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CHARACTERIZATION OF STANDARD EXTREME
VALUE DISTRIBUTIONS USING RECORDS

VALERIA SKRIVANKOVA*® AND MATEJ JUHAS**

ABSTRACT. The paper deals with characterization of standard Gum-
bel distribution and standard Fréchet distribution and was moti-
vated by [4], where the Weibull distribution is characterized. We
present criterions using the independence of some suitable functions
of lower records in a sequence of independent identically distributed
random variables {X,,n > 1}.

1. Introduction

Consider the sequence {X,,,n > 1} of independent, identically dis-
tributed (iid) random variables with common absolutely continuous dis-
tribution function F' and probability density function (pdf) f. Random
variable X, is a lower record if X,, < min{Xy, Xa,...,X,—1}. By con-
vention X is a record value. Let {T},,n > 1} be the lower record times
at which record values occur. We consider discrete time and define
Ty =1and T,, = min{i,i > T,—1,X; < X7,_,,n > 1}. So the sequence
{Lp,n > 1} = {Xp,,n > 1} is a sequence of lower record values. The
joint pdf of L, and L,, and the pdf of L,, are (see [2])

_ (H(@)m 't (H(y) - H(z) ™!
(1.1) fmn(z,y) = T(m) h(z) T(n—m) f(y),

forl<m<nand —oco<y<z<o0,
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(1.2) fo(x) = (Hifizl))n_lf(x), form>1, —oo<z< o0,
where H(z) = —InF(z) and h(z) = —L H(z) are the corresponding

hazard function and hazard rate. Similar relations for upper records are
proved in [5].

A continuous random variable X is distributed according to standard
Gumbel law if its distribution function F' is of the form

(1.3) F(z) =exp(—e™"), —oo <z < 0.

We say that a continuous random variable X is distributed according
to standard Fréchet law if its distribution function F' is of the form

(1.4) F(z) = {exp(—x—a% z>0and a >0,

0, otherwise.

Some characterizations by the independence of upper record values are
known. For example Ahsanullah characterized the exponential distribu-
tion (see [2]), Chang in 2007 characterized Pareto distribution (see [3])
and Lee and Lim in 2010 Weibull distribution (see [4]).

In this paper, we will give some characterizations of the standard
Gumbel and the standard Fréchet distribution by the independence of
certain functions of lower record values. For proving our main theorems
we need the following Lemma given by Ahsanullah ([2] p. 78).

LEMMA 1.1. Let Fi(z) be an absolutely continuous function and
Fi(z) < 1, for all x > 0. Suppose that q(u,v) = Hi(u + v) — Hi(u)
and k(u,v) = (q(u, v))rea}p(—q(u,v))%q(u,v), r >0, where k(u,v) # 0,
and %q(u,v) # 0 for any positive u and v. If k(u,v) is independent of
u then q(u,v) is a function of v only.

2. Characterization of Gumbel distribution

THEOREM 2.1. Let {X,,,n > 1} be a sequence of iid random variables
with absolutely continuous distribution function F(z), pdf f(x), where
0 < F(z) <1 for all x real and let F(0) = 1. Then F(z) = exp(—e %),
—00 < & < oo if and only if U = e Lm and V= e n — e7Lm are
independent for 1 < m < n.
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Proof. Let F(z) = exp(—e™™), —oo < & < co. Then H(z) = e~ and
according to (1.1) the joint pdf of L,, and L, is for —oco < y < x < o0
and 1 <m<n
(e—x)m—l - (e—y _ e—x)n—m—l

I'(m) I'(n —m)

— —e Y
e Ye © 7.

(2.1) fn(z,y) =

Consider the transformation

‘- L., . e Lm (U
"\ L, e~tn —e=lm )] T \V
(U R —InU

T\ ~n(U+V))"

The Jacobian of the transformation 7 is

(23 7 = G

thus for the joint pdf of transformed U and V we get

(2.2)

m—l,Un—m—l

(2.4) fov(u,v) = me*“e*”, for u > 0,v > 0.
The marginal pdf of U is given by
oo et
(2.5) fo(u) = /fU,v(u,v)dv = T(m) e, u>0,
0
and the marginal pdf of V is
) p—
(2.6) fv(v) = /ny(u,v)du = me_”, v > 0.
0

From (2.4), (2.5) and (2.6) we obtain fy(u)fy(v) = fuv(u,v). Hence
U and V are independent.

Now we will prove the sufficient condition. So we suppose that U,V
are independent for 1 < m < n. The joint pdf fp, n(x,y) of variables
Ly, Ly, is given by (1.1). Consider the transformation (2.2) with Jaco-
bian (2.3). Then for the joint pdf of transformed U,V we get

[H(—Inw)]™ Y H(-In(u+v)) — H(—Inwy)]""1

fU,V(u>v) - F(m)F(n—m) X

h(—Inu)f(—In(u + v))
% u(u +v)

,u>0,v>0
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and the pdf of transformed U by (1.2) is
_ [H(=Inw)]™ f(—Inwu)
Since U and V are independent, for the pdf of V' holds

[H(—In(u+v)) — H(=In())]"""™"" f(~In(u+v))

Jr(v) = '(n—m)F(—Inu) u+v
_ [H(=In(u+v)) — H(=In(u)]" ™t -8
B I'(n —m)F(—Inu) . %F(—ln(u—i—v)),
u > 0,v>0.

