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ABSTRACT. In this paper we consider a system of N-Laplacian elliptic equa-
tions with critical exponential growth. The existence and multiplicity re-
sults of solutions are obtained by a limit index method and Trudinger-
Moser inequality.
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1. Introduction and main result

In this paper, we study the existence of multiple solutions for the following
equations with exponential critical growth

Anu= f(z,u) + Ry(z,u,v), = in €,
—Anv =g(z,v) + Ry(z,u,v), = in Q, (1)
u=v=0, on 0J9,

where Q C RY (N > 2) is a smooth bounded domain and R: Q x R? — R is a
C' function.

In the previous decades, there has been a number of activities in the study
of the elliptic equations leading to indefinite functionals. For example, when
N=2, this class of system is called noncooperative and many recent studies have
focused on it. Results relating to these problems can be found in [1, 3, 4, 5, 6,
7,11, 13, 15, 19] and the references therein.

Received November 8, 2010. Revised December 6, 2010. Accepted May 2, 2011.
*Corresponding author. fThis work was supported by grant 10871096 from the National Natu-
ral Science Foundation of China.

© 2011 Korean SIGCAM and KSCAM.

1229



1230 Yanqin Fang, Jihui Zhang

In a recent paper, Lin and Li [13] had considered the following system

Au = |[ul* ~2u + Fy(z,u,v) in Q,
— Ay = |U|2*72’U + Ft(x,u7’l)) in Q, (2)
ulpa =0, vlpn = 0.

By applying the Limit Index Theory, they obtained the existence of multiple
solutions under some assumptions on nonlinear part.

In [10], Huang and Li applied the Principle of Symmetric Criticality and
the Limit Index Theory to study the system of elliptic equations involving the
p-Laplacian in the unbounded domain in R

Apu — [uP~2u = F,(|z],u,v) in RN,
—Apv + P20 = F,(|z,u,v) in RN, (3)
u,v € WHP(RN),

where 1 < p < N, and they extended some results of [15].
In [8], Fang and Zhang dealt with the existence and multiplicity of solutions
to the following systems

Apu = [ul? 2u+ F,(z,u,v) in €,
—A = |7 2v 4 F,(z,u,v) in Q, (4)
ulon =0, v[on =0,

where Q C R" is an open-bounded domain with smooth boundary, F' = F(z,u,v),
F, = g—fj, F, = %—f, 1<p,g<N,p*=pN/(N—p)and ¢* = qgN/(N —q) denote
the critical Sobolev exponent.

We would like to emphasize that in the literature rather less attention has
been paid to noncooperative systems involving exponential critical growth to
the case N > 2. In [1], Alves and Soares considered N-Laplacian and they
proved the existence of nontrivial solution for the corresponding system (1) with
critical Sobolev exponent and critical exponential growth on bounded domain
of RN for N > 2. The proof is based on a linking theorem without the Palais-
Smale condition. And we should also mention the article [9], where a class of
Hamiltonian systems with exponential critical growth has been considered.

Motivated by works just described, a natural question arises whether the ex-
istence of multiple solutions can be obtained when we consider the N-Laplacian
operator and assume that the nonlinearities have a critical exponential growth.
In this paper we deal with the problem (1). The functional ® is strongly indefi-
nite in the sense that it is neither bounded from above nor from below. We can
not apply the symmetric Mountain Pass Theorem in considering the existence
of infinitely many critical points of the functional ®. Here, we employ a limit in-
dex and Trudinger-Moser inequality. Then main difficulties are related to verify
the condition of limit index and (PS)%. In our paper, we must overcome these
difficulties.
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In order to treat variationally (1) in W1V (Q) x WLN(Q), we use the inequal-
ities of Trudinger and Moser (See [17, 20]), which provide

exp(afulVNDy e L), for all we WyN(Q) and a>0 (5)

and there exists a constant C'(2) > 0 such that

sup /exp(a|u|N/(N_1))dx§C’(Q), for all ueWyN(Q) and o< ay,
Q

lull<1
(6)

1/ (N ) and wn—1 1s the N — 1-dimensional surface of the unit

where any = Nwy
sphere.

