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APPROXIMATE J*-DERIVATIONS ON J*-ALGEBRAS

HARK-MAHN KIM* AND SANGHOON LEE**

ABSTRACT. We establish alternative stability and superstability of
J*-derivations in J*-algebras for a generalized Jensen type func-
tional equation by using the direct method and the fixed point
alternative method.

1. Introduction

Let H, K be two Hilbert spaces and let B(H,K) be the space of all
bounded operators from H into . By a J*-algebra we mean a closed
subspace A of B(H, K) such that zaz*x € A whenever x € A. In general,
by a J*-algebra we mean a closed subspace A of a C*-algebra such
that zaz*x € A whenever x € A [10]. Many familiar spaces are J*-
algebras [9, 10], for example: (i) every Cartan factor of type I, i.e., the
space of all bounded operators B(H, K) between Hilbert spaces H and
IC; (i) every Cartan factor of type IV, i.e., a closed *-subspace A of
B(H) in which the square of each operator in A is a scalar multiple of
the identity operator on H; (iii) every JC*-algebra; (iv) every ternary
algebra of operators [11]. Of course J*-algebras are not algebras in the
ordinary sense. However from the point of view they may be considered
a generalization of C*-algebras; see [8, 10, 11]. In particular any Hilbert
space may be thought as a J*-algebra identified with £(H, C). Also any
C*-algebra in B(H) is a J*-algebra. A J*-derivation on a J*-algebra A
is defined to be a C-linear mapping d : A — A such that

d(aa*a) = d(a)a*a + ad(a)"a + aa*d(a)
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for all @ € A [9]. In particular, every x-derivation on a C*-algebra is a
J*-derivation.

The stability of functional equations was first introduced by Ulam
[25] in 1940. More precisely, he proposed the following problem: Given
a group G1, a metric group (Ge,d) and a positive number €, does there
exist a 0 > 0 such that if a function f : G; — G4 satisfies the inequality
d(f(zy), f(z)f(y)) < 0 for all z,y € Gy, then there exists a homomor-
phism h : Gi — Gg such that d(f(z),h(z)) < € for all x € G1?7 As
mentioned above, when this problem has a solution, we say that the
homomorphisms from G; to G2 are stable. In 1941, Hyers [12] gave a
partial solution of Ulam’s problem for the case of approximate additive
mappings under the assumption that G; and G2 are Banach spaces.
Hyers’ theorem was generalized by T. Aoki [1] and D.G. Bourgin [2]
for additive mappings by considering an unbounded Cauchy difference.
In 1978, Th.M. Rassias [21] also provided a generalization of Hyers’
theorem for linear mappings which allows the Cauchy difference to be
unbounded like this ||z||? + ||y]|P.

During the last decades, several stability problems of functional equa-
tions have been investigated by a lot of mathematicians. A large list of
references concerning the stability of functional equations can be found
in [3, 13, 14, 15, 22]. Recently, Cadariu and Radu [4, 5, 6, 7] applied
the fixed point method to the investigation of stability problem for the
functional equations(see also [18, 23, 24]). In [19], Park establish the
stability of homomorphisms between C*-algebras(see also [17, 18, 20]).
In the paper [9], authors established the stability and superstability of
J*-derivations in J*-algebras for the generalized Jensen type functional
equation

(1.1) rp(EY

r—Yy
)+ rf(CY) =26 ().
Let r € (1,00) and let f : A — A be a mapping with f(0) = 0 for
which there exists a function ¢ : A3 — [0, 00) such that

®(a,b,c) = ZTfnqb(r"a, r"b,r"c) < 00,

n=0

[rir (0 4 (U — 25 (ua)

+f(cc*e) — f(c)c* e —ef(c)*c — cc*f(c)H < ¢(a,b,c)

a—>b
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for all a,b,c € A and all 4 € T. Then there exists a unique J*-derivation
D : A — A such that

I£(a) = D(@)] < 3(a,0,0)

for all @ € A. Furthermore, they investigated the stability of J*-
derivations by using the fixed point alternative method.

In Section 2 of this paper, we establish alternative stability and su-
perstability of J*-derivations in J*-algebras for the generalized Jensen
type functional equation by using the direct method. In Section 3, we
will use the fixed point alternative method of Cadariu and Radu to prove
alternative stability and superstability of J*-derivations on J*-algebras
for the generalized Jensen type functional equation (1.1).

2. Stability of the equation (1.1) by direct method

Throughout this paper, assume that A is a J*-algebra. We present
here a useful lemma to prove our stability theorems.

