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GENERALIZED ULAM-HYERS STABILITY OF
C*-TERNARY ALGEBRA 3-HOMOMORPHISMS
FOR A FUNCTIONAL EQUATION

JAE-HYEONG BAE* AND WON-GIL PARK**

ABSTRACT. In this paper, we investigate the Ulam-Hyers stability
of C*-ternary algebra 3-homomorphisms for the functional equation

far+zo,y s,z +2) = > fl@ys, )
1<i,j,k<2

in C*-ternary algebras.

1. Introduction and preliminaries

Ternary algebraic operations were considered in the 19th century by
several mathematicians, such as Cayley [8] who introduced the notion
of cubic matrix, which, in turn, was generalized by Kapranov [13] et al.
The simplest example of such nontrivial ternary operation is given by
the following composition rule:

{CL, bv C}ijk = Z anilbljmcmkn (Z.vjv k= 1a 2a T >N)
1<l;m,n<N

Ternary structures and their generalization, the so-called n-ary struc-
tures, raise certain hopes in view of their applications in physics. Some
significant physical applications are as follows (see [14, 15]):

(1) The algebra of ‘nonions’ generated by two matrices
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Received December 15, 2010; Accepted February 15, 2011.

2010 Mathematics Subject Classification: Primary 39B82, 46B03, 47Jxx.

Key words and phrases: 3-additive mapping, C*-ternary algebra.
Correspondence should be addressed to Won-Gil Park, wgpark@mokwon.ac.kr.



148 Jae-Hyeong Bae and Won-Gil Park

was introduced by Sylvester as a ternary analog of Hamilton’s quater-
nions [1].

(2) The quark model inspired a particular brand of ternary algebraic
systems. The so-called ‘Nambu mechnics’ is based on such structures
[9].

There are also some applications, although still hypothetical, in the
fractional quantum Hall effect, the non-standard statistics, supersym-
metric theory, and Yang-Baxter equation [1, 15, 24].

A C*-ternary algebra is a complex Banach space A, equipped with a
ternary product (x,y, z) + [z,v, 2] of A% into A, which is C-linear in the
outer variables, conjugate C-linear in the middle variable, and associa-
tive in the sense that [z, y, [z, w,v]] = [z, [w, 2, y],v] = [[z,y, 2], w, v], and
satisfies ||[z, y, 21| < |12l - [yl - |12 and [|fz, 2, 2]l = 2] (see [2. 25).
Every left Hilbert C*-module is a C*-ternary algebra via the ternary
product [z,y, 2] := (z,y)z.

If a C*-ternary algebra (A,[,-,-]) has an identity, i.e., an element
e € A such that x = [z,e,e] = [e,e,z] for all z € A, then it is routine
to verify that A, endowed with z oy := [z,e,y] and z* := [e,x, €], is
a unital C*-algebra. Conversely, if (A,0) is a unital C*-algebra, then
[,y,2] == x oy* oz makes A into a C*-ternary algebra.

Let A and B are C*-ternary algebras. A C-linear mapping H : A — B
is called a C*-ternary algebra homomorphism if

H([z,y,2]) = [H(x), H(y), H(2)]
for all x,y,z € A.

DEFINITION 1.1. Let A and B are C*-ternary algebras. A 3-linear
mapping H : A x A x A — B over C is called a C*-ternary algebra
3-homomorphism if it satisfies

H([z1,y1,21], [x2, y2, 22, [3, y3, 23])
= [H(x1, 22, 23), H(y1,Y2,Y3), H(21, 22, 23)]
for all x1,y1, 21, 2, Y2, 22, 3, Y3, 23 € A.

In 1940, S. M. Ulam [23] gave a talk before the Mathematics Club
of the University of Wisconsin in which he discussed a number of un-
solved problems. Among these was the following question concerning
the stability of homomorphisms.

