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GENERALIZED HYERES-ULAM STABILITY OF A
QUADRATIC FUNCTIONAL EQUATION WITH INVOLUTION
IN QUASI-5-NORMED SPACES

MOHAMMAD JANFADA* AND GHADIR SADEGHI

ABSTRACT. In this paper, using a fixed point approach, the generalized
Hyeres—Ulam stability of the following quadratic functional equation
J@+y+2)+ 1@+ o)+ fy+o()+ f@to(2) = 3(f @)+ 1)+ (=)
will be studied, where f is a function from abelian group G into a quasi-
B-normed space and o is an involution on the group G. Next, we consider
its pexiderized equation of the form

Fe+y+2)+ F@t o) + 1y +0(2) + Fz+0() = g(@) + 9(y) +9(2)
and its generalized Hyeres—Ulam stability.
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1. Introduction and preliminaries

A classical question in the theory of functional equations is the following:
“When is it true that a function which approximately satisfies a functional equa-
tion & must be close to an exact solution of £7” If there exists an affirmative
answer we say that the equation & is stable [11]. During the last decades several
stability problems for various functional equations have been investigated by nu-
merous mathematicians. We refer the reader to the survey articles [11, 12, 22]
and monographs [9, 13, 15, 18, 23] and references therein.

Let G, be a abelian group and X be a normed space. A function f: G — X
satisfying the functional equation

flx+y) + fle—y) =2f(x) +2f(y) (1)
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is called the quadratic functional equation. The Hyers-Ulam stability of the
quadratic equation (1) on normed spaces has been studied in [8]. A mapping
0 : G — G is called an involution if ¢ is a group homomorphism for which
0?2 =1. For f:G — X, and an involution ¢ on G, the Hyers-Ulam stability of
the quadratic functional equation with involution

fle+y)+flx+oly) =2f(x)+2f(y) (2)
have been studied by many authors in various cases and by different methods,
(for example see [5], [16] and [25]).

Consider the following functional equations,

faty+2)+fle—y)+fly—2)+ flx—2)=3f(x) +3f(y) +3f(2), (3)

and its pexiderized form as follows

faty+2)+fla—y)+fly—2)+fla—2) =g@)+9y) +9(z). (4
This equations, their solutions and their Hyers-Ulam stability is studied in [1],
(2], [3] and [4].

In this paper we adopt the ideas of Cadariu and Radu [7], S.-M. Jung and
Z.-H. Lee [16] to investigate the Hyers-Ulam-Rassias stability of the equation

flaty+2)+fa+o(y)+fy+o(2))+f(z+0(2) = 3f(2)+3f(y)+3f(2), (5)

and its pexiderized form as follows

flety+2)+ fleto@)+fly+o(z)+fle+0(2) =g(x)+9(y) +9(2). (6)

on abelian groups using a fixed point method, so we need some preliminaries in
this area.

For a nonempty set M, a function d : M x M — [0, 00] is called a generalized
metric on M if d satisfies
(My) d(z,y) = 0 if and only if x = y;
(Ms) d(z,y) = d(y, ) for all a2,y € M;
(Ms) d(z, z) < d(z,y) + d(y, 2) for all z,y,z € M.
Trivially the only one difference of the generalized metric from the usual metric
is that the range of the former is permitted to include infinity.
We now introduce one of fundamental results of fixed point theory. For the
proof, we refer to [17]. This theorem will play an important role in proving our
main theorem.

Theorem 1. Let (M,d) be a generalized complete metric space. Assume that
A : M — M is a strictly contractive operator with the Lipschitz constant L < 1.
If there exists a nonnegative integer k such that d(A* 1z, AFz) < co for some
x € M, then the following are true:

(a) The sequence {A™x} converges to a fized point ©* of A;

(b) x* is the unique fized point of A in

M* ={ye X :d(AFz,y) < o0o};
(c) If y € M*, then d(y,=*) < 127d(Ay, y).
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We consider some basic concept concerning quasi-3-normed spaces and some
preliminary result. We fixed a real number § with 0 < f < 1 and K denote
either C or R. Let X be a linear spaces over K. A quasi-f-norm on X is a
function ||.||g : X — [0, c0), for which
(N1) ||z||g = 0, if and only if = 0;
(N2) [[Az||s = |A|P.]|z]|, for all A € K and all z € X;
(N3) There is a constant k£ > 1 such that ||z + y|lg < k(||z|/g + |lyl/g), for all
z,y € X.

