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FUNCTIONAL RELATIONS INVOLVING SRIVASTAVA'’S
HYPERGEOMETRIC FUNCTIONS Hp AND F®)

JUNESANG CHOI*, ANVAR HASANOV**, AND MAMASALI TURAEV***

ABSTRACT. B. C. Carlson [Some extensions of Lardner’s relations
between oF3 and Bessel functions, SIAM J. Math. Anal. 1(2)
(1970), 232—-242] presented several useful relations between Bessel
and generalized hypergeometric functions that generalize some ear-
lier results. Here, by simply splitting Srivastava’s hypergeometric
function Hp into eight parts, we show how some useful and gener-
alized relations between Srivastava’s hypergeometric functions Hg
and F® can be obtained. These main results are shown to be spe-
cialized to yield certain relations between functions oF4, 1 I, oF3,
Wy, and their products including different combinations with dif-
ferent values of parameters and signs of variables. We also consider
some other interesting relations between the Humbert Ws function
and Kampé de Fériet function, and between the product of expo-
nential and Bessel functions with Kampé de Fériet functions.

1. Introduction and preliminaries

Investigation of multiple hypergeometric functions is essentially moti-
vated by the fact that the solutions of many applied problems involving
the thermal conductivity and dynamics, electromagnetic oscillation and
aerodynamics, quantum mechanics and potential theory are obtainable
with the help of such hypergeometric (higher and special or transcen-
dent) functions (see [7, 11, 25, 27]). Functions of such kind are often
referred to as special functions of mathematical physics. They mainly
appear in the solution of partial differential equations which are dealt
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with harmonic analysis method (see [9]). In view of various applica-
tions, it is interesting in itself and seems to be very important to con-
duct a continuous research of multiple hypergeometric functions. For
instance, in [33], a comprehensive list of hypergeometric functions of
three variables as many as 205 is recorded, together with their regions
of convergence. It is noted that Riemann’s functions and the fundamen-
tal solutions of the degenerate second-order partial differential equations
are expressible by means of hypergeometric functions of several variables
(see [2,4,5,6,12,13, 14, 15, 16, 17, 26, 29, 36, 37, 38]). Therefore, an in-
vestigation of the boundary-value problems for these partial differential
equations, we need to investigate the properties of aforementioned hyper-
geometric functions of several variables (see [18, 19, 20, 21, 22, 28, 34]).

Lardner [23] gave some connections between Bessel functions and
hypergeometric oFj3-series, in particular,

e ORI

and
11 4
ber (z) = oF3 7,771;—11—
2’2 256
(1.2) ) A
and bei(x)*aj— F. 33 P
- 40 3 2727 ) 256 3

where J, and I, denote a Bessel function and a modified Bessel function
of order v (see [1]; also [35]) defined by

Ju(2) :(%7)1/01?1 <—; v+1; —22> ,

IV(Z) :ﬁOFl <_§ v+1; 4> )

and ber(z) and bei(x) (= real) denote the Kelvin’s functions (see [10, p.
6]) defined by

(1.4) ber(z) 4 i bei(z) = Jp (ac e’%“) = Iy (:p ei%”> .
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Carlson [8] generalized these results for arbitrary parameters to give the
following results

1 1
0F3 (2,C,C+2;Z>

(1.5) , e . .
= 3T (20) <2z4> |:IQC_1 <4z >+ch_1 <4z >]
and
0F3 (3,C,C+1;Z>
2 2
(1.6)

- %r (2¢) (2z%)_26 [126_2 (451) — Jpes (427%)] .

Srivastava (see [30, 31, 33]) discovered the existence of three additional
complete triple hypergeometric functions H 4, Hg and H¢ of the second
order. One of them is presented as follows:

Hp (a1,a2,a3;c1,c2,¢3;2,y, 2)

(1.7) _ i (al)m+p(a2)m+n(a3)n+pxm n,p

y"z
m,n,p=0 (c1) (c2), (63)p m!nlp!

where C and Z; denote the set of complex numbers and the set of
nonpositive integers, respectively, and (\),, is the Pochhammer symbol
defined (for A € C) by (see [32]):

B 1 (n=0)

(M = { AN+1), o MM+ —1)  (neN:={1,2,3,..})
_ T(A+n) _
= W ()\ eC \ ZO )»

I'(z) being the well-known Gamma function. The three-dimensional
region of convergence of (1.7) is given by Srivastava and Karlsson [33]:
(r+s+t+2Vrst <1,|z[:=r, |y|:=s, |z|:=t), where the positive
quantities r, s and ¢ are associated with radii convergence.