LEMMA 2.1. ([16]) If an element u of a C*-algebra il has the property

that |lul| < 1— 2 for some integer n greater than 2, then there are n

Ul Ut Fun

unitary elements ui,- - -, u, in 4 such that u = -

We start our investigation with superstability of J*-derivations.

THEOREM 2.2. Let r,s € (1,00), and let D : A — A a mapping for
which D(sa) = sD(a) for all a € A. Suppose there exists a function
¢ : A3 — [0,00) such that

b
lim s?’”qb(i i) =0,

n—o00 sn’gn’ gn

a+b
TMD(T) + rpD(

a—>b

(2.1)

) — 2D(pa)

+D(cc*c) — D(c)c*e — eD(c)*c — cc*D(c)‘

r

< ¢(a,b,c)

for all a,b,c € A and all p € T, where T = {\ € C: |\| = 1}. Then D
is a J*-derivation.

Proof. 1t follows that ¢(0,0,0) = 0 and so D(0) = 0 by setting
a,b,c:= 0 in the inequality (2.1). Replacing a,b and ¢ by &, s% and 0,
respectively, in (2.1), we obtain

)~ 2D(ua) | < s"0( % 2 0)

a—>b

a+b
Hr,uD(T) + ruD(
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for all a,b € A and n € N. Taking n — oo, one gets the equation

a—>b

(2.2) D) 4 ruD(“=0) = 2D(ua)

r
for all a,b € A and all 4 € T. This means that D satisfies the generalized
Jensen type functional equation (1.1), and so it is additive. If we replace
b by a in the above equation, then we obtain uD(a) = D(ua) for all
a€ Aandall p € T. Now, let A € C(A # 0) and M € N such that

M > 4|\| and ’ﬁ‘ < 3 < 3 =1— 2 Then by Lemma 2.1, there

exist three elements p1, po and ps in T such that 3% = [1 + po + ps.
Therefore, we see that

M_ A M
2.3 D(ha) = D(—3—a)=—D
(23) D) = D(531a) =~

= 2w +p2 + 43)D(a) = AD(a)

for all a € A and all A € C(\ # 0). This equation is trivial for A = 0.
Hence D is C-linear.
Put a =b:=0, c:= 5 in (2.1). Then

(p1a + poa + pza)

*
cC C ¢C c . C ¢C & C C C C C
D

2.4 HD fc % _p
24 [p& S5 -
< (0,0, )
for all ¢ € A and all n € N. Multiplying s>" on both sides, then we get
|D(cc*e) — D(c)c*c — e¢D(c)*c — cc*D(c)|| < s3"¢(0,0, %)
s

for all ¢ € A and all n € N. Since the right-hand side tends to zero as
n — 00, the mapping D is a J*-derivation. 0

Now, we investigate stability of J*-derivations on J*-algebras for the
generalized Jensen type functional equation by using the direct method.

THEOREM 2.3. Let r € (1,00), and let f : A — A be a mapping for

which there exists a function ¢ : A3 — [0, 00) such that

> a b c a b ¢

: 3
Zrné(ﬁ’ﬁ’ TTL) < 00, nILIEoT "¢(T7,T77r7) =0,
n=0

ruf (0 g (U0~ 27 )

+f(cc*e) — f(c)c* e —ef(c)*c — cc*f(c)H < ¢(a,b,c)

a—>b

(2.5)
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for all a,b,c € A and all 4 € T. Then there exists a unique J*-derivation
D : A — A such that

o

(26) I7(@) ~ D(a)l| < 5 3" r"o(%,0,0)

n=0

for all a € A.

Proof. Tt follows that ¢(0,0,0) = 0 and so f(0) = 0 by setting
a,b,c ;= 0 in the inequality (2.5). Put g := 1 and b = ¢ := 0 in
(2.5). Then it follows that

(27) [r#(%) = #ta)] < S6(a.0.0)

for all a € A. By induction, it is easy to see that

(2.8) ‘

1 n—1
() - f@)]| < 5 kzzor%(f’“’ 0,0)

for all @ € A and all n € N. Replacing a by % in (2.8) and then
multiplying 7™, we obtain
a a 1 a
“Tm+nf(m)—rmf(ﬁ)“ < 527“7"%?5(@70,0)
k=0
1 m—+n—1 a
= i Z rkgb(r—k,(),())

k=m
for all @ € A and all n,m > 0. Hence {r"f(;5)} is a Cauchy sequence
in A and D(a) := lim, .o " f(;%) exists for all a € A. In particular,
taking n — oo in (2.8), we can have the desired estimation (2.6).

