 
the application model. 

Before applying the new algorithm, the effectiveness for 
the test functions was exemplified, and the optimized de- 
sign in the SPM motor produced clear advantages in the end. 
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