2. Relationships between Srivastava’s hypergeometric
functions Hg and F®)

Here we establish some interesting and useful functional relations be-
tween Srivastava’s functions Hg and F'®). For this purpose we separate
the triple series in (1.7) into eight parts by considering Ny := N U {0}
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the set of nonnegative integers as the disjoint union of the set of even
numbers and the set of odd numbers in each of summation indices m, n,
and p. In fact, for any complex ¢, ¢z and c3 € C\ Z; , and for any finite
complex x, y, and z, it is seen that the series Hp converges absolutely
so that it can be rearranged into 8 series as follows:

Hp (a1, a2,a3;¢1,¢2,¢3,2,y, 2)

- 21: i (al)Q(i*‘k)—&-m-ﬁ-p
(2.1) mnp=0 | ij k=0 (€1)2i4m (€2)2j1n

. (a2)2(i+j)+m+n (a3)2(j+k)+n+p p2itm, 2j+n 2k+p
(03)2k+p (20 +m)! (25 + n)! (2k + p)!

In view of the following easily-derivable identities

a+k> (a—l—k—l—l
l

@i = (@ (5 ) e

and the Pochhammer symbol [23, 24|, after a little simplification, we
have

THEOREM 2.1. Hp can be expressed in terms of the following eight
F®) functions.

(2.2)
1

(a1) + (a2) + (a3) +
Hp (a1,a2,a3;¢1,¢2,¢3;2, 9, 2) = Z (c )m Z)C ) (72 )n m,nr,l ,p Ty
S ——— 1)m (C2)p (C3), TV

_ .. aitmtp aitmtptl, astmdn astmintl., aztntp aztntptl,
.3 - 2 2 ; 2 2 ’ 2 2 '

1; 1;

ci+m ci+m+1 m+1 m+2. co+n co+n+l n+l n+2.
2 2 2 0 20 2 2 2 0 2

) 2 2 2
c3+p ca+p+l p+l p+2. T LY 5, 2|,
2 07 2

9 0 9
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where Srivastava’s generalized hypergeometric function F'®) of the fourth
order is given as follows (see [33]):

26 [ — by bos by bys by, by; c; o
- -3 -3 -3 h17h27h37h4; h17h27h37h4;

o 0n)in 02 (1), (25),,
i,5,k=0 (h‘l)i (hQ)i (h3)i (h4)i (hll)j
. (bll/>j+k (bg)frkz (Cl)i (Cll)j (Cll/>k xi jzk
(5), () (i) () () () () ittt ™

Conversely, by considering various signs of variables z, y and z in
(2.2), F®) can be expressed in terms of the functions Hp.

1"

" 7" " Clll’ T,y Z:| =
sy I
hl,h27h3,h4;

THEOREM 2.2. Fach of the following functional relations holds true.
(2.3)