Now, we give the following assumptions.
(F1) There exists a constant C' > 0 such that

|f(x,5)| < Cexplay|s|V/N=D) for all z€Q, scR.

(Fy) There exists v € (0, N) such that

0 <vF(z,s) < f(z,s)s, for all z€Q, seR,
where F(z,s) = [ f(x,t)dt.
(Gy) There ex1sts a continuous function b verifying

9(x,5) = b(x, 5) exp(ay]|s|V/ VD),
with
cpls|P72s < b(x,8) < dp|slP72s for all z€Q, seER,

for some p > NN and constants ¢, d, > 0.
(G2) There exists p > N such that

0 < uB(x,s) <b(x,s)s, for all z€Q, seR,

where B(z, s) = [ b(x,t)dt.
(G3) The constants ¢p, V, w given by conditions (F3), (G1) and (G2) satisfy

vN uN p—N 1 1 N
—)r= 1
max{N—V’u—N}< pN )C LGt
2

where r will be given later.

Related to function R, we assume that the following conditions hold.
(R1) Ry(,0,0) = Ry(2,0,0) = 0 and R(z,u,v) > 0 for all (z,u,v) € Q x R2.
(R2) For any o, 5 > 0

lim Ru(z,u,v) —0
|(u,0) =400 exp(a|u[N/N=1)) 4+ exp(B|v|N/(N-1))
and
R,
o (z,u,v) o

lim
|(u,0) =400 exp(a|u|N/(N=1)) 4 exp(B|v|N/(N=1))
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(R3) For v and p given by condition (F») and (G32), we assume that
1 1
0 < R(z,s,t) < —Ry(z,5,t)s + —R,(x,s,t)t, for all z € Q, (s,t) € R%
v [

We note that the hypotheses (R;)-(R3) are satisfied by the function given by
R(u,v) = |u|se‘“|a|v|te|“|ﬁ, where 1 < a, f < 2, s and ¢ are positive real numbers
such that 2 + ﬁ > 1, where v and p are given by conditions (F3) and (Ga).

By X = E x E we denote the space W™ (Q) x Wy (Q) endowed with the
norm

s )™ = Mull™ + ol

where || - || denotes the usual norm in W(}’N(Q) and we write ® : X — R the
functional given by

__ 1 Ny, L N _/
O (u,v) = N/Q|VU| dJ:—|—N/Q|VU\ dx QF(J:,u)d:lx
—/ G(x,v)dx—/R(m,u,v)dx. (7
Q Q

Under the assumptions (F}) and (Rz), the functional @ is well defined, belongs
to CY(X, R) and

(@ (u,v), (¢,)) = — /Q [Vu[ Y2 VuVdda + /Q Vo[V 2VoVide — /Q f(a,u)pdx

_/Qg(%v)z/)dx—/QRu(x,u,v)cédm—/QRU(Q?,va)l/)dx
(®)

for all (u,v), (¢,7) € X.
Now we give the main result of this paper.

Theorem 1.1. Suppose that the assumptions (F1) — (Fz), (G1) — (G3) and
(R1) — (R3) hold. Then the functional ® possesses ko — 1 critical values such
that 0 < c_po41 < --- <c_1 < B, where kg > 1 and B > 0. That is, the system
(1) possesses at least ko — 1 pairs weak nontrivial solutions.

2. Preliminaries

First of all, we recall the Limit Index Theory due to Li [15]. In order to do
that, we introduce the following definitions.

Definition 2.1 ([15, 22]). The action of a topological group G on a normed
space Z is a continuous map

GXxZ—=7Z:|g,z]— gz
such that
1-z=2, (gh)z=g(hz), z+— gz is linear, Vg,h € G.
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The action is isometric if
”gZ” = ||Z||7 VgeG, z€Z,
and in this case Z is called G-space.