It follows from condition (N3) that

2n+1 2n+1

2n 2n
I wills <K llwills, 1D @l <Y s (7
i=1 =1 i=1 i=1

for all n € N and allzq, 2, ..., xop411 € X

The pair (X, ||.||3) is called a quasi-S-normed space if ||.|| 3 is a quasi-S-norm
on X. The smallest possible & is called the modulus of concavity of |.||g. A
quasi-3-Banach space is a complete quasi-/3-normed space.

A quasi-f-normed ||.|| is called a (8, p)-norm (0 < p < 1) if

=+l < ll=ll5 + s

for all z,y € X. In this case, a quasi-G-Banach space is called a (5, p)-Banach
space.

Given a p-norm, the formula d(z,y) := ||x—y||P gives us a translation invariant
metric on X. By the Aoki—Rolewicz Theorem, each quasi-norm is equivalent to
some p-norm. Since it is much easier to work with p-norms than quasi-norms,
henceforth we restrict our attention mainly to p-norms [6]. In [26], J. Tabor
has investigated stability of the Cauchy functional equations (see [19]) in quasi-
Banach spaces. One can see [10], [14], [20, 21], and [27] for some other works on
stability in quasi-normed spaces.

Recently generalized stability of additive functional equations in quasi-S3-
normed spaces has been studied by J. Rassias and H.-M. Kim [24].

2. Stability Results

Throughout this section G is an abelian group, X, is a (8, p)-Banach space
with p-normed |.||g and ¢ : G — G is an involution on G, (i.e. o is a group
homomorphism for which 02 = o). With f : G — X, consider the following
quadratic functional equation

fa+y+2)+f@+o(y)+fly+oz)+f(e+0(2) =3(f(2) + f(y) + f(2)

and suppose

Df(x,y,2) = flety+2)+f@+oy)+fy+o(x)+f(@+0(2)
3(f(x) + fy) + £(2)). (8)
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Theorem 2. Let0< L<1,0<<1land¢:GxGxG — [0,00) be a mapping
for which

L
o20,2,22) < (| E (a1, 2), o)
splL
(ﬁ(.’L‘—FO’(l’),y—Fo‘(gj),Z—FO’(Z)) < 4 E(b(xaywz)a (10)
(11)
for all z,y,z € G. Also let f : G — X be a mapping for which f(0) =0 and
||©f(xayaz)”5 S qb(sc,y,Z),:c,y,z Eg. (12)
Then there exists a unique function Q : G — X such that DQ(x,y,z) =0 and

Q) = F@)ls < 35 =p (. .0). (13)

Proof. Obviously ¢(0) = 0. From (12), we have
1D (2, 2,0)lls = f(22) + f(z + o(x)) — 4f (x) = 3f(0)]ls < ¢(x,2,0).  (14)
S0
2 1
| LEARICEIE) )y < Lota.,0), (15)
Let M be the set of all functions from G into X. Define d : M x M — [0, 00| by
d(g,h) = inf{C € [0,00], |lg(z) — h(x)||s < C¥ (x,x,0), for all z € G}.

