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REALCOMPACTIFICATION OF A PRODUCT SPACE
X × Y

ChangIl Kim*

Abstract. Observing that υX × υY is a Wallman realcompactifi-
cation of X×Y if υ(X×υY ) = υX×υY , we show that υ(X×Y ) =
υX×υY if and only if X×Y is z-embedded in υX×υY and υX×υY
is a Wallman compactification of X × Y .

1. Introduction

All spaces in this paper are assumed to be Tychonoff spaces and for
any space X, βX(υX, resp.) denotes the Stone-Čech compactification
(the Hewitt realcompactification, resp.) of X .

Glickberg([3]) showed that for any spaces X and Y , β(X × Y ) =
βX ×βY , that is, X ×Y is C∗-embedded in βX ×βY if and only if the
product space X × Y is a pseudo-compact space. An important open
question in the theory of Hewitt realcompactifications of spaces concerns
when the equality υ(X×Y ) = υX×υY (that is, X×Y is C-embedded in
υX×υY ) is valid([4]). Comfort([1]) showed that υ(X×Y ) = υX×υY if
and only if X×Y is C∗-embedded in υX×υY and that if X and Y have
non-measurable cardinal and X × Y is C∗-embedded in X × βY , then
υ(X×Y ) = υX×υY . Moreover, Mcarthur([6]) showed that X×Y is C∗-
embedded in X×βY if and only if the first projection πX : X×Y −→ X
is a z-closed map and that if πX : X × Y −→ X is a z-closed map, then
X is a P -space or Y is a pseudo-compact space.

In this paper, we first show that πX : X×Y −→ X is a z-closed map if
and only if X×Y is z-embedded in X×υY and X×υY is C∗-embedded
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in X × βY and that for spaces X and Y with non-measurable cardinal
and υ(X×υY ) = υX×υY , υX×υY is a Wallman realcompactification
of X ×Y associated with Z(υX ×υY )X×Y . In particular, we show that
if X is a P -space and Y is a weakly Lindelöff space, then υ(X × υY ) =
υX × υY . Using these, we will show that the following are equivalent :

(1) υ(X × Y ) = υX × υY ,
(2) X × Y is z-embedded in X × υY and υ(X × υY ) = υX × υY ,
(3) X × Y is z-embedded in υX × υY and υ(X × υY ) = υX × υY ,

and
(4) X × Y is z-embedded in υX × υY and υX × υY is a Wallman

realcompactification of X × Y .
For the terminology, we refer to [2, 7].

2. z-closed maps

A subset A of a space X is called a zero-set in X if there is a real-
valued continuous function f on X such that A = f−1(0). A countable
intersection of zero-sets in a space X is a zero-set in X and a finite union
of zero-sets in X is a zero-set in X.

Definition 2.1. Let X and Y be spaces. Then the first projection
πX : X×Y −→ X is called a z-closed map if for any zero-set A in X×Y ,
πX(A) is a closed set in X.

A space X is called a P -space if every Gδ-set in X, that is, a countable
intersection of open sets in X is open in X. Clearly, a space X is a P -
space if and only if every zero-set in X is open in X.

Proposition 2.2.
(1) Let X be a P -space and Y a Lindelöff space. Then πX : X×Y −→ X
is a z-closed map.

(2) Let X be a space and Y a compact space. Then πX : X × Y −→ X
is a z-closed map.

Proof. (1) Let A be a zero-set in X×Y . Suppose that there is an x in
X−πX(A). Then ({x}×Y )∩A = ∅. For each y ∈ Y , there are zero-sets
Ey and Fy in X and Y , resp. such that x ∈ intX(Ey), y ∈ intY (Fy)
and (Ey ×Fy)∩A = ∅. Since Y is a Lindelöff space, there is a sequence
(yn) in Y such that ∪{Fyn | n ∈ N} = Y . Let Z = ∩{Eyn | n ∈ N}.
Then (Z × Y ) ∩ A = ∅ and Z ∩ πX(A) = ∅. Since X is a P -space and
Z is a zero-set in X, Z is an open neighborhood of x in X and hence
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x /∈ clX(πX(A)). Since clX(πX(A)) ⊆ πX(A), πX(A) is closed in X.
Hence πX is a z-closed map.

Similarly, we have (2).