The set of invariant points is defined by
Fix G:={z€Z; g2=2 VgeG}.

A set A C Z is invariant if gA = A for every g € G. A function ¢ : Z — R is
invariant p o g = @ for every g € G,z € Z. A map f: Z — Z is equivariant if
go f= fogforevery g € G.

Suppose Z is a G-Banach space, that is, there is a G isometric action on Z.
Let

Y={ACZ;A is closed and gA = A, Vg € G}

be a family of all G-invariant closed subset of Z, and let
I'={h e C%Z 2); h(gu) = g(h(u)), Vg € G}
be the class of all G-equivariant mapping of Z. Finally, we call the set

O(u) := {gu; g € G}
G-orbit of u.

Definition 2.2 ([18]). An index for (G, %,T") is amapping i : ¥ — Z | J{+o0}
(where Z, is the set of all nonnegative integers) such that forall A, Be ¥, heT
the following conditions are satisfied: 1
(1) i(A) =0 <= A =

(2) (Monotonicity) A C B = i(A) < i(B);

(3) (Subadditivity) i(A|J B) < i(A) + i(B);
(4) (Supervariance) i(A) < i(h(A)), Vh € T}
() (
a

5) (Continuity) If A is compact and AN Fix G=0, then i(A) < 400 and there
G-invariant neighborhood N of A such that i(N) = i(A);
)

is i
(Normalization) If  ¢Fix G, then i(O(zx)) = 1.

(6

Definition 2.3 ([5]). An index theory is said to satisfy the d-dimension property
if there is a positive integer d such that

i(V* () B1(0) = k

for all dk-dimensional subspaces V% € % such that V¢ N Fix G = {0}, where
B1(0) is the unit sphere in Z.

Suppose U and V are G-invariant closed subspaces of Z such that

z=UvV,

where V is infinite dimensional and

:UV]
j=1
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where V; is a dnj-dimensional G-invariant subspace of V, j = 1,2,---, and

VicVvc---V, C---. Let
4-v BV,

A; =A%

Definition 2.4 ([15]). Let ¢ be an index theory satisfying the d-dimension prop-
erty. A limit index with respect to (Z;) induced by i is a mapping

X — ZU{—oo,+oo},

and VA € X, let

given by
i*°(A) = limsup(i(4;) — nj).
j—o00

Proposition 2.1 ([15]). Let A, B € ¥. Then i* satisfies:

(1) A=0=1i* = —ox;
(2) (Monotonicity) A C B = i*(A) < i>(B);
(3) (Subadditivity) i*°(A|J B) < i*®(A) + i*(B);

(4) If VN Fiz G={0}, theni>(B,(0) (V) =0, where B,(0) ={z € Z,||z|| =
pY; 3 )
) (5) If Yy and Yy are G-invam’gnt closed subspaces of V' such that V =Y, @ Yo,
Yo C Vj, for some jo and dimYy = dm, then i (B,(0)(Yy) > —m.
Definition 2.5 ([14]). A functional J € C'(Z, R) is said to satisfy the condition
(PS)?% if any sequence {un, }, tn, € Zn, such that

J(Un,,) = ¢, ddn, (upn,) — 0, as k — oo

possesses a convergent subsequence, where Z,,, is the ng-dimension subspace of
Z, Jn, =J
Theorem 2.1 ([15]). Assume that

(B1) J € CY(Z,R) is G-invariant;

(B2) There are G-invariant closed subspaces U and V' such that V is infinite

dimensional and Z =U @ V;
(Bs) There is a sequence of G-invariant finite-dimensional subspaces