@[ — = a1 as+l. a2 as+l. a3z az+l. . _.
. 2 2 29 92 2 2 ) ’
8F . . _ _. ¢ca ca+l 1. c2 cotl 1,
. ) ) ) 2 2 v 2 2 v
1
2 .2 2| _ H 1)m ( 1) 1)p
g e+l 1, T,Y,2 | = B[(_ l',—)y,(— Z],
20 2 22 m,n,p=0
(2.4)
.ooa1+1l a1+2. a4+l as+2. a az+1. .
8(11 az T (3) T . 12 ) 12 ) 22 ) 22 ) 73) 32 ) )
—F
R _ . _. a+l a+2 3.
C1 ) ) ) 2 v 9 99
- 2,2 2
c2 cotl 1., ¢z 3+l 1. T,Y, 2 :|
29 2 22 20 2 2
1
— m m n P
- E : (_1) HB [(_1) Zz, (_1) ya(_l) Z]a
m?”?p_o
(2.5)
. .. a1 ai+l. as+l as+2. az+l az+2. .
8azazy FO | T 717 12 ) 22 ) 22 ) 32 ) 32 ) )
.. . a ca+l 1.
C2 - e g Ty 9979 19
s 2 .2 2
co+1 c24+2 3. c¢3 c3+1 1 T,y , =
2 2 2
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(2.6)
.. a1+l ai+2. a2 as+l. a3+l asz+2. .
8(11&32F(3) S 12 ) 12 y 9 T 9 5 v 9 s s
.. . _ _. ¢ca a+l 1.
C3 ) ) ) 297 9 19
—; .2 .2 2
ca cat+l 1. c3tl c3+2 3. LY, 2
20 72 2 2 02 2
1
_ p m n p
= Y. (=D Hp[(-1)"z, (=1)"y, (-1)P 2];
m,n,p=0
(2.7)
8ajagas (az + 1) xy
C1C2
@ | — a1+l ai1+2. a2+2 az+3. as+l az+2. .
. .- 2 2 2 2 2 2 )
F |:_.. . . _. ca+l ca+2 3.
b ) ) ) 2 9 2 ?2’
B 2 2 2
co+1 co+2 3. cg c3+1 1 r,y,z
2 02 12y 20 2 0
1
_ m-+n m n P
m,n,p=0
(2.8)
8ajasas (a1 + 1) zz
13
@[ - a1+2 a14+3. as+1l a2+2. a3+l a3z+2. .
. 2 2 2 2 2 2 3
F {_ . . . . a+l ca+2 3.
) ) ) 2 v 92 19
- .2 .2 2
c2 c2+1 1. c3+1 c3+2 3. r,y, =z
29 9 1 9 5 v 92 5 9
1
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(2.9)
8ajagas (as + 1) yz
C2C3
@ [ — = a1+l a1+2. ag+l as+2. az+2 az+3. .
. 2 2 2 2 2 2 )
F |:_.. . . . ca a+tl 1,
. ) ’ ’ 29792 1
5 2 2 2
co+1 co4+2 3., 341 c3+2 3. T,Yy,z
2 00 2 » 2 2 0 2 22
1
— E: n+p m n P
- ( 1) HB [(_1) x?(_l) yv(_l) Z]a
m,n,p=0
(2.10)
8ajazaz (a1 + 1) (a2 + 1) (a3 + 1) zyz
C1C2C3
3) a1+2 a1+3. a2+2 ax+3. az+2 az+3. .
2 2 2 2 2 2 ’
F |:_ — _. .oat+l a+2 3.
) ) ) 2 ) 2 727
B Ty 2 2 2
co+l ca4+2 3. c3t+l 342 3. L LY, R
2 2 72 2 2 2

where Hp(z,y, z) is given in (1.7).

3. Limiting cases

Here we express the triple hypergeometric functions in terms of sim-
pler hypergeometric functions. For this purpose we try to find some addi-
tional decompositions related to Srivastava’s hypergeometric functions.
It is noted that these results are potentially useful for the researchers

who are involved in dealing with various kinds of hypergeometric func-
tions.

Here we use the method suggested in [8]. By making use of following
transformations ay ~ 1/e, * ~ ex, z ~ ez in the functional relations

(2.1) and (2.4) to (2.11) and taking the limit as ¢ — 0 in each of the
resulting identities, we find
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COROLLARY 3.1. Each of the following functional relations holds true.