A pair (Y, j) or simply Y is called a compactification(realcompactification,
resp.) of a space X if Y is a compact space(a realcompact space, resp.)
and j : X −→ Y is a dense embedding. The ring of real-valued contin-
uous functions on a space X is denoted by C(X) and C∗(X) denotes
the subring of bounded functions of C(X). A subspace S of a space
X is called C-embedded(C∗-embedded, resp.) in X if every function in
C(S)(C∗(S), resp.) extends to a function in C(X)(C∗(X), resp.). Every
space X has the unique compactification βX(realcompactification υX,
resp.) in which X is densely C∗-embedded(C-embedded, resp.)([2]).

Lemma 2.3. Let X and Y be spaces and x ∈ X. Then
(1) {x} × Y is C-embedded in X × υY , and
(2) {x} × Y is C∗-embedded in X × βY .

Proof. (1) Let f ∈ C({x} × Y ). The map h : Y −→ {x} × Y ,
defined by h(y) = (x, y), is a homeomorphism. Since f ◦ h : Y −→ R
is a continuous map, there is a continuous map g : υY −→ R such that
g |Y = f◦h. Then the map k : X×υY −→ R, defined by k(a, y) = g(y), is
a continuous map and for any y ∈ Y , k(x, y) = g(y) = f(h(y)) = f(x, y).
Hence k |X×Y = f and k is the extension of f to X × υY .

Similarly, we have (2).

Lemma 2.4. ([6]) Let X and Y be spaces. Then X × Y is C∗-
embedded in X × βY if and only if πX : X × Y −→ X is z-closed.

A subspace S in a space X is called z-embedded in X if for any zero-set
Z in S, there is a zero-set A in X such that Z = A ∩ S.

Recall that a C∗-embedded subspace S of a space X is C-embedded
in X if and only if for any zero-set Z in X such that S∩Z = ∅, S and Z
are completely separated in X, that is, there is a real-valued continuous
map f on X such that S ⊆ f−1(0) and Z ⊆ f−1(1)([2]).

Proposition 2.5. Let X and Y be spaces. Then πX : X × Y −→ X
is a z-closed map if and only if X × Y is z-embedded in X × υY and
X × υY is C∗-embedded in X × βY .

Proof. Suppose that X × Y is z-embedded in X × υY and X × υY
is C∗-embedded in X × βY . Let A be a zero-set in X × Y and x ∈
X − πX(A). Then π−1

X (x) ∩ A = ∅. Since X × Y is z-embedded in
X×υY , there is a zero-set B in X×υY such that A = B∩(X×Y ). Then
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({x}×Y )∩B = ∅. By Lemma 2.3, {x}×Y is C-embedded in X×υY and
hence there are disjoint zero-set C,D in X ×υY such that {x}×Y ⊆ C
and B ⊆ D. Since X × υY is C∗-embedded in X × βY , by Urysohn’s
extension theorem, clX×βY (C) ∩ clX×βY (D) = ∅. Since {x} × βY ⊆
clX×βY (C) and clX×βY (B) ⊆ clX×βY (D), ({x}×βY )∩ clX×βY (B) = ∅.
Since βY is a compact space, there is a open neighborhood U of x in X
such that (U × βY )∩ clX×βY (B) = ∅ and hence (U × Y )∩A = ∅. Since
U ∩πX(A) = ∅, x /∈ clX(πX(A)) and thus π : X ×Y −→ X is a z-closed
map.

The converse is trivial.

Note that πX : X×υY −→ X is a z-closed map if and only if X×υY
is C∗-embedded in X × βY . Hence we have the following :

Corollary 2.6. Let X and Y be spaces. Then πX : X × Y −→ X
is a z-closed map if and only if X × Y is z-embedded in X × υY and
πX : X × υY −→ X is a z-closed map.

3. Realcompactification of a product space X × Y

The equality υ(X ×Y ) = υX × υY is to be interpreted to mean that
X × Y is C-embedded in υX × υY . For spaces X and Y , υ(X × Y ) =
υX×υY if and only if X×Y is C∗-embedded in υX×υY ([1]). Let X and
Y be spaces with non-measurable cardinal. If X × Y is C∗-embedded
in X × βY , then υ(X × Y ) = υX × υY ([6]). A space X is called a
pseudo-compact space if C(X) = C∗(X), equivalently, υX = βX. If
πX : X × Y −→ X is a z-closed map, then X is a P -space or Y is a
pseudo-compact space([6]).

By Proposition 2.2, we have the following proposition:

Proposition 3.1. Let X and Y be spaces with non-measurable car-
dinal. Suppose that Y is a pseudo-compact space. Then υ(X × υY ) =
υX × υY .

A space X is called a weakly Lindelöff space if for any open cover U
of X, there is a countable subfamily V of U such that ∪{V | V ∈ V} is
dense in X. A space with a dense weakly Lindelöff subspace is also a
weakly Lindelöff space.