One can verify that (M, d) is a complete generalized metric space (for example
see the proof of Theorem 3.1 in [16] ). Now define A : M — M by

o)) = 220) ol +ate)
From (15) one can see that
AA(), ) < 55 < (16)

Now we show that A is strictly contractive. For given g,h € M, let d(f,g) < C,
for some C € [0, 00]. Thus

lg(x) = h(x)|§ < C¢P(x,2,0).
It follows from definition of A, (9) and (10) that
I(Ag)(z) — (AR) (@)l < 4% [llg(2z) — h(22)II}
+ gl +o(z) = bz + o(2))5]

< o 9(20,20,0) 4 (ot o(a), 2 +0(2),0)]
< LOW(z.2.0), (17)
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for all x € G, that is, d(Ag,Ah) < LC. We hence conclude that d(Ag, Ah) <
Ld(g, h). Therefor A is strictly contractive because 0 < L < 1. By mathematical
induction we obtain

(@) = o [F@) + (@2~ )f@ a4 2 o). (18)

Now by Theorem 1, there exists a fixed point ) of A which is unique in M* =
{g € M :d(Af,g) < oo}. Also d(A"f,Q) — 0 as n — oco. This, by definition of
d, implies that there exists a sequence {C), }nen such that C,, — 0, as n — oo,
and for all x € G,

d(A" f(z), Q(z)) < Cn,

therefore for any x € G,
: n _ P _
Jim [[A"f(z) = Q(@)[l; = 0.
Hence

Q(z) = lim A"f(x) = hm Ln[]”(27’913)—1—(2"—1)]‘(2"‘13:4—2"_10(96))]7 (19)

n—»00 oo 22

for each z € G. Now by (9), (10), (12) and the fact that 0 < L < 1 we have

1PQ(z,y. 2)lIs = 1Q(x +y +2) + Qz + o (y)) + Qy + o(2)) + Qz +0(2))
=3(Q(x) + Qy) + Q)

= lim [Ny 2)

n—roo

+@" = DfR" N z+y+2)+2" oz +y+2))]

(

+HfM @+ o) + (2" = DRz +o(y) + 2" o(z + o(y)))]

+f2"y+0(2)+ 2" - DR y+0(2) +2" oy + 0(2)))]

+ [f(2” x+o(z)))+ 2" - 1)f(2”*1(x +o(2)+ 2”*10(m + O'(Z)))]

=3[f(2"x) + (2" = 1)f(2" 'z + 2" o (z))]

=3[f(2"y) + (2" = DF(2" 'y + 2" lo(y))]

—3[f(2”z) + @2 - DfE@ 2+ 27 (2))] 115

< lim ——o 4,,6 [LF2" (@ +y+2)) + f2" (x +o(y)) + f(2"(y + 0(2)))

+f(2"(z 4+ 0(2))) + 3(f(2"2) + f(2"y) + f(2"2))|;
+2" = )PP 2" N+ y 4+ 2) + 2" o (z +y + 2))
+f2" Nz + o(2) + 2"y + o (y)))
+2" Y+ 0o(y) +2" (2 4+ 0(2)))
+f2" Nz + o(2) + 2" (2 + 0(2)))
+3[f(2" 'z 4+ 2" o (x ))+f(2” Ly
+2" o (y)) + f(2" 2+ 27N (2))] 115]
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Sﬁgiwp

n __ Bp
U7 o+ (@), 2y + o(y)) + 27 (= + 0(2))]

4Bnp
1 4r8 (2 —1)P8

< i —(—L)" 7 _\¢P
(O

)Py, 2) = 0.

By Theorem 1 and (16), we obtain

(f7Q)_ ! (Afaf)_ﬁa

P (2", 2"y, 2" 2)

+

— tim (Z)ra

n—o0 2

(20)

that is, (13) is true for all z € G.
For the uniqueness part, it is enough to show that @ € M*,ie. d(A(f), Q) < oc.
The fact that A is a contraction implies that

AND.Q) = dAf),AQ)
< LA(.Q) < TE7AMD S

hence QQ € M*, and this completes the proof. O

< 00,

In a similar way, by applying Theorem 1, we can prove the following theorem.