1Hp (ag,as3;¢1,c2,c3;2,y, 2)

1
. Z (aQ)ern (a3)n+p My ,p
- (1), (c2).. (c3), minlpt” Y
m,n,p=0 m n p
e as+m+n as+m+n+l. az+n+p az+n+p+1,
(3.1) . ®) T 2 2 ) 2 2 )
’ - - -
1; L;
ci+m ci+m+1 m+1l m+2. c2+n co+n+l n+l n+2.
5 D) y T 9 9 9 2 D) y T 9
1; 22, 22
c3+p c3+p+1 p+1 p+2, Zay 7Z
2 0 2 2 200
(3.2)
3) _ _ . az a2+1. a3z asz+1 . .
? b b) ) b)
8F _ . 2 2_7 27 2_ ct ca+l 1. ca co+l 1.
) ’ ’ 29792 19 2992 19

. . a2+l as+2. a3z az+l. X
8a2xF(3) e T 22 ) 22 ’ 737 32 ’ B
e . . _. ca+l ca+2 3.
C1 . ) 3 ) 2 v 92 19
. .2 2
B - T 2 %
(33) ca ca4+1 1. c3 c3+1 1. - Y,
99 92 3923 995 9 193 4 4
1
_ m n p
= Y. (=D™H[(-D)" 2, (-1)"y, (1) 2];
m,n,p=0
.. . a2+l a2+2. a3+l az+2. .
SGZGSZUF(3) e T 22 ; 22 ) 32 ) 32 ’ B
. .oa a+l 1.
C2 - s - 5 2979 179
. .2 2
) - T 2 <
(3.4) ol 242 3. 3 c3+l 1. Y
yT 9 199 D9 19 4 4
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as+2.
2

2 ’ ) 1
.. . . .oa a+
C3 — =] — —

1.
) 2 T2 0D

.. _. G2 a2+l. a3+l
S%ZF@)[ - 5 5

]
(3.5) cg cotl 1. catl
2 2 2 2

1
= Y VP HR ) (1) (12
m,n,p=0
8asas (az + 1) zy
C1C2
e _. G242 a2+3. a3+l az+2.
. F®) [ T T2 T2 2

’ 2

(3.6)

8agas (a1 + 1) zz
€1€3
e _. a2+l a2+2. a3+l a3z+2.
.F® [ S N R ) 2

) 2 3

e . . ci+1l c1+2
. ) 2 1 92

2

4

?

e |

-
(3.7) 2?2
co+1 %+2§_Zwy7

2 2

c2
2
1

= Y (D)™PHp[(-)" e, (-1)"y (-1 2]

m,n,p=0

’

]
1. c3+1
20 2

8agas (ag + 1) yz
CoC3
. e . a2+l a2+2. a3+2 a3z+3.
.F®) [ T T2 T2

2 0 20

H ; X
(3.8) . .
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8agas (az + 1) (ag + 1) zyz

C1C2C3
3) .. _. a2+2 a2+3. a3+2 az+3. .
b ) ) ) ) ) )
F [ _ . 2 2_. 2 2_. ca+l ca+2 3.
.. ) 9 ) 2 v 2
cot+l co4+2 3. c3+l c3+2 3. Z’y ’Z
2 0 2 2 2 0 2 22

1
Yo YT HE (1), (1) y, (1) 2],

m7n7p:0

where

1Hp(z,y,2) =1Hp (a2, a3; c1,c2,¢3; 2, Y, 2)

. 1
= hmHB *7a27a3201702703§€xay753
(3‘10) e—0 9
[e%¢)

_ Z (a2)m+n (a3)n+p m. n

)

2P,

Further setting ag ~ 1/e, x ~ ex, y ~ ey in (3.10) and taking the
limit as € — 0 in the resulting identity, we have

1
(3.11) iii%lHB <€>a3;01,02,63;5x,5y,z>

= oF1 (c1;2) V3 (as; 2,359, 2)
where ¥y is a known function defined by

[e.e]

(a3)n+
Uy (az;ca, €33y, 2) = E ey 2P
Il
10,p=0 (Cg)n (Cg)p n.p.