Proposition 3.2. Let X and Y be spaces with non-measurable car-
dinal. Suppose that Y has a dense weakly Lindelöff subspace. Then
υ(X × υY ) = υX × υY .
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Proof. We will show that πX : X×υY −→ X is a z-closed map. Take
any zero-set Z in X×υY and x ∈ X−πX(A). Then ({x}×υY )∩Z = ∅.
Hence ({x} × Y ) ∩ Z = ∅ and by Lemma 2.3, there are disjoint zero-
sets A and B in X × υY such that {x} × υY ⊆ intX×υY (A) and Z ⊆
intX×υY (B). For any y ∈ υY , there is a zero-sets neighborhood Ey(Fy,
resp.) of x(y, resp.) in X(υY , resp.) such that Ey × Fy ⊆ intX×υY (A).
Since υY is a weakly Lindelöff space, there is a sequence (yn) in υY
such that ∪{Fyn | n ∈ N} is dense in υY . Let G = ∩{Eyn | n ∈
N} and H = ∪{Fyn | n ∈ N}. Since (G × H) ∩ intX×υY (B) = ∅,
clX×υY (G × H) ∩ intX×υY (B) = (clX(G) × clυY (H)) ∩ intX×υY (B) =
(G×υY )∩intX×υY (B) = ∅. Hence G∩πX(Z) = ∅. Since X is a P -space
and G is a zero-set in X, x /∈ clX(πX(Z)). So πX : X × υY −→ X is a
z-closed map and thus υ(X × υY ) = υX × υY .

Let X be a space and A a zero-set in X. Then clυX(A) is also a zero-
set in υX. Hence for any non-empty zero-set Z in υX, Z ∩X 6= ∅([7]).

Theorem 3.3. Let X and Y be spaces with non-measurable cardinal.
Suppose that υ(X × υY ) = υX × υY . For any non-empty zero-set Z in
υX × υY , Z ∩ (X × Y ) 6= ∅.

Proof. Let Z be a non-empty zero-set in υX×υY . Since υ(X×υY ) =
υX × υY , Z ∩ (X × υY ) 6= ∅. Pick (x, y) ∈ Z ∩ (X × υY ). Suppose that
Z ∩ (X ×Y ) = ∅. Then ({x}×Y )∩ (Z ∩ (X × υY )) = ∅. Since {x}× Y
is C-embedded in X × υY and Z ∩ (X × υY ) is a zero-set in X × υY ,
{x} × Y and Z ∩ (X × υY ) are completely separated in X × υY ([2]).
Hence ({x} × υY ) ∩ (Z ∩ (X × υY )) = ∅. Since (x, y) ∈ ({x} × υY ) ∩
(Z ∩ (X × υY )), this is a contradiction. Thus (X × Y ) ∩ Z 6= ∅.

Definition 3.4. ([8]) Let X be a space and F a family of closed sets
in X. Then F is called a separating nest generated intersection ring on
X if

(1) for each closed set H in X and x ∈ X −H, there are A, B in F such
that x ∈ A, H ⊆ B and A ∩B = ∅,

(2) it is closed under finite unions and countable intersections, and
(3) for any F ∈ F , there are sequences (Fn), (Gn) in F such that F =
∩{Fn | n ∈ N} and for any n ∈ N , X −Hn+1 ⊆ Fn+1 ⊆ X −Hn ⊆ Fn.

For any space X, let Z(X) denotes the set of zero-sets in X. Then
Z(X) is a separating nest generated intersection ring on X.

Let X be space, F a separating nest generated intersection ring on X
and (ω(X,F), ωX) the Wallman compactification of X associated with
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F([8]). Let υ(X,F) = {α | α is an F-ultrafilter with the countable inter-
section property} be the subspace of ω(X,F) and υX : X −→ υ(X,F)
the corestriction of ωX : X −→ ω(X,F) with respect to υ(X,F). Then
(υ(X,F), υX) is a realcompactification of X(called the Wallman real-
compctification of X associated with F)([8]).

For any F ⊆ P (X) and A ⊆ X, let FA = {F ∩ A | F ∈ F}. For a
separating nest generated intersection ring F on X and A ⊆ X, FA is a
separating nest generated intersection ring on A.

Lemma 3.5. ([5]) A realcompactification Y of a space X is a Wallman
realcompactification of X if and only if for any non-empty zero-set Z in
Y, Z ∩X 6= ∅. In case, Y = υ(Y, Z(Y )X).