The proof for C-linearity and J*-derivation of D follows similarly
from the corresponding parts (2.2)—(2.4) of Theorem 2.2.

To prove the uniqueness of the J*-derivation D, let us assume that
there exists another J*-derivation D' : A — A satisfying (2.6). Since
D and D’ are C-linear, we get D(a) = r"D(-%) and D'(a) = r"D'(-%).
Thus for all a € A and all n € N, we have

ID@) -~ D'@| = |["D(5) D)
< [ =G| + e =)

n+i a i @
S r + ¢(Ti+"70’0) = ZT ¢(;>070)7

=0 i=n
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which implies the uniqueness of D since the series tends to zero as n —
oo. This completes the proof. ]

In the paper [9], the authors proved Hyers-Ulam-Rassias stability
problem for J*-derivations on J*-algebras for 0 < p < 1. On the other
hand, we prove the following Hyers-Ulam-Rassias stability problem for
J*-derivations on J*-algebras for p > 3.

COROLLARY 2.4. Let p > 3, 0 € [0,00) and r € (1,00) be real
numbers. Suppose that a mapping f : A — A satisfies

a—2>b

() 4 raf ()~ 2f(ua) + flec)
(e~ ef(e)'e — ec [ (c)

for all a,b,c € A and all u € T. Then there exists a unique J*-derivation
D : A — A such that

rP 0
|f(a) = D(a)| < m

< O(llal|” + [I61[" + lc]l)

lal”

for all a € A.

3. Stability of the equation (1.1) by fixed point method

Before proceeding to the main results of this section, we will state
the following theorem.

THEOREM 3.1. (The Alternative of Fixed Point). Suppose that we
are given a complete generalized metric space (§2,d) and a strictly con-
tractive mapping T : 0 — ) with Lipschitz constant L. Then for each
given z € Q, either d(T™x, T™'x) = oo for all m > 0 or there exists a
natural number mg such that
o d(T™z, T™x) < 0o for all m > my,

e the sequence {T™x}is convergent to a fixed point y* of T,

e y* is the unique fixed point of T in the set A = {y € Q : d(T™°z,y)
< oo} and

e d(y,y*) < 2d(y, Ty) for all y € A.

We prove alternative stability and superstability of J*-derivations on
J*-algebras for the generalized Jensen type functional equation by using
the fixed point alternative method.
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THEOREM 3.2. Let r € (1,00) be a real number and f: A — A be a
mapping for which there exists a function ¢ : A3 — [0, 00) such that

a—>b

61 [P (U0~ 24 (ua)
Tflec'e) = fle)e"e — ef(e)'e — ec* f(0)| < dlasb,e)

for all p € T and all a,b,c € A. If there exists a real 0 < L < 1 such
that

b
(3'2) (b(gv;?;) <

for all a,b,c € A, then there exists a unique J*-derivation D : A — A
such that

(3-3) I£(a) = D@l < 5

ﬁqb(a, 0,0)

for all a € A.

Proof. Tt follows from (3.2) that ¢(0,0,0) = 0, and thus f(0) = 0 by
setting a,b, ¢ := 0 in the inequality (3.1). Consider a set X := {glg :
A — A, ¢g(0) =0} and we introduce a generalized metric d on X:

d(g,h) :=inf{C € RT : ||g(a) — h(a)| < C¢(a,0,0),Va € A}.

It is easy to see that (X, d) is complete. Now we define a linear mapping
J: X — X by J(h)(a) = rh(%) for all a € A. Then we see that
d(J(g),J(h)) < Ld(g,h), Yg,h € X, and so J is a strictly contractive
self-mapping on X with Lipschitz constant L. It follows from (2.7)
that d(J(f),f) < % By Theorem 3.1, J has a unique fixed point D
in the set X7 = {h € X : d(f,h) < oo}. Thus D is the unique
mapping such that D(2) = 1 D(a) and there exists C' € (0, co) satisfying
|D(a) — f(a)|| < C¢(a,0,0) for all a € A. On the other hand, we have
d(J"f(a),D(a)) — 0 as n — oo for all @ € A by Theorem 3.1. It means
that lim, ..o 7" f(;%) = D(a) for all a € A. Moreover, it follows from
A4, D) < tipd(f, (1)) that [f(a) — D(@)]| < yipy6(a,0,0) for all
ac A

Now, we claim that D : A — A is a J*-derivation. Replacing a,b
and ¢ by %,% and 0, respectively, in (3.1) and then multiplying r", we