Using these replacements in (3.1) to (3.9) and taking the limit as ¢ — 0
in the resulting identities, we find
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COROLLARY 3.2. Each of the following functional relations holds true.

oF1 (c1;2) Uy (as; ca, ¢33y, 2)
1

_ (ag)ner m, n
= Z o) x"y" 2P

Inlp!
m,n,p=0 C1)m (CQ)n (63)p min!p!
F Cl+m a+m+1 m+1 m+2 22
18y x
(312 2 ' 2 2 ' 2 16
az+n+p az+n+p+l | '
. F21717 2 2 p? 3 2 P . 1’
o c24n cptntl ntl nt2.
2 2 » 2 0 2
Ly zz}
catp catptl prl pt2. T |
Cotp cotprl prl pa2. T )

(3.13)

Cc1 01—1—113:2
80F S
03(2 2 216

3+l . . a2 L2
‘FZ:O;O; (12 ) ad;_ . ’ Yy
"2 : 47 4

c2 1. ¢ 1.
2°° 2 020 272 O

1
= [oF1 (c1;2) + oFy (er;—2)] Y Walag;co, ca5 (1) y, (—1)P 25

n,p=0
(3.14)
8x 2 c+1 cl + 23 z2
P\ 2 216
as az+l . . . 2
2:0;0; 9 . - D y Z
F0:3;3; 2 2 _ cg cotl 1. ¢33 c3+l 1. Z 4:|
) 292 1 20 2 22

1
= [oF1 (c1;2) — oFy (c1; —2)] Y Walas;co, ca5(—1)"y, (—1)P 23

n,p=0
(3.15)
Sasy I cp c1+1 1_3:2
c P\ 27 2 216
f , 2 .2
F200 astl ast? —; -y oz
£0:3;3; . cat+l ca+2 3. 3 c3+1 1. Z’Z
) 2 T 92 19 295792 9>

= [oFy (c1;2) +oF (cr;—)] Y (=1)" g [ag; 2, ¢35 (1) y, (—1)P 2] ;
n,p=0
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(3.16)
8asz g e1+1 1 22
OFS a0 Y8 1,
c3 2 2 216
1 2 . . 2 2
F2:0;0; %, % : ) - Yy =z
“10:3;3; . c2 cot+l 1. c3+1 c3+2 3. Z’ Z
: 20 2 2 2 0 2 02

= [oF1 (c1;2) + oF1 (15 —2)] Z (=1)P Wy [as; c2, ¢35 (—1)" y, (—1)F 2];

n,p=0

(3.17)
8asxy I ci1+1 cg+2 §xj
e P\ 2 72 2716
200 | 2, w2 — — y* 2
Foas | 2T % catl et 3. ¢ ekl 1 g
b 2 2? 2 72’
1
= [oF1 (c1;2) — oF1 (15 —)] Z )" W2 [as; 2, 35 (—1)" y, (—=1)P 2];
(3.18)
8as (a1 + 1) xz 7 cg+1 g +2 §xj
cies 03\ T2 2 27 16
2:0,0; [ Ll aat? . = — y? 2
F03,3, 2 2_. e cotl 1. catl cat2 3. 5
% T2 02 T2 2 098

=[Py (c132) = oFy (cr;—2)] > (=1)" Wy [ag; cz, 35 (—1)" y, (1) 2] ;

n,p=0

(3.19)
8as (ag + 1) yz (G c+1 1.x2
cacs 053\ 27 2 727 16
200, 4at? aatd = -y 2
0:3;3; co+1 c2+2 3. c3+1 c3+2 3. 4° 4
2 0 2 2 2 02 2

= [oFy (c1;2) + oF (cr;—2)] Y (1) Wy [ag; e, ¢35 (—1)" g, (—1) 2]
n,p=0
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(3.20)
8a3(a3+1):13yzF c1+1 e +2 §a:j
creses P\ 2 T2 2716
0:3;3; . co+1 c2+2 3. c3+1 c3+2 3. 474
: 2 0 2 02 2 T2 2
1
= [oF1 (c1;2) — oFy (cr;—2)] D (1) Wy [ag; ez, e3: (—1)" g, (—1)7 2],
n,p=0

where FOQ?E):? is a hypergeometric Kampé de Fériet function (see [33, 3])
and ,F, is the generalized Gauss hypergeometric function (see [33]).

4. Special cases

Setting z = 0 in (3.12) to (3.20), we obtain the following interesting
relations between Humbert and Kampé de Fériet functions.

COROLLARY 4.1. Each of the following functional relations holds true.