We are given a group G and a metric group G' with metric p(-,-).
Given € > 0, does there exist a 6 > 0 such that if f : G — G’ satisfies
p(f(zy), f(z)f(y)) < ¢ for all x,y € G, then a homomorphism h : G —
G’ exists with p(f(z),h(z)) <& for allz € G?
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In 1941, Hyers [12] gave the first partial solution to Ulam’s question
for the case of approximate additive mappings under the assumption
that G; and Gy are Banach spaces. Then, Aoki [3] and Bourgin [7] con-
sidered the stability problem with unbounded Cauchy differences. In
1978, Rassias [21] generalized the theorem of Hyers [12] by consider-
ing the stability problem with unbounded Cauchy differences. In 1991,
Gajda [10] following the same approach as by Rassias [21] gave an affir-
mative solution to this question for p > 1. It was shown by Gajda [10] as
well as by Rassias and Semrl [22], that one cannot prove a Rassias-type
theorem when p = 1. Gavruta [11] obtained the generalized result of
Rassias’s theorem which allows the Cauchy difference to be controlled
by a general unbounded function. During the past two decades, a num-
ber of papers and research monographs have been published on various
generalizations and applications of the generalized Hyers-Ulam stabil-
ity to a number of functional equations and mappings, for example,
Cauchy-Jensen mappings, k-additive mappings, invariant means, mul-
tiplicative mappings, bounded nth differences, convex functions, gen-
eralized orthogonality mappings, Euler-Lagrange functional equations,
generalized Jensen’s functional equations [4], n-dimensional quadratic
functional equations [5], bi-quadratic functional equations [18], differen-
tial equations, and Navier-Stokes equations. On the other hand, Park
[17] and the authors [6] have contributed works to the stability problem
of ternary homomorphisms and ternary derivations.

Let X and Y be real or complex vector spaces. For a mapping f :
X x X x X =Y, consider the functional equation:

(1.1) fx1+x2,y1 + Y2, 21 + 22) = Z f(@i, Y5, 21)-

1<i,j,k<2
In 2006, the authors [19] showed that a mapping f: X x X x X - Y
satisfies the equation (1.1) if and only if the mapping f is 3-additive.
We investigate the generalized Ulam stability in C*-ternary algebras for
the 3-additive mappings satisfying (1.1).

2. Ulam-Hyers stability of C*-ternary algebra
3-homomorphisms

LEMMA 2.1. Let X and Y be complex vector spaces and let f :
X x X x X = Y be a 3-additive mapping such that f(A\x,uy,vz) =
Muvf(z,y, 2) forall \,u,v € T':={A € C: |\ =1} and all 7, y,z € X,
then f is 3-linear over C.
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Proof. Since f is 3-additive, we get f(%:v, %y,%z) = % (z,y,2) for

all z,y,z € X. Now let p,o,7 € C and M an integer greater than
2(|p| + |o| + |7]). Since |&| < 3,|%| < 3 and || < 3, there is 7, s,t €

ez’r+e—17‘ 6zs+e—zs

(5, 3] such that [f7| = cosr = 5—, |47| = coss = “F— and
| 47| = cost = % Now £5 = ||\, & = || and {7 = |{7|v for
some A, 1, v € T!. Thus we have
p o T
f(va gy, TZ) = f(Mﬂxa Mﬁyv MMZ>
p o T p o T
=205 (77 370 577) = M (gl 57w [ 57]2)
ir —air s —1is it —it
:M3f<e —|—2€ )\x,e —i—2€ My’e —i—2€ VZ)
1 . . A A A .
= éM?’f(e")\:c +e Az, e uy + e Py, etvy 4+ e uz)
1 o o
= §M3 [eTe e \uvf(x,y, 2) + e e I N\uv f(x,y, 2)
teTe e \uv f(x,y, 2) + eTe B \uv f(x, y, 2)
e e et \uv f(x,y, 2) + e Tee T A f (2, y, 2)
e\ {2,y 2) + e e e A f (2, y, 2)]
= poTf(z,y,2)
for all z,y,z € X. So the mapping f: X x X x X — Y is 3-linear over
C. O

Using the above lemma, one can obtain the following result.