Theorem 3. Let0< L<1,0<f<1and¢:GxGxG — [0,00) be a mapping
for which

1 ,/L
0.2) < 25 (| B2z 29,22 (21)
oz +o(2),y +o(y), 2 +0(2) < 27¢(2x, 2y, 22) (22)
forall x,y,z € G. Also let f : G — X be a mapping with
1Df(z,y,2)lls < d(2,y,2),2,9,2 €G. (23)

Then there exists a unique function Q : G — X such that DQ(z,y,z) =0 and

Q@) ~ F(@)lls < 7 {f g 6l ,0). (24

Proof. We use the same definitions for M and d as in the proof of Theorem 2.
From (23), we have

072 0lls = 1@+ 1G+ T Dy <6320, 29)
and
s+ 72 70 gy = arE 4+ T —apd 4+ Xy,
< o+ D T 0 ) (26)
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Now define A : M — M by

(A} () = 4[(5) — tn(E + 7))
Therefore, it follows by (25), (26), (23), (21) and (22) that for any « € G,
15— AN@IE =176 — 4l 27+ Ty
< @+ £+ 2 ap
x  o(x) z o),
+ ||f(§ + T) - 2f(z + T)Hg
b T T 1 o oz o)
= Pty t 0
= 4:}%B,Lfbp(:c,a:,O)
This means that )
d(Af, f) < gL (27)

Also A is a strictly contractive operator. In fact for given g, h € M, if d(f,g) <
C, C € [0,00], then for all » € G, |g(z) — k()| < C¢(x,,0), thus by (21),
(22) and definition of A,

IAD@ - Aa)ely = o) - 2o + 2y —nEy - In 4+ 2y
< 4”llg(3) - hI
T G TGl
< woeE Lo soiced D T 00,

< LC¢P(x,z,0).
This implies that d(Af,Ag) < Ld(g,h). Thus by Theorem 1, there exists a

unique function Q : G — X which is a fixed point of A in M* and Q =
lim,, o A™(f). But using mathematical induction one may obtain that

n e & 1 x o(x)
(A1) = 22" (o) + (g~ D (e + o).
A similar argument to the proof of Theorem 2, shows that DQ(x,y,z) = 0,

x,y,z € G, and by Theorem 2(c) and (27), we get
1 L

<=

A.Q) < prres

This completes the proof. O
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Remark 1. Suppose o(z) = z, so if for z,y, 2 € G,
Df(@,y,2) = flzty+2)+f(a+y)+fy+2)+f(z+2)=3(f(2)+ f(y)+f(2)) =0,
then D £(0,0,0) = £(0) = 0, and for any z,y € ,

Df(x,y,0) =2(f(z +y) - f(x) = f(y)) = 0.

Hence f satisfies in the Cauchy equation and so is an additive function. Now
with o(z) =z, 0 < L < 1, and ¢ satisfying (9) and (10), suppose

||©f(x7y,z)||5 < cb(m,y,z)

so by Theorem 2, and the above assertion, there exists an additive mapping Q
such that for all x € G

Q) ~ @) < 15 {f 1ot 0).

A similar argument can be concluded with the conditions of Theorem 3.

In the sequel we consider the pexiderized form of the quadratic functional
equation (5). For f,g: G — X we consider the following pexiderized quadratic
equation

flaty+z)+flato(y)+fly+o(z)+ flz+o(2) =g(x)+9(y) +9(2). (28)

with the involution o. Let

Drg(z,y,2): = flaty+2)+fla+o)+ fly+o(2)+ flat+o(z))

= g(z) —g(y) — g(2).

Also for ¢ : G x G x G — X, put

o(x,y,2) = (0"(x+y+20,0) + ¢”(z + a(y),0,0) + ¢ (y + o(2),0,0)

+ (x4 0(2),0,0) + 3767 (2, y, 2) + ¢°(0,0,0)) 7,

and
D@y, 2) = (6"(2, 1, 2) + 67 (2,0,0) + ¢°(0,,0) + ¢ (0,0, 2) + 279 $7(0,0,0)) 7 .
For studying the Hyer-Ulam stability of (28), we need the following lemma.