WwcVvac---V;C---dimV; = dnj,

such that V- = J72, Vj;
(B4) There is an index theory i on Z satisfying the d-dimension property;
(Bs) There are G-invariant subspaces Yo, Yo, Yi, of V such that V =Yy &b Yo,
Yy, Yy C Vi, for some jo, and dim Yy = dm < dk = dim Y7;
(Bg) There are o and 8, a < B such that J satisfies (PS)%, Ve € [a, B];
(a) either Fit G CU @Yy, or FizGNV = {0},
(Br) { (b) there is p >0, such that Yu € Yy N B,(0), J(u) > a, 9)
(o)VzeUaYy, J(z) <P,

an .
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if 1% 1s the limit index corresponding to ©, then the numbers
c;= inf supJ(z), "k+1<j<—m,
1= il S ) /

are critical values of J, and o < c_jy1 < -+ < c_py < B. Moreover, if c = ¢ =
oo =Cppp, v >0, then i(te) > 7+ 1 where 1o = {z € Z;dJ(2) =0, J(z)=c}.

According to [21] (Section 4.9.4) there exists a Schauder basis {e,}>2; for
E = W}N(Q). Furthermore, since E is reflexive, {eX}22,, the biorthogonal
functionals associated to the basis {e,}72; (which are characterized by the re-
lations (e}, en) = dm.n), form a basis for E* with the following properties (cf.
[16] Propositon 1.b.1 and Theorem 1.b.5). Denote

E, =span{ey, e, --e,}, EF =span{eni1, -}
and
Er*n = span{eL 63, e ern}
Let P, : E — E, be the projector corresponding to the decomposition £ =
E, ® E;- and P} : E* — E} the projector corresponding to the decomposition
E* = EX ® (E)*. Then P,u — u, P'v* — v* for any u € E, v* € E* as
n — oo and
(Pro*,uy = (v*, Pyu).
Let 7: E — E* be the mapping given by

(Tu, @) :/ |Vul|P~?Vu - Vidz.
Q

It is easy to check that the operator 7 is bounded, continuous. And if u,, — @
in F and (Tuy, — 74, U, —a) — 0, then u, — @ in E (See [10, 15]).
Now, we set

X=UaV, U=Ex{0}, V=1{0}xE, (10)
Yo ={0} x Ef", V=Yy&, (11)
Y1 = {0} X Ey,, Ex, = span{ey, ea, - - ex, }, (12)

then dim Yy = 1, dim Y7 = k.

We define a group action G = {1, 7} = Zs by setting 7(u,v) = (—u, —v), then
Fix G = {0} x {0} (also denote {0}). It is clear that U and V are G-invariant
closed subspaces of X, and Yy, Y and Y7 are G-invariant subspace of V.

Set

Y={ACX;A is closed and (u,v) € A= (—u,—v) € A}. (13)

Define an index v on ¥ by:

min{N € Z,;3h € C(A, RN\{0}) such that h(—u, —v) = h(u,v)},
Y(A) =< 0, if A=0,
400, if such h does not exist.
(14)
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Then we have the following proposition: v is an index satisfying the proper-
ties given in Definition 2.2. Moreover, 7 satisfies the one-dimension property.
According to Definition 2.4 we can obtain a limit index y°° with respect to (X,,)
from 7.

The following Proposition 2.2 and Lemma 2.2 play an important part in our
proofs.

Proposition 2.2. Let (v;) be a sequence of functions in Wol’N(Q) converging to
@ weakly in Wy'™ (Q). Assume that ||@;||¥Y/N—1 < § <1 and | € C(Q x R, R)
satisfies

ll(z,s)| < Cexplan|s|V/N=1), for all (z,s) € (Qx R,R)

and for some C > 0. Then,

lim l(a:,(pj)wdxz/l(x,go)wdx, (15)
Q

Jj—+oo QO

for every w € Wy (), and

tin_ [ Uegp)psde = [ e oo (16)
Q

j—+o Jo

Proof. The proof is similar to [1]. Consider ¢ > 1 so that g6 < 1. From the
hypothesis on [,