LEMMA 2.2. Let X and Y be complex vector spaces and let f :
X x X x X =Y be a mapping such that

(2.1)  FOwy + v, pyn + pya, var +vze) = > f@nys %)
1<i,j, k<2

for all A\, pi,v € T! and all x1,x2,y1,Y2, 21,22 € X. Then f is 3-linear
over C.

Proof. Letting A\ = u = v = 1, by Theorem 3.1 in [19], f is 3-
additive. Putting zo = yo = 29 = 0 in (2.1), we get f(Ax1, puy1,vz1) =
Muvf(z1,y1,21) for all A, u,v € T! and all x1,%1, 21 € X. So by Lemma
2.1, the mapping f is 3-linear over C. O

From now on, assume that A is a C*-ternary algebra with norm ||- || 4
and that B is a C*-ternary algebra with norm || - || 5.
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For a given mapping f: A x A x A — B, we define

D)\,u,l/f(xlv x2,Y1,Y2, 21, 22)

= fAe1+ A, o1 + 2, v+ vze) = M (w5 2)
1<i.k<2

for all A\, i, v € T! and all 1, 29, y1, Y2, 21, 22 € A.
We prove the generalized stability of homomorphisms in C*-ternary
algebras for the functional equation D) ,, f(x1,%2,y1, Y2, 21, 22) = 0.

THEOREM 2.3. Let p,q,r € (0,00) withp+q+r <3 and 6 € (0,00),
and let f: Ax Ax A— B be a mapping such that

| Dy f (21, 22,91, Y2, 21, 22) || B
< 0 max{||z1]|a, [|z2][a}* - max{||ly1[ 4, [ly2[|a}
(2.2) -max{||z1] 4, [[22[[a}"
1 f([z1, 91, 1], [22, Y2, 22], [23, y3, 23])
— [f(z1, 22, 23), f(y1,y2,y3), f(21, 22, 23)]|| B

3
(2.3) < O Nl Nyally - Nzl
=1

for all \, i, v € T! and all z1, x2, 23, Y1, Y2, Y3, 21, 22, 23 € A. Then there
exists a unique C*-ternary algebra 3-homomorphism H : AXAxA — B
such that

0
for all z,y,z € A.

Proof. Letting A = pu =v =1, 21 = 20 = x, y1 = y2 = y and
21 = z9 = 2z in (2.2), we gain

(2.5) I1f (22, 2y,22) = 8f (2, y, 2) |5 < Olllly - Iyl - [|=I1

for all z,y,z € A. Thus we have

! :
(2.6) < 2RI |- Yyl - =1

Wf(2]+1$72j+1y7 2j+1z) - 87f(2]:1}, 2Jy7 2]2)
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for all z,y,z € A and all j € N. For given integer [,m (0 <[ < m), we
obtain that

1 1
22 27 — @22
B
m—1

(2.7) < Y 20l -yl - ll=1ls

j=l
forall z,y,z € A. Since p4q+r < 3, the sequence {éf@ja:, 27y, 2jz)} is
a Cauchy sequence for all z,y,z € A. Since B is complete, the sequence
{éf(%x, 27y, 272)} converges for all x,y,z € A. Define H : AXAxA —
B by
1 o
H(z,y,z) = lim — f(2/z,27y,272)
j—oo &7
for all x,y,z € A. Putting [ = 0 and taking m — oo in (2.7), one can
obtain the inequality (2.4). By (2.2), we see that
1
’ — f(2°(z1 + 22), 2°(y1 + y2), 2° (21 + 22))

85

1
= D @2y 2%)
1<i,j,k<2

< 2092 g max |z | a, 2]} - max{|lyslLa, [1y2lla}e

-max{||zil 4, [|22]la}"