Uy (as; c2, ¢339, 2)

1
_ Z (a3) 1 Y oP F2L
(4.1) o (c2), (c3), nip! 0:4;4

az+n+p azntp+l
9 2 .

1; 1 y? 22
c24+n co4n+l n4+l n42. c3tp c3t+ptl p+l p+2, I7 Z ’
PR P} sy T2 99 2 2 y 9 9 9
1 ) L2 L2
4F2:0;0 ajS; a32+ : ) - Yy <
0:3;3 . c2 c+1 1, 3 c3+1 1, Z’ Z
202 127 202
(4.2) 1
n
= Y Wylagica,e5:(—1)"y, (—1)P 2];
n,p=0
dazy a0 [ L, w2, = -y 2
F0:373 c2+1 co42 § c3 c3+1 l Z’ Z
C2 2 02 12 27 2 2
(4.3) 1

= Y (—1)" Wy ag;ca,c55(—1)"y, (—1)P 2]

n,p=0
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1 2 . .02 2
4(132F2:0;0 %7 % : O -y =
0:3;3 _ . c2 co4l 1. c3+1 c3+2 3. 4° 4
€3 92y T 9 g 2 19 19
(4.4) .
— p . . n p .
= E (*]-) \IIZ [a37627c3a(71) Y, (71) Z]a
n,p=0
dagz (ag + 1) yz
C2C3
2 3 . N
F2:0,0 %7 % : s - Yy =z
:3: co+1 co+2 3. c3+1l c3+2 3. T,
(45) 0:3;3 22 ) 22 ’ 32 ) 32 ’ 474

1

= Y (=1)""P Wy [ag; cp, 35 (—1)"y, (—1) 2]
n,p=0

Moreover, using the transformation ¢ ~ 2¢ in (4.1) to (4.5) and con-
sidering the identity:
(4.6) Uy (¢, c2,y) = "o Fy (6 2y),
we find

COROLLARY 4.2. Each of the following functional relations holds true.

1

(2c)n+
TP (2¢y2) = o ey
n;(] (2¢),, (2¢), n!p!

1
(4.7) 21 c+ MR o4 MALEL 1;
" 10:4;4 . n n+l n+l nt2.
Ct ot 5 g
1; y2 22
4 p+l p+l p+2. Ty |
c+ §,C+ 2 5 92 5 2 4 4
1 . o2 2
4F2:0;0 Cyc"i_i: B ] y z
:3; . 1 1. 1 1., 77
0:3;3 - C,C+§,§, C>C+§>§a 4,4

(4.8) = (e +e7V7%) o F1 (2¢;y2)

+ (e7¥ + e¥7%) o Fy (2¢; —y2) ;



Functional relations involving Hg and F @) 201

2:0;0 C—{—%,C—{—li 5 s yig iQ
4yF0:3;3[ — e+be+1d cetll 10
(4.9) = (ey“ — efyfz) oF1 (2¢;y2)
—(e7¥TF —€¥7F) o F1 (265 —y2);
200 [ 43 c+1: —; — oy 2
43F013§3[ —: ccet3.5 ctgetl3 404
(4.10) = (ey+z - e_y_z) oF1 (2¢;y2)
+ (e —e¥7%) o F1 (2¢; —y2) ;
2(2c+1)yz
c
'F2:0;0 C—|—1,C—|—%l — - y72 12
(4.11) "Fo:33 - c+%,c+1,%; c+%,c+1,%; 47 4
= (ey“ + efyfz) oF1 (2¢;y2)
— (e +e¥77) o1 (2¢;—yz) .
5. Concluding remarks
Considering the following known functional relations
(5.1)
HB (al,a2,03;01,03,03;x,y, Z)
_ _ x Yz
=1-y) ™ 1-2)""F <a1,a2;01,63; , );
(I-y)(1-2) Q-y(1-2)
(5.2)
Hpg (c1,az,c15¢1,c1,0152, Y, 2)
_ _ c1 c1+1 dxyz
—(1—2)%2 (] —p—y— az p (2L Lo .
( Z) ( xz Yy Z) (27 2 7617(17$7y72)2 ’