If we denote Fi(x) = F(—Inx) and Hi(x) = H(—Inx)), for all z > 0,
then

U+ v) — w)nmml U+ v
(2.7) fv(v) = i +F)(n —H71n() . . 3;9 (Flf(71(1_) )> '
Now let
Hi(u+v)— Hi(u) = —IHW = q(u,v).

Writing (2.7) in terms of ¢(u,v) as in Lemma 1.1 we get
1

2. = ——

( 8) fV(v) F(TL — m)

By the independence of U and V, we have for all v > 0 that fy(v)

defined by (2.8) is independent of u. So if we use the Lemma 1.1 we get
that g(u,v) is a function of v only. Hence

(0, 0))" " eap(—q(u, ) g, v)

Fi(u+v)
Gw) =q(u,v) = —In————=.
(v) = gu.v) e
Now we have to solve a functional equation of the form
(2.9) Gi1(v)Fi(u) = Fi(u+v),

where G1(v) = exp(—G(v)). The only continuous solution of (2.9) is
(see [1]) Fi(x) = ae®*, x > 0, where a and ¢ are arbitrary constants.
Then

ae”* = Fi(z) = F(—Inx).

If we use substitution x = e™¥, —00 < y < oo and the boundary condi-
tions F(—oo) =0, F(c0) =1, F(0) = 1, then we get

F(z) =exp(—e™ "), —00 < x < 00,
what is the Gumbel distribution (1.3). Thus the proof is complete. []
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3. Characterization of Fréchet distribution

THEOREM 3.1. Let {X,,,n > 1} be a sequence of iid random variables
with absolutely continuous distribution function F(x), pdf f(z), F(z) <
1, forallz > 0, F(0) = 0 and F(1) = 1. Then F(z) = exp(—2~%), 2 >0
and oo > 0 if and only if U = L,;* and V = L;“ — L_* are independent
for1 <m <n.

Proof. If F(z) = exp(—2z~%), x > 0, then H(z) = ™ and ac-
cording to (1.1) the joint pdf of L,, and L, is for 1 < m < n and
—00 <Y < T < 00

«

—a\ym—1 —a _ .—ayn—m—1 a
(3.1) fm,n($;y) = %aw—a—l €] F(?j— 2n) Ozy_a_le_y .

Consider the transformation

()~ () = ()
() (o)

The Jacobian of the transformation 7 is

(33) [ = 5 W+ V)

(3.2)

_lta
«@
)

thus the joint pdf of transformed U and V we get in form

umfl,unfmfl

4 - - —u _—v f .
(3.4) fU,V(UaU) F(m)T(n—m)e e ", foru>0,v>0

The marginal pdf of U is given by

um—l Y
e

0
F(m) , u>0,

(3.5) o) = [ St i =
0

and the marginal pdf of V we can write as

Unfmfl

(3.6) fv(v) = /ny(u,v)du = me_”, v > 0.
0

From (3.4), (3.5) and (3.6) we obtain fy(u)fv(v) = fuv(u,v), what
means that U and V are independent.

Now we will prove the sufficient condition. Suppose that U,V are
independent for 1 < m < n. The joint pdf fy, »(z,y) of variables L,,, L,



406 Valéria Skiivankovd and Matej Juhds

is given by (1.1). Consider the transformation (3.2) with Jacobian (3.3).
Then for the joint pdf of transformed U,V we obtain

[ (™))" [H((u+0) ") = H(u”o)"

foy(u,v) = L(m)L(n —m) X
X h(u™=)f((u+ v)a;)[u(u +v)]” o u>0,0>0

and the marginal pdf of transformed U we get by (1.2) in form

_H@ T fm e
fu(u) = T'(m) : o ,u > 0.
Since U and V are independent so the pdf of V' is given by
fow) = H@t ™) = H@ )Pt [t o) )t o)~
I'(n—m) aF(u_é)
_ ()7 — H@ ) =0
I'(n— m)F(u‘i) v ((uto)7),
u>0,v>0.

If we denote Fy(x) = F(x_i) and Hy(x) = H(x_é)) for all > 0, then
the remainder part of the proof is the same as the proof of Theorem 2.1.
For the marginal pdf fi/(v) the term (2.7) holds. The condition of
the independence of U and V' leads (using terms as in Lemma 1.1) to the
functional equation (2.9). The only continuous solution of this equation
is again Fj(x) = ae®’, x > 0, where a and c¢ are arbitrary constants. So
ae’ = Fy(z) = F(m_é)
Now we use a substitution x = y~*, for y > 0. Then according to the
boundary conditions F(0) =0, F(co) =1 and F(1) = 1 we get

F(z) =exp(—2x~ %),z > 0,a > 0,
what is the Fréchet distribution (1.4). This completes the proof. O
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