B

for all x1,x2,y1,Y2, 21,22 € A and all s. Since p+ ¢+ r < 3, letting
s — oo in the above inequality, H satisfies (1.1). By Theorem 3.1 in
[19], H is 3-additive.
Letting x1 = x9 =, y1 = y2 = y and 21 = 29 = z in (2.2), we gain
1 (2Az, 2py, 2vz) — 8Auv f(z,y, 2) |5 < Ol - lyll% - 2]
for all A\, u,v € T! and all z,y, 2z € A. Thus we have
| £(2" Az, 2"y, 2"vz) — 8 v f(2" La, 27 1y, 277 12| 5
< 2@ =Dg| (B - ly||% - |12

for all A\, pu,v € T!, all 2,9,z € A and all n € N. So we get

| f(2"w,2"y, 2"2) — 8 (2" 1w, 2" 1y, 2" 12| 5

< 2= g2 g% - (121
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for all z,y,2z € A and all n € N. And one can show that
A f (20, 2™y, 2" 2) — SAuv f(2" La, 2" Ly, 27712 | 5
= D] - || £, 27y, 202) — 87271, 27y, 27 L)
< 2+ Dg |- ly )G - =11
for all A\, pu,v € T!, all z,y,2 € A and all n € N. So
1F(2" N, 27y, 202) — M (2,2, 22) |
< ||f(2"\x, 2"y, 2" vz) — 8Auv f(2" e, 27y 27 ) ||B
+|[8 v f(27 e, 27y 27y — N f (272, 27y, 272) ||
< 2= |1 - (lyll - 11217
for all A\, u,v € T', all z,9,2 € A and all n € N. Since p+q+r < 3, we
have

1
g 1272, 2%y, 2"vz) — Auv f(2"2, 2%y, 2"2) || p — 0

as n — oo for all A\, u,v € T' and all x,y, z € A. Hence
f2" Az, 2" uy, 2"vz)

H(A\z, py,vz) = lim

n—00 8N
90, 20y, 9"
= Jim o EEOEE — gy 2

for all A\, p,v € T! and all 2,9,z € A. By Lemma 2.1, the mapping
H:Ax AxA— Bis 3-linear over C.
It follows from (2.3) that

HH([JJhyh 21]7 [562, Y2, 2’2]7 [1’3,y37 23])
— [H(x1, @2, 23), H(y1,y2,y3), H(21, 22, 23)]||B
. 1

= lim 87”f([9€17y17 z1], (2, y2, 22], (23, Y3, 23])

— [f(z1, 22, 23), f(y1,y2,¥3), [ (21, 22, 23)]|| B

3
.0
< lim o> el - [lyill %y - Nzl =0
1=1

~ n—oo 8N
for all T1,%2,23,Y1,Y2, Y3, 21, 22,23 € A. So

H([z1,y1, 21],[22, y2, 22), [£3, y3, 23])
= [H(x1,22,23), H(y1,y2,y3), H(21, 22, 23)]

for all x1,z2,x3,y1,Y2,¥3, 21, 22, 23 € A.
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Now, let T': Ax Ax A — B be another 3-additive mapping satisfying
(2.4). Then we have

”H(I’, Y, Z) - T(SL’, Y, Z)HB

1
= S—HHH(Q”CB, 2%y, 2"z) = T(2"z, 2"y, 2"2)||B
1
< 87\|H(2"3372”y,2”2) — 2"z, 2"y, 2"2)||B
1
+ 8—an(2":C, 2"y, 2"z2) = T(2"z,2"y,2"2)||B

9(ptat+r—3)nt+lg ) .
'
< T el Il

which tends to zero as n — oo for all z,y, z € A. So we can conclude that

H(z,y,z) = T(z,y,z) for all z,y,z € A. This proves the uniqueness of
H.

Thus the mapping H : A — B is a unique C*-ternary algebra 3-
homomorphism satisfying (2.4). O

Putting p = ¢ = r = 0 and 0 = ¢ in Theorem 2.3, we obtain the Ulam
stability for the 3-additive functional equation (1.1).

