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CONVERGENCE THEOREMS FOR THE M,-INTEGRAL

JAE MYUNG PARK*, BYyung Moo KiM**, Young Kuk Kim***,
AND JONG TAE LiM****

ABSTRACT. In this paper, we investigate some properties of the
M, -integral and prove convergence theorems for the M,-integral.

1. Introduction and preliminaries

It is well-known [8] that the Monotone Convergence Theorem and the
Dominated Convergence Theorem are valid for the Lebesgue, Perron,
Denjoy, Henstock and C-integrals. In this paper, we prove convergence
theorems for the M,-integral.

Throughout this paper, Iy = [a,b] is a compact interval in R. Let D
be a finite collection of interval-point pairs {(I;, &)}, where {I;},
are non-overlapping subintervals of Iy and let § be a positive function
on Iy, i.e. §: Iy — RT. We say that D = {(I;, &)}, is

(1) a partial tagged partition of Iy if U} ,I; C Iy,

(2) a tagged partition of Iy if U} | I; = Iy,

(3) a d-fine McShane partition of Iy if I; C (§ — 0(&;),& + 6(&;)) and
LGel,foralli=1,2,...,n ,

(4) a d-fine M,-partition of Iy for a constant a > 0 if it is a J-fine
McShane partition of Iy that satisfies the condition

Z dist(&, IZ‘) <,
=1

where dist(&;, I;) = inf{|t — &| : t € I;},
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2. Properties of the M,-integral

We present the definition of the M,-integral.

DEerINITION 2.1. A function f : Ip — R is M,-integrable if there
exists a real number A such that for each ¢ > 0 there is a positive
function §(€) : Iy — R™ such that

IS(f, D) — Al <e
for each -fine M,-partition D = {(I;,&)} of Iy. The real number A
is called the M,-integral of f on Iy and we write A = ro forA=
(Ma) [y, f-
The function f is M,-integrable on the set E C Iy if the function
fxE is M,-integrable on Iy. We write fEf = flo fxe-

We can easily get the following theorems.

THEOREM 2.2. A function f : Iy — R is M,-integrable if and only if
for each € > 0 there is a positive function §(§) : Iy — R" such that

|S(fa-Dl) _S(f7D2)| <e€
for any §-fine M-partitions D1 and Dy of Ij.

THEOREM 2.3. Let f: Iy — R.

(1) If f is M,-integrable on Iy, then f is M,-integrable on every
subinterval of I.

(2) If f is M-integrable on each of the intervals I; and I, where I
and Iy are non-overlapping and Iy U Iy = Iy, then f is M,-integrable on

Iy and f11f+f12f:flof'
The following theorem shows that the M,-integral is linear.

THEOREM 2.4. Let f and g be M-integrable functions on Iy. Then
(1) af is M,-integrable on Iy and ffo af = aflo f for each a € R,

(2) f + g is M-integrable on Iy and flo(f +g) = flo f+ IIO g.

DEFINITION 2.5. Let F': Ip — R and let E be a subset of I.

(a) F is said to be AC, on E if for each € > 0 there is a constant
n > 0 and a positive function 6 : Iy — Rt such that | >, F(I;)| < € for
each 0-fine partial M,-partition D = {(I;,&;)} of Iy satistying &; € E
and Y. |I;| <.

(b) F is said to be ACG, on E if F is continuous on E and E can
be expressed as a countable union of sets on each of which F is AC,,.
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THEOREM 2.6. ([12]) If a function f : Iy — R is M,-integrable on
Iy if and only if there is an ACG, function F on Iy such that F' = f
almost everywhere on Ij.

THEOREM 2.7. ([12]) Let f : Iy — R be a function.
(a) If f is McShane integrable on Iy, then f is M,-integrable on I.
(b) If f is M,-integrable on Iy, then f is Henstock integrable on Ij.

3. Convergence Theorems for the M ,-integral

We will prove the convergence theorems for the M,-integral.

THEOREM 3.1. (Uniform Convergence Theorem)

Let {fn} be a sequence of M,-integral functions defined on [a,b] and
suppose that {f,} converges to f uniformly on [a,b]. Then f is M,-
integral on [a,b] and

f— lim fn .

n—oo
Proof. Given € > 0, there exists N such that if n > N, then
|fo(z) — fz)] <€
for all = € [a,b]. Consequently, if m,n > N, then
—2€ < fn(x) — fm(z) < 2¢ for z € [a,b]

Hence, —2¢(b—a) < f; fn— f; fm < 2¢(b—a), where | fab fn— fab fm| <
2¢(b — a). Since € > 0 is arbitrary, the sequence { [, b fn} is a Cauchy se-

quence. Let lim, f fn=L.If D={(I;,&)}_, is any M,-partition
of [a,b] and n > N, then

1S(fn, D) = S(f,D)| = 12 Fa(&) = FEIL]]
=1

> fal&) = F(&)IIE

1

IN

< > el =e(b—a) .
=1

Choose a fixed number ng > N such that ’f; frno — L} < €. Let § be a

positive function on [a,b] such that | ff frno = S(fno, D)| < € whenever

hS]
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D is a é-fine M-partition of [a,b]. Then
1S(f, D) = L| < [S(f, D) = S(fno, D)

8 (fng D /fmr+\/ foo T

< eb—a)+et+e=eb—a+2).
Hence, f is M,-integrable on [a, b] and
b b
/ f=L= lim fn-
a