/ l(z, p;)|"dz < C/ eqane; NN o (17)
o Q
_ lejl -
:C/eanH%@jHN“N Ve de (18)
Q
ang( lenl \N/(N=1)
SC/ AN OGN Y (19)
Q

By Trudinger and Moser inequality, there exists M; > 0 such that
/ [l(z,¢;)|?dx < My, ¥Yn € N. (20)
Q

Combing Sobolev embeddings with Egoroff theorem, given € > 0 there exists
E C Q such that |E| < € and ¢;(z) = ¢(z) uniformly on Q\E. By Holder
inequality and using (20), we get

| [ o) ~ o owde < [ Jia5) = Lo )l + 0,(1)
Q O\E

where o.(1) = 0 as e = 0. As e > 0is arbitrary and I(z, ¢;) = l(z, ¢) uniformly

on Q\E, we conclude the proof of (15). Similar argument shows that the limit

(16) hold. O
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Lemma 2.2. Suppose that R satisfies the condition (R2) and let (¢, ¢;) be a
sequence weakly convergent to (o, ) in Wy () x Wy (). Then,

/ R(z, 05, 0;)dz — / R(z, 0, §)dz,

Q Q

/ Ru(@, 05, 6;)05dz — / Ru(x, 0, 8)pdz,
Q Q
/&M%ﬁ%Mﬁ/&@%Mm
Q Q

J

[ Rutwgiiovds = [ oo o
Jor all £,4 € Wy (Q).
Proof. Since (¢;, ¢;) is weakly convergent, there is M > 0 such that
l@ill; [ld5]] < M for all j € N.

Now from (Ry), given 0 < o, 3 < M~N/(N=Dqy there exists a constant C' > 0
such that

RU(SC,QOJ,QZ)J)(ZSJd‘T*)/QRU(I',(,O,QS)(ZSCZI,

2

|Ru (33,<Pj,¢j)| < C(ea|@j|N/(N71) +85|¢j‘N/(N71)> (21)

Ry (,05,05)] < Celeal™ Y g el (22)
As a consequence,
alos [N/ (N=1) N/ (N=1)
(R (2,05,07)] < O™ 4 PO (g o) (23)

Taking ¢ > 1 such that go|M|N/N=1 ¢3MN/(N=1) < qp, from Trudinger and
Moser inequality there exists K > 0 such that

N/(N=1) N/ (N=1)
/eaq\%l , /eﬂqlqﬁgl <K ¥Yné€N.
Q Q

This combing with (21)-(23) and Sobolev embeddings imply that the above limits
hold. This concludes the proof. O

Lemma 2.3. Suppose that the assumptions (Fy)— (Fz), (G1)—(G2) and (Ry) —
(R3) hold. Then

(1) there is a, p > 0 such that ¥(0,v) € Yo N B,(0), ®(0,v) > o

(ii)there is > 0 such that ¥(u,v) € U & Y1, ®(u,v) < .

Proof. We start observing that, from (G1),
Gz, )| < d|t|Pee~™ Y™ for all 2 €Q te R
P
Thus if (0,v) € Yo N B,(0), by (5),

#(0.0) = lol” = | Glo.o)do
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v

1 _
NHU”N 7dp/ |U|p6aN‘U|N/(N 1)dx (24)
Q

v

1 - 1
I =yl { [ st oy (25)
Q

1 [v] \N/(N—1)
= Il =l [ ot Y
N Q

By Trudinger and Moser inequality (6), if |jv||Y/(N =1 < L then

HN/(N—I)(

ol dz}z.  (26)

1 1
®(0,0) > % [vlI™ = Clolg, = L lol™ = Cllo]”
Since p > N, there exists 0 < p < ()™ =1/N such that ®(0,v) > «a for every
[lv]| = p, that is (i).
Now, we give the proof of (ii). From (G),
G(z,s) > C—p\s\p, for all (z,s) € Q x R.
p
Thus,

1 c
o < —|o||¥ = Zlvp
(1.0) < ol = ol

IA

1 N Cp p

(ol = 2 jelp)
1 tP

= max —tN — —Cp|v|g}

{t>0, v€IB1(0)NEy,} N P

1 1 1 1  _~
)P (27)

1 1.1 1 «~

Let 8 = (4 — 1)—4— (1) .