COROLLARY 2.4. Let ¢ € (0,00) and let f : Ax Ax A — B be a
mapping satisfying

|]D>\7M7,,f(x,y,z,v,w)\|3 <e

and

£ ([z1, y1, 21]s[72, Y2, 2], [23, Y3, 23])
- [f($1a$2,503)7f(?/lyy27y3)7f(21722723)]”B S 3¢

for all \, i, v € T! and all z1, x2, 23, Y1, Y2, Y3, 21, 22, 23 € A. Then there
exists a unique C*-ternary algebra 3-homomorphism H : AXAxA — B
such that

1f(z,y,2) — H(z,y,2)|lB <

| ™

for all x,y,z € A.
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THEOREM 2.5. Let p € (0,3) and 0 € (0,00), and let f: AXAXA —
B be a mapping such that

||D)\,,u,l/f(x17J"Quylay?)Zl)ZQ)HB
2
(2.8) <0 (llaallfy + vl + [12:1%),
i=1
I f([x1, y1, 21], [72, Yo, 22], [73, Y3, 23])
- [f(x17$2>$3)a f(yla 3/2,2/3), f(zla 22, Z3)]HB
3
(2.9) < 0 (il + Nyl + llzal%)
i=1
for all \, i, v € T! and all z1, x2, 23, Y1, Y2, Y3, 21, 22, 23 € A. Then there
exists a unique C*-ternary algebra 3-homomorphism H : Ax Ax A — B
such that

20
1 (2., 2) = Hw,y. 2)llp < g, (=l + lyll + [121%)
for all x,y,z € A.
Proof. The proof is similar to the proof of Theorem 2.3. O

THEOREM 2.6. Let p,q,r € (0,00) withp+q+7r <3, s € (0,3) and
0,m € (0,00), and let f : A x A x A — B be a mapping such that
Dy f (1, 22, Y1, Y2, 21, 22)| B
< 0 max{[|z1]|a, [|z2]la}” - max{{|lys]|a, [[y2[la}*
-max{||z1([4, [|22[[a}"

2
(2.10) 0 ) (lwill + Nyl + zl%),
=1

Hf([xlvyla Zl]a [$27y27 22]7 [1'3, Ys, 23])
- [f(lEl,iL’Q,iL‘:;), f(ylv Y2, y3)7 f(zla 22, Z3)]HB

3
<0 lailly - Iyl - N1zl
i=1

3
(2.11) ) (el + Nyl + lzl%)
i=1

for all \, i, v € T! and all z1, x2, T3, Y1, Y2, Y3, 21, 22, 23 € A. Then there
exists a unique C*-ternary algebra 3-homomorphism H : AXAxA — B
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such that
||f(.1‘, Y, Z) - H(.’,U,y, Z)HB

ez [ VR [ PR ET A

2n
5 (IISUIIA + 1yl + Nl=11%)

(2.12)

for all x,y,z € A.
Proof. The proof is similar to the proof of Theorem 2.3. O

THEOREM 2.7. Let p,q,r € (0,00) with p+q+r > 3 and 0 €
(0,00), and let f : Ax Ax A — B be a mapping satisfying (2.2),
(2.3) and f(0,0,0) = 0. Then there exists a unique C*-ternary algebra
3-homomorphism H : A x A x A — B such that

Hf(a?,y, Z) - H(JI,y, Z)HB

(2.13) < m”xui Nyl - 1l=1
for all x,y,z € A.

Proof. Tt follows from (2.5) that

Ty z 0
|r@v2)—87(5.5.2)| < gorams Il ol - 0y

for all z,y,z € A. So
76 3) - mf(zm 357

gir(t Y = gi+l Y z
= Z H f( ) f<21+1’ 27+1’ 2J+1>H
9 m—1 8‘7
@) < g > sl Il -

7=l
for all nonnegative integers m and [ with m > [ and all x,y,z € A.
It follows from (2.14) that the sequence {8" f(5%, 3%, 57)} is a Cauchy
sequence for all x,y,z € A. Since B is complete the sequence