—
n—oo a

O

THEOREM 3.2. (Monotone Convergence Theorem)
Let {f»} be a monotone increasing sequence of M,-integrable func-
tions defined on [a,b] and suppose that {f,} converges pointwise to a

measurable function f on [a,b]. If lim, f; fn is finite, then f is M-
integrable on [a, b] and

/ f= lim fn
n—oo
Proof. Since the sequence { f,, } is increasing, { f,,— f1} is an increasing

sequence of nonnegative M,-integrable functions on [a, b]. Since f,— f1 is
nonnegative for each n, it follows that each f,, — f1 is Lebesgue integrable

on [a,b] and lim, oo (fn — f1) = f — f1-
By the Monotone Convergence Theorem for the Lebesgue integral,
the function f — f; is Lebesgue integrable on [a, b] and

(1) /ab(f—fl) — lim (1) /b(f )

- hm/fn f)

b b
- hm/fn— fi.
o a a

Since f — f1 and f; are M,-integrable on [a,b], the function f = (f —
f1) + f1 is M,-integrable on [a, b]. Hence,

/abf - /:<f—f1>+/abf1
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- (L)/ab(f—f1)+/abf1

b b b
S R
b

= lim fn-
n—oo a

O

THEOREM 3.3. (Dominated Convergence Theorem)

Let {fn} be a sequence of M,-integrable functions defined on [a, D]
and suppose that {f,} converges to a measurable function f almost
everywhere on [a,b]. If there exist M,-integrable functions g and h on
[a,b] such that g < f, < h almost everywhere on [a,b] for all n, then
the function f is M,-integrable on [a,b] and

b b
/ f= lim fn-

a n—oo a
Proof. Since 0 < f, —g < h— g and h — g is a nonnegative M-
integrable function on [a,b], h — g is Lebesgue integrable. Since {f,}
converges pointwise to f almost everywhere on [a,b], 0 < f—g<h—g
almost everywhere on [a, b]. Hence, f — g is Lebesgue integrable. Since
fn — g converges pointwise to f —g almost everywhere on [a, b] and f,, —g
is Lebesgue integrable on [a, b], by the Dominated Convergence Theorem

for the Lebesgue integral we have

@ [¢-0=mw [ o

n—oo

Since f — g and g are M,-integrable, f = (f — g) + g is M,-integrable

and
/:f - /:<f—g>+/abg
~w [0+ [
= im0 [0+ [

b

b
= lim (fn—g)+/g

—
n—oo a
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b b b b
= lim fn—/g+/g:lim/fn.
n—o0 Jq a a n—o0 Ja

COROLLARY 3.4. Let {f,} be a sequence of M,-integrable functions
defined on [a,b] and suppose that { f,} converges to a measurable func-
tion f almost everywhere on [a,b]. If there exist an M,-integrable func-
tion g and a Henstock integrable function h such that g < f,, < h almost
everywhere on |a,b] for all n, then f is M,-integrable on [a,b] and

/f—,}lfgo I

O

Proof. Since 0 < f, —g < h—g and h — g is a nonnegative Henstock
integrable function on [a, b], h— g is Lebesgue integrable on [a, b]. Hence,
h = (h — g) + g is M,-integrable on [a,b]. By Theorem 3.3, f is M,-
integrable on [a, b] and

f = lim fn

O

We begin with the concept of uniform M,-integrability. The idea
behind this concept is that there exists a single positive function § that
works for all of the functions.

DEFINITION 3.5. Let {f,} be a sequence of M-integrable functions
defined on Iy. The sequence { f,} is uniformly M,-integrable on I if for
each € > 0 there exists a positive function § : Iy — R™ such that

1S(fn, D) = | ful <€
Io
for all n, whenever D = {(I;,&;)}"_, is a d-fine M,-partition of I

THEOREM 3.6. Assume that {f,} is uniformly M,-integrable on I
such that

lim fn(g) = f(g)
n—oo
Then the function f : Iy — R is M,-integrable on Iy and we have

n—oo

lim fn= f
Io Io
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Proof. Since {f,} is uniformly M,-integrable on Iy, for each ¢ > 0
there is a positive function ¢ : Iy — R™ such that

S D)= | ful <3
Iy

for all n, whenever D is a §-fine My-partition of Iy. Let D be a J-fine
M,-partition of Iy. Since lim, o fn(§) = f(§), there exists an N € N
such that

1S(fn; D) = S(f, D)| < e

for all n > N. Then we have

ISR

<\Sf, /fn+rSf, /fm

< |S(fu, D) = S(£. D)| +|S(fu. D /fn
+1(ms D) = S D +18(m D) = | ful

<8
—€
3

for all m,n > N. Hence { [ Io fn} is a Cauchy sequence. Let

lim fn=A.

n—oo IO
Then there exists an M € N such that ‘ffo Jn—A| < § foralln > M.
Take any d-fine M,-partition D = {(I,£)} of Iy. Since lim, o0 frn(£) =
f(§), there exists a k > M such that |S(fx, D) — S(f, D)| < 5.
Then we have

S(£,D) — Al
<|S(f.D) - S(fi. D)| +|S(fx. D /fkw/fk—m
< €

Hence f is M,-integrable on Iy and lim,, ro fn= ro f. O
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