1_ az—1 1 — 1y — 1—as
(53) HB (1,@2, 17 17 17 1;.%,:1/,2) = ( Z) ( ° Y Z) ;

\/(l—x—y—z)2—4xyz
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Uy (as; e, ¢35, x)

2 2

(5.4) 1 1
=3F3 (a3, =(ca+c3),=(ca+c3—1);c9,¢c3,c0+c3— 134z | ;

(5.5)

1
Uy (c;e,c5x,2) =17 <c— 5;20— 1;4x) ,

it is seen to derive a variety of interesting and (potentially) useful func-
tional relations among above-suggested well-known hypergeometric func-
tions from those identities presented here. This work remains to be done
by interested researchers who may be intriguing in themselves and need
such functional relations.

Acknowledgements

This research was supported by Basic Science Research Program
through the National Research Foundation of Korea funded by the Min-
istry of Education, Science and Technology (2011-0005224).

(1]

References

M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables, Applied Mathematics Series 55
National Bureau of Standards, Washington, D.C., 1964; Reprinted by Dover
Publications, New York, 1965.

A. Altin, Some expansion formulas for a class of singular partial differential
equations, Proc. Amer. Math. Soc. 85 (1982), no. 1, 42-46.

P. Appell and J. Kampé de Fériet, Fonctions Hypergeometriques et Hyper-
spheriques; Polynomes d’Hermite, Gauthier - Villars, Paris, 1926.

J. Barros-Neto and I. M. Gelfand, Fundamental solutions for the Tricomi op-
erator, Duke Math. J. 98 (1999), no. 3, 465-483.

J. Barros-Neto and I. M. Gelfand, Fundamental solutions for the Tricomi op-
erator II, Duke Math. J. 111 (2002), no. 3, 561-584.

J. Barros-Neto and I. M. Gelfand, Fundamental solutions for the Tricomi op-
erator 111, Duke Math. J. 128 (2005), no. 1, 119-140.

L. Bers, Mathematical Aspects of Subsonic and Transonic Gas Dynamics, Wi-
ley, New York, 1958.

B. C. Carlson, Some extensions of Lardner’s relations between oF3 and Bessel
functions, SIAM J. Math. Anal. 1(2) (1970), 232-242.

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcen-
dental Functions, Vol. 1, McGraw-Hill Book Company, New York, Toronto and
London, 1953.



(10]
(1]
(12]

(13]

(14]

(15]

(16]

(17]

18]

(19]

[20]

(21]

22]
23]

24]

[25]
[26]
27]

(28]

Functional relations involving Hp and F® 203

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcen-
dental Functions, Vol. 2, McGraw-Hill Book Company, New York, Toronto and
London, 1953.

F. I. Frankl, Selected Works in Gas Dynamics, Nauka, Moscow, 1973.

A. J. Fryant, Growth and complete sequences of generalized bi-axially sym-
metric potentials, J. Differential Equations 31(2) (1979), 155-164.

A. Hasanov, Fundamental solutions of generalized bi-axially symmetric
Helmholtz equation, Complex Variables and Elliptic Equations 52(8) (2007),
673-683.

A. Hasanov, Some solutions of generalized Rassias’s equation, Intern. J. Appl.
Math. Stat. 8(M07) (2007), 20-30.

A. Hasanov, Fundamental solutions for degenerated elliptic equation with two
perpendicular lines of degeneration. Intern. J. Appl. Math. Stat. 13(8) (2008),
41-49.

A. Hasanov and E.T. Karimov, Fundamental solutions for a class of three-
dimensional elliptic equations with singular coefficients. Appl. Math. Letters
22 (2009), 1828-1832.

A. Hasanov, J. M. Rassias and M. Turaev, Fundamental solution for the gener-
alized Elliptic Gellerstedt Equation, Book: ”Functional Equations, Difference
Inequalities and ULAM Stability Notions”, Nova Science Publishers Inc. NY,
USA, 6 (2010), 73-83.

A. Hasanov and H. M. Srivastava, Some decomposition formulas associated
with the Lauricella Function and other multiple hypergeometric functions. Appl.
Math. Lett. 19 (2006), 113-121.