Lemma 1. Suppose f,g: G — X and ¢ : G X G X G — X are functions for which

H:Dﬁg(xvyvz)‘l,@ < ¢(x,y,z), z,y,z€G (29)
and ¢ satisfies (9) and (10), then for any x,y,z € G,
195 (2,y,2) +5/0)ls < dla,y,2), (30)

||®9(xayvz)+5g(0)||ﬁ < g(x,y,z). (31)
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Proof. Tt is easy to see that
Dpg(r+y+20,0) =3f(z+y+2z) —gl@+y+2)+ f(0)—29(0),
D9z +0(y),0,0) =3f(x+0(y) — g(x +o(y)) + £(0) — 29(0),
D9y +0(2),0,0) =3f(y +0(2)) — g(y + o(2)) + f(0) — 29(0),
D g(x+0(2),0,0) = 3f(z + 0(2)) — g(z + o(2)) + f(0) — 29(0).

:0)
;0)

So these relations and (29) and definition of {57 imply that
z) —

1Dy (2, y,2) —5g(0)I5

<llg(z +y+2) = 3f(z+y+2z) — f(0) +29(0)|%
+lg(z +o(y) = 3f(x +a(y)) — £(0) +29(0)[;
+g(y + o (2)) = 3f(y + o (2)) — £(0) +2g(0)][
+llg(z + o (2)) — 3f(z + o(2)) — £(0) — 29(0)|
+37 | f(e+y+2)+ fle+ o) + fly+0(2))
+f(z+0(2) = 9(x) — g(y) — 9(2)|I5 + [4£(0) — 39(0)|I%
<@PP(r4+y+200) + P (x+0(y),0,0) + ¢P(y + o(2),0,0)
+¢P(z + 0(2),0,0) + 3P8¢P(x, y, 2) + $7(0,0,0)

= " (x,y, 2).

This implies the inequality (42). The inequality (41) can be concluded similarly.
O

W W
W N

—~ o~ o~
w
IS

= T O =

w
ot

P
‘ p

Theorem 4. Let0< L<1,0<<1land¢:GXxGXxG — [0,00) be a mapping
for which

$(2x,2y,22) < 47 ﬁqﬁ(ﬂc, Y, 2) (36)
syl L
B+ (), y + o), = +0(2)) < 4°{ Loz, ) (37)
for all z,y,z € G. Also let f,g:G — X be mappings with f(0) = g(0) =0 and
1Dr,4(z,y,2)lls < O(z,y,2),2,9,2 €G. (38)
Then there exists a unique function Q : G — X such that DQ(x,y,z) =0 and
1Q(z) — f(=) (z,2,0) (39)

1 1 ~
||/3 < Zgﬁﬁﬁ
1 1 ~
13Q(e) ~ s(a)ls < 5= 0 (40)
Proof. Lemma 1 and f(0) = ¢g(0) = 0 imply that
H:(Df('r7y?z)||zﬂ) < J(m,y,z), (41)
1Dg(z,y, 2[5 < dlx,y,2). (42)
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Using (36) and (37) one can easily see that

b(22,2y,22) < 4° f/ng(w,y, 2)

and
e+ o(o).y+ o(u). + () < 47§ Lo 2)
also
Bz 2.22) < 4§ By )
and

Yz +o(z),y+0o(y),z +o(2) < 4° (/?5(1’7 Y, 2).

Now by Theorem 2, there exist unique functions @1,Q2 : G — X such that
@Ql(xv Y, Z) = QQQ(mv Y, Z) = 07 for which

1 1 -~
Q1) = S@)ls < g5y 90, 2,0)
and
1 1 ~
1Q2(2) = 925 < g5o—p Vo ,0).