By Proposition 2.2 and Proposition 3.2, we have the following corol-
lary.

Corollary 3.6. Let X and Y be spaces with non-measurable car-
dinal.

(1) If Y is a pseudo-compact space, then υX × υY is a Wallman real-
compactification of X associated with Z(υX × υY )X×Y .

(2) If X is a P -space and Y has a dense weakly Lindelöff subspace, then
υX×υY is a Wallman realcompactification of X associated with Z(υX×
υY )X×Y .

Note that for any space X, υX = υ(X,Z(X))([2]). Using this, we
have the following :

Theorem 3.7. Let X and Y be spaces with non-measurable cardinal.
Then the following are equivalent :

(1) υ(X × Y ) = υX × υY ,
(2) X × Y is z-embedded in X × υY and υ(X × υY ) = υX × υY ,
(3) X × Y is z-embedded in υX × υY and υ(X × υY ) = υX × υY , and
(4) X × Y is z-embedded in υX × υY and υX × υY is a Wallman real-
compactification of X × Y .

Proof. (1) ⇒ (2) Since υ(X ×Y ) = υX × υY , X ×Y is C-embedded
in υX × υY and X × υY is C-embedded in υX × υY , because X × Y ⊆
X × υY ⊆ υX × υY . Hence υ(X × υY ) = υX × υY . Since X × Y is
C-embedded in υX×υY , X×Y is z-embedded in υX×υY and clearly,
X × Y is z-embedded in X × υY .

(2)⇒ (3) Since υ(X × υY ) = υX × υY , Z(X × υY ) = Z(υX ×
υY )X×υY and since X × Y is z-embedded in X × υY , Z(X × Y ) =
Z(X × υY )X×Y . Hence Z(X × Y ) = Z(X × υY )X×Y = (Z(υX ×
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υY )X×υY )X×Y = Z(υX × υY )X×Y and hence X × Y is z-embedded in
υX × υY

(3) ⇒ (4) Since υ(X × υY ) = υX × υY , υX × υY is a Wallman
realcompactification of X × Y , by Theorem 3.3.

(4) ⇒ (1) Since υX×υY is a Wallman realcompactification of X×Y ,
υX × υY = υ(X × Y,Z(υX × υY )X×Y ). Since X × Y is z-embedded
in υX × υY , Z(X × Y ) = Z(υX × υY )X×Y . Hence υX × υY = υ(X ×
Y, Z(X × Y )) = υ(X × Y )

Every C∗-embedded subspace S of a space X is z-embedded in X.
Hence we have the following corollary :

Corollary 3.8. Let X and Y be spaces with non-measurable car-
dinal. Suppose that υ(X × υY ) = υX × υY . Then the following are
equivalent :

(1) X × Y is z-embedded in X × βY ,
(2) X × Y is z-embedded in X × υY ,
(3) υ(X × Y ) = υX × υY , and
(4) X × Y is C∗-embedded in X × βY .

Let X and Y be spaces with non-measurable cardinal. Then υ(X ×
υY ) = υX × υY if Y is a pseudo-compact space. Hence we have the
following :

Corollary 3.9. Let X and Y be spaces with non-measurable cardi-
nal. Suppose that X is not a P -space. Then the followig are equivalent
:

(1) υ(X × Y ) = υX × υY ,
(2) Y is a psuedo-compact space and X × Y is z-embedded in X × υY ,
and

(3) Y is a psuedo-compact space and X × Y is z-embedded in υX × υY .

By Proposition 3.2, we have the following :

Corollary 3.10. Let X and Y be spaces with non-measurable cardi-
nal. Suppose that Y is not a pseudo-compact space with a dense weakly
Lindelöff space. Then the followig are equivalent :

(1) υ(X × Y ) = υX × υY ,
(2) X is a P -space and X × Y is z-embedded in X × υY , and
(3) X is a P -space and X × Y is z-embedded in υX × υY .

A space X is called a P ′-space if every zero-set in X is a regular
closed set in X.
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Corollary 3.11. Let X and Y be spaces with non-measurable car-
dinal. If X × Y is a P ′-space, then X × Y is z-embedded in X × υY if
and only if υ(X × Y ) = υX × υY .

Let X and Y be spaces such that β(X×Y ) = βX×βY . Then X×Y
is a pseudo-compact space([3]) and Y is also a pseudo-compact space.
Hence we have the following :

Corollary 3.12. Let X and Y be spaces with non-measurable car-
dinal. If β(X × Y ) = βX × βY , then υ(X × Y ) = υX × υY .
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