Lemma 2.4. Suppose that the assumptions (Fy)— (F»), (G1)—(G2) and (Ry) —
(R3) hold. Let {(un, ,vn,)} be a sequence such that (un, ,vn, ) € Xn, and

D(Un,,, Vny,) = € € [a, B], dPp, (Un,,,n,,) = 0,a8 k — 00, (28)

then (un,,,Un, ) s bounded in X,,. Moreover, there is kg € N and m € (0,1)
such that

|N/(N—1)’ [t |N/(N—1) <m, for all k> kqg. (29)

[0, | il
Proof. We start observing that the condition (Gs) implies that

0 < uG(x,s) < g(z,s)s, for all s€ R and z € Q. (30)
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From (28),
1 1
(D(Unk’vnk) - <(I)/n;c (unk’vnk)7 (;unkv ;Um@» =c+ Ok(l)”(unk’vnk)”'
By (G1) — (G2), (F2), (R3) and (30),
1 1 1 1
(7 = el + = Pl
1 1
< (I)(’U,nw’l}nk) - <(I);1k (unmvnk)v (;unkV 7,Unk)>
I
<5,
from where it follows that (uy,, vy, ) is bounded in X, . Consequently,
. uNp
lim sup ||vy, N < —-
msup v, |V < FE
and N3
v
li N < :
lliisolip||u AT S o—

From (G3) and Lemma 2.3, we get

limsup [[vp, |, lim sup [|u, ||V < 1.
k—o0 k—o0

Therefore, there are kg € N and m € (0,1) such that
||UnkHN/(N71)7 ||UnkHN/(N71) <m, for all k> ko,

which proves the lemma.

Lemma 2.5. ® satisfies (PS)}, Ve € [a, 5].

Proof. By (28), we have

1 1
@(unk,vnk):—N/Q\Vunkvvdw—i—N/Q|ank|Ndx—/QF(:E,unk)dx

—/G(x,vnk)dx—/R(x,unk,vnk)dx
Q Q

= c€ o, b,

1239

(31)

(32)

<d<bnk (u”k?UTLk)’ (a,0)) = _/ ‘vu”k|N72vunkVﬂd'x - / f(x7unk)adm (35)
Q Q

+/ |ank|N72anka}d:c—/g(z,vnk)f)do:
Q Q

—/ Ru(z,unk,vnk)ﬂdaz—/Rv(z,unk,vnk)f)dl’
Q

Q
— 0, as k — oc.

By Lemma 2.4, since (uy, , vy, ) is bounded, we assume

Up,, — u in WM (Q),
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. 1,N
— v in Wy (Q),
—u, a.e. on {),

Uny

Upy

Up, =V, a.e. on Q.
According to (See [1, 2, 12, 23])

(2P~ %z — [yP %y, —y) > |z —y[P for p>2, (36)
we have
/ |V, | N 2Vu,, Vidz — / \Vu|N 2 VuViade (37)
Q Q
and
/ Vo, [N 2V, Vide — / |Vo| N2V uVide. (38)
Q Q

Let m be the constant given by Lemma 2.4. Since m is independent of ng, the
weak convergent implies that

[l NI ol MY < . (39)
On the other hand,
[N N=D o, IV ND <m < 1, for all k > ko,

thus, by Proposition 2.2 and Lemma 2.2 it follows that

/f(x,unk)udx%/f(x,u)udx,
Q Q

ol

[ty |

/f(sc,unk)unkdx%/f(x,u)udx, (40)
Q Q

[ ste.vn)edz > [ gla,0pude,

Q Q

/g(x,vnk)v"kdz%/g(x,v)vdx, (41)