It is enough to show that 3Q2 = Q1. By Theorem 2, with A as in the proof of
Theorem 2,

Qi(z) = limpoA"(f)(z) and  Q2(z) = limp—cA"(9)(2). (43)
On the other hand by (18), (38), (36) and (37) we have

IBA™(F)(2) ~ A" (@) @) < sy I37(2"2) — (2" )
(2n _ 1)?5 i " »
i 37 @+ o) — 92" (& + o))

@2,0,0)+ Z V" 0 9n1 (0 + o(2)),0,0)
92npp x,U, 22npp xz a\x)),Y,

1408 2(2m — 1)P8
< ees (5 D0+ =57

Now (43) implies that 3Q2 = Q1. This completes the proof. O

_|_

<

)¢ (x,0,0) — 0 as n — oo.

As in Theorem 3, in a similar way, by applying Lemma 1, and the same
argument as in the proof of Theorem 4, we can state the following conclusion.

Theorem 5. Let 0 < L < 1,0< 8 <1land ¢ : GxGxG — [0,00) be a
mapping for which

oe9.2) < o ([ Eoten20.22) (4
¢z +o(x),y +0(y),z+0(2)) < 276(2z,2y,22) (45)
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for all z,y,z € G. Also let f,g: G — X be mappings with f(0) = g(0) =0 and

I1Dyg(2,y,2)lls < 02,9, 2), 29,2 € G. (46)
Then there exists a unique function Q : G — X such that DQ(z,y,z) =0 and

Q@) ~ F(@)lls < g5 { g 82 2,0) (47)
13Q() ~ 9(@)lls < g5 {/ 77 9 .0). (48)

Remark 2. As a conclusion of Theorems 4 and 5, and 1, with o(x) = z, one
may obtain that the function @) in Theorems 4 and 5 is additive.

Corollary 1. Suppose 0 < p < 1 and < B < 1. Let € be a normed space
and let X be a complete (B, p)-normed space. If for some positive €, functions
f,9: ¢ — X satisfy

1Ds,9(z, 9, 2)llp < e(llzl” + llyll” + [[2]I7) (49)

and ||z + o(x)||P < 2P||z||P, for all x € €, then there ewists a unique function
Q : € = X such that DQ(z,y,z) =0, for all z,y,z € €. Furthermore

p+1
2

L[ 2P+ 2 4 2p 3pB
1£(2) = Q)5 < ¢ e (50)
207 + 2
lg(z) —3Q(z)]ls < ef WHIEHP (51)
P?;oof. Put ¢(z,y,2z) = e(|z||” + |lyl” + ||z]|P), for all z,y,z € €, and set L =
%. Then 0 < L < 1 and

¢(2$, 2?]7 2'2) = 45 i/f(ﬁ(xa Y, Z)

Moreover we have

¢z +o(z),y +0(y), 2 +0(2)) <47 {/gaﬁ(x, Y, 2)-

According to Theorem 4, there exists a unique function @ : € — X such that
DQ(x,y,2) =0, x,y,z € € and (50), (51) holds, for all x € €. O

Corollary 2. For a fized numbers ¢ > 1 and e >0, let 0 < 8 < qg—l. Suppose
pq > 1€ and X is are normed space and complete (8, p)-normed spaces, respec-
tively. Also let for f,g: € = X, Dsq(x,y,2) < e(||2]|2+ [lyl|? + ||2]|?), for all
r,y,2 € € and ||z + o(x)||P < 2PHB||x||P, for all x € €. Then there exists a
unique function Q : € — X such that DQ(z,y,2) =0, z,y,z € € and

B B
1£(@) - Q)5 < \/ PUAF D) F2H237 e (s

2pq—1 _ ApB
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2 2
lo(@) = 3Q(@)]5 < & {/ g sl (53)

4PB
2pq—1"*

Proof. Set ¢(z,y,z) = e(||z]|? + |ly||? + ||2]|9), for all z,y,z € &, and L =
Then 0 < L < 1 and

L
Hry.2) = o5 ([ Eoar. 29,22,

Moreover we have
dx+o(x),y+o(y),z+0(z) < 2ﬁ¢(233, 2y,2z).

According to Theorem 5, there exists a unique function @ : € — X such that
DQ(x,y,2) =0, x,y,z € € and (52), (53) holds, for all z € €. O
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