378 Hark-Mahn Kim and Sanghoon Lee

have the following inequality

HTDCL—I-b) TD(a_b)—QD(a)H
= tim o7 D) + ) — 215
< Jim 005 0 =0

for all a,b € A. This means that D is a Jensen type function and so
D is additive because D(0) = 0. Replacing a,b and ¢ by %, % and 0,

TvTL
respectively, in (3. 1) and then multlplymg r™, we have an inequality

im0 — 2 | < o 2 S 0).
for all @ € A and all n € N. Taklng n — oo, we obtain the inequality
. ,ua
|uD(2a) — 2D(ua)|| = lim \mn“f( ) -2 )|
n—oo
a a
< 1 = 2 0) =
- nlLII;oT ¢(T”7r"’0) 0

for all 4 € T and all @ € A. Thus uD(a) = D(pa) for all 4 € T and
all a € A, so D is C-linear by the same argument as in the proof of
Theorem 2.2. It follows from (3.2) that

b c
3n
lim p¥(-,

for all a,b,c € A. Thus we have that
I|D(cc*c) — D(C)c*c —cD(c)*c —ec*D(0)||

“)=0

:T}I—{EOH 3nf e i)+r"f(r%)c*c—cr"f(r%)* —cc'r f( )H

< lim 73"¢(0,0, Tn) =0

for all c€ A. Thus D : A — A is a J*-derivation.

To prove the uniqueness of the J*-derivation D, let us assume that
there exists another J*-derivation D' : A — A satisfying (3.3). Since D
and D’ are C-linear, D(a) = r"D(;%) and D'(a) = r"D'(-5%). Thus we
have

ID(a) = D'(a)|| =

a a
r”D(r—n) - r”D’(r—n)

a a a
< DLy — et ”——”D’—‘
< |rpcl) — |+ ) - o)

1 a 1 L™
< e (— <=
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for all @ € A and all n € N. Taking n — oo in the last inequality, we
leads to the uniqueness of the mapping D. This completes the proof. [

We prove the following Hyers-Ulam-Rassias stability problem for J*-
derivations on J*-algebras for p > 3.

COROLLARY 3.3. Let p > 3, r € (1,00), and 6 € [0,00) be real
numbers. Suppose that f : A — A satisfies

a—>b

B4 a0 s (U0~ 27 (ua) + et
~f(e)cte = cf () c = cc* (©)|| < O(llall” + IB]* + cl}”)

for all a,b,c € A and all 4 € T. Then there exists a unique J*-derivation
D : A — A such that
rP g
_ _ T a4l
I£(@) ~ D@ < 5yl
for all a € A.

COROLLARY 3.4. Let p := p1 +p2 +p3 > 3, p; >0 (i = 1,2,3),
r € (1,00), and 6 € [0,00) be real numbers. Suppose f : A — A satisfies

a+b a—2b

ruf(— =) +rpf(——) = 2f(ua) + f(ec’c)

—f(e)ete = ef(e)'e = cc* £() | < Bllall™ o] le]”)

(3.5)

for all a,b,c € A and all u € T. Then f is in fact a J*-derivation.

COROLLARY 3.5. Let p > 3, r € (1,00), and 61,02 € [0,00) be real
numbers. Suppose f : A — A satisfies
a+b a—2b
(3.6) [ruf (=2 + s

~cf(e)"c — ec*f(c)|

) = 2f(pa) + f(ccc) — fle)c'e

< r(llall” + (161 + O=([lalI[bllll))

p
3

for all a,b,c € A and all p € T. Then there exists a unique J*-derivation
D : A — A such that

rP 91 p
1f(a) = D(a)|| < WHQH

for all a € A.
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THEOREM 3.6. Let r,s € (1,00) be real numbers and let f: A — A
be a mapping satistying f(sa) = sf(a) foralla € A. Let ¢ : A3 — [0, c0)
be a mapping satisfying (3.1). If there exists an 0 < L < 1 such that

a b c < L

(37) (Zs(g? ;7 ;) — 83 QZS(G, ba C)
for all a,b,c € A, then f is a J*-derivation.

Proof. By iterative process of (3.7), we get

. a b ¢
lim 53”¢(—, —,—
n—o00 sn’ gn’ gn

for all a,b,c € A. Thus, by Theorem 2.2, f is a J*-derivation. O

) < lim L"¢(a,b,c) =0.
n—od

COROLLARY 3.7. Let r,s € (1,00), and 6 € [0,00) be real numbers.
Suppose that f : A — A is a function satisfying f(sa) = sf(a) for all
a € A and one of approximate inequalities (3.4), (3.5) or (3.6) with
p > 3. Then f is a J*-derivation.
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