A. Hasanov and H. M. Srivastava, Decomposition formulas associated with the
Lauricella multivariable hypergeometric functions, Comput. Math. Appl. 53(7)
(2007), 1119-1128.

A. Hasanov, H. M. Srivastava and M. Turaev, Decomposition formulas for some
triple hypergeometric functions, J. Math. Anal. Appl. 324 (2006), 955-969.
A. Hasanov and M. Turaev, Decomposition formulas for the double hyperge-
ometric G1 and G2 Hypergeometric functions, Appl. Math. Comput. 187(1)
(2007), 195-201.

Y. S. Kim, A. K. Rathie and J. Choi, Note on Srivastava’s triple hypergeometric
series Ha, Commun. Korean Math. Soc. 18(3) (2003), 581-586.

T.J. Lardner, Relations between ¢F3 and Bessel functions, SIAM Review 11
(1969), 69-72.

T.J. Lardner and C.R. Steele, Symmetric deformations of circular cylindrical
elastic shells of exponentially varying thickness, Trans. ASME Ser. E. J. Appl.
Mech. 35 (1968), 169-170.

G. Lohofer, Theory of an electromagnetically deviated metal sphere. 1: Ab-
sorbed power, SIAM J. Appl. Math. 49 (1989), 567-581.

P. A. McCoy, Polynomial approximation and growth of generalized axisym-
metric potentials, Canad. J. Math. 31(1) (1979), 49-59.

A. W. Niukkanen, Generalized hypergeometric series arising in physical and
quantum chemical applications, J. Phys. A: Math. Gen. 16 (1983), 1813-1825.
A. K. Rathie and Y. S. Kim, Further results on Srivastava’s triple hypergeo-
metric series, Indian J. Pure Appl. Math. 35(8) (2004), 991-1002.



204

29]

(30]
(31]

32]

33]

34]
(35]
(36]
37]

(38]

*

Junesang Choi, Anvar Hasanov, and Mamasali Turaev

M. S. Salakhitdinov and A. Hasanov, A solution of the Neumann-Dirichlet
boundary value problem for generalized bi-axially symmetric Helmholtz equa-
tion, Complex Variables and Elliptic Equations 53(4) (2008), 355-364.

H. M. Srivastava, Hypergeometric functions of three variables, Ganita 15(2)
(1964), 97-108.

H. M. Srivastava, Some integrals representing hypergeometric functions, Rend.
Clirc. Mat. Palermo 16(2) (1967), 99-115.

H. M. Srivastava and J. Choi, Series Associated with the Zeta and Related
Functions, Kluwer Aca- demic Publishers, Dordrecht, Boston and London,
2001.

H. M. Srivastava and P. W. Karlsson, Multiple Gaussian Hypergeometric Se-
ries, Halsted Press (Ellis Horwood Limited, Chichester), Wiley, New York,
Chichester, Brisbane, and Toronto, 1985.

M. Turaev, Decomposition formulas for Srivastava’s hypergeometric function
on Saran functions, Comput. Appl. Math. 233 (2009), 842-846.

G. N. Watson, A Treatise on the Theory of Bessel Functions, Second Edition,
Cambridge University Press, Cambridge, London and New York, 1944.

A. Weinstein, Discontinuous integrals and generalized potential theory, Trans.
Amer. Math. Soc. 63 (1946), 342-354.

A. Weinstein, Generalized axially symmetric potential theory, Bull. Amer.
Math. Soc. 59 (1953), 20-38.

R. J. Weinacht, Fundamental solutions for a class of singular equations, Con-
trib. Differential Equations 3 (1964), 43-55.

Department of Mathematics
Dongguk University
Gyeongju 780-714, Republic of Korea

E-

k%

mail: junesang@mail.dongguk.ac.kr

Department of Mathematics
Dongguk University

Gyeongju 780-714, Republic of Korea
E-mail: ahasanov@dongguk.ac.kr

*k

*

Department of Mathematics
Dongguk University

Gyeongju 780-714, Republic of Korea
E-mail: mturaev@dongguk.ac.kr