Q Q
/Ru(x,unk,vnk)unkdxﬁ/Ru(x,u,v)udx, (42)
Q Q

/ R, (z,Uup,,vp, )udx — | Ry(x,u,v)uds,
Q Q

/Rv(ac,unk,vmﬁ)vnkd:r—>/Rv(alc,u,v)valac7 (43)
Q Q
and

/Rv(x,unk,vnk)vdx%/Rv(x,u,v)vda:

Q Q

as k — oo.
It follows from (35) that

- / |Vu|N 2 VuVids + / |Vo|N2VoVide — / f(x, uw)ude
Q Q Q

—/g(x,v)f)dx—/Ru(aj,u,v)ﬁdw—/Rv(x,u,v)ﬁdxzo. (44)
Q Q Q
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By setting (4, 9) = (u,0), we get
/ |Vu|Nd:1c+/ f(x,u)udx—i—/ Ry (z,u,v)udz = 0;
Q Q Q
and then setting (@, ?) = (0,v), we have
|Vo|Ndx — / g(z,v)vdr — | Ry(x,u,v)vdz = 0.
Q Q

Q
Note that

<d¢"k(unk7vnk)’(07vnk)> :/Q|ank|Nd1‘—/Qg(Jf,’Unk)UnkdI
—/Rw(xaunkavnk)vnkdz
Q
— 0,
<d¢)nk(unk’vnk)7(unk70)> = _/Q|Vunk|Ndm _/Qf(xvunk)unkdx

- Ry (x, Unyy Uny, )unk dz
Q
— 0.

1241

(48)

Let wy, = tn, — U, Cn,, = Un, — v. By Brézis-Lieb Lemma [22], (47)-(48) can be

changed to
/|Van|Ndx+/ |Vv|Ndx—/g(x,vnk)vnkdx
Q Q Q

—/ Ry (2, tn, , Un,, ) U, dz — 0,
Q

—/ |ank|Ndx—/ |Vu|Nd:c—/f(x,unk)unkdm
Q Q Q
- / R (z,Up, , U, )tn, dr — 0,
Q

By (45)-(46), it is easy to obtain

/|V<nk_|Ndx+/g(x,v)vdz+/Rv(x,u,v)vd:z:

Q Q Q

f/g(x,vnk)vnkd:cf/Rv(z,unk,vnk)vnkdxﬁO,
Q Q

/|ank\Nd:v7/f(x,u)udxf/Ru(x,um)udx
Q Q Q

+/ f(:v,unk)unkdx—&—/ Ry (0, Un,, U, )n, dz — 0,
Q Q

(49)

(51)

(52)
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By (40)-(43), we obtain
/ VG, [Nz — 0
Q

and

/ |V, |Ndz — 0.

Q

That is

Up, — U, 1IN Wol’N
and

Up, — U, In WOI’N.
Then we complete the proof of Lemma 2.5 O

Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1. Now we shall verify the conditions of Theorem 2.1.
It is clear that (B1), (B2), (Ba4) in Theorem 2.1 are satisfied. Set V; = E; =
span{ei, ez, - --e;}, then (Bs) is also satisfied. Since 1 = dimY) < kg = dim Y7,
(Bs) is satisfied. Since Fix GV =0, that is (a) of (B7) holds. (b) — (c¢) of (B7)
can be obtained by Lemma 2.3. By Lemma 2.5, (Bg) in Theorem 2.1 hold. So
according to Theorem 2.1,

c; = inf sup ®(u,v), —kg+1<j< -1

! wwmzijﬁA (1:2) 0 /
are critical values of @, @ < c_py41 < --- <c_1 < B, and ® has at least ko — 1
pairs critical points.
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