"7 (gm0 3e) )

converges for all z,y,z € A. So one can define the mapping H : A x A X
A — B by

. xr Yy =z
H(xvyaz) = 77’11_>I208nf(27,27, 27)
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for all z,y, z € A. Moreover, letting I = 0 and passing the limit m — oo
n (2.14), we get (2.13).
The rest of the proof is similar to the proof of Theorem 2.3. O
ExamMpPLE 2.8. We present the following counterexample modified
by the well-known counterexample of Z. Gajda [10] for the functional
equation (1.1). Fix 6 > 0 and put p =

Define a function f: R xR x R — R by

o35 = 3 )

for all z,y,~ € R, where ¢, : R xR x R — R is the function given by

“ if zyz>1
Ou(z,y,2) = queyz if —1<ayz<l1
— if zyz < -1

for all z,y, z € R. Define another function g : R — R by

g(x) == f(x,1,1) = Z - u(2"w,1,1)

for all x € R.
It was proved in [10] that

0
9(z +y) = 9(z) = 9(y)] < 57 (=] +[y])
for all z,y € R. By the above inequality, we can obtain that

l9(z +y+ 2z +w) —g(x) —g(y) — g(2) — g(w)]
<lg(z+y+z+w) —glz+y) —g(z+w)
+g(z +y) +g(z +w) — g(x) — g(y) — g(2) — g(w)|

0 0 0
S+l 12+ wl) + 5l + lyl) + o7 (121 + )

IN

0
13zl + [yl + [z + w])
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and
8 8
g (Z sz) - Zg(l'z)
=1 =1
8 4 8
i=1 i=1 i=5
4 8 8
o () o () - Lot
i=1 i=5 i=1
0 4 8 0 4 8
=1 =5 i=1 =5
;38
(2.15) <3 9; |24
for all x,y, z,w,x1,--- ,xg € R. Note that
7 if 2"xyz>1
flz,y,z) = p2tzyz if —1<2"zyz<1
— if 2"zyz < -1
(2.16) = flayz, 1,1) = g(zy2)

for all z,y, z € R. By the inequality (2.15) and the above equality (2.16),
we see that

‘f(:l:1+:x2,y1+y2,z1—|—zQ Z f(@i,y5, 2k)
1<4,5,k<2
= [g((@m + )+ ) (21 +2)) = Y glziy;z)
1<i,5,k<2
= 9( > l’z’yjzk) = Y gl
1<i,j k<2 1<i,j k<2

1
<20 > myml < g 9(\x1|+Ile)(lyll+|y2|)(|z1|+|z2|)
1<4,5,k<2

= 0 max{[z1], [xa]} - max{|ya], [y2|} - max{[z1], [z2[}

oo
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for all x1,x9,y1,y2, 21,22 € R. But we observe from [10] that

3
x
9( )%oo as T — 0o.
3
And so
T, T, T
f(’s’ )—>oo as x — oo.
x
Thus

(x # 0) is unbounded,

where h : R x R x R — R is the function given by

o— 3 1 n n n
h(z,y,z) = nh_)IgO 8—nf(2 x, 2"y, 2" z)
for all z,y,z € R. Hence the function f is a counterexample for the
common singular case p + ¢ + r = 3 of Theorems 2.3 and 2.7.

THEOREM 2.9. Letp € (3,00) and 6 € (0,00), and let f : AXAXA —
B be a mapping satistying (2.8), (2.9) and f(0,0,0) = 0. Then there
exists a unique C*-ternary algebra 3-homomorphism H : AXAxA — B
such that

1f(2,y,2) — H(z,y,2)| 5 < (el + Nyl + N1=1%)

2P — 8
for all x,y,z € A.

Proof. The proof is similar to the proof of Theorem 2.7. O

ExamMpPLE 2.10. We present the following counterexample modified
by the well-known counterexample of Z. Gajda [10] for the functional
equation (1.1). Fix 0 > 0 and put u := 2%.

Let f:RXxR xR — R and ¢g: R — R be the same as in Example A.
By the same argument as in Example 2.8, one can obtain that g satisfies
the inequality

8 8
. (z ) 3 gl
=1 =1

3 8
< 492‘$i|
1=
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for all z1,---,x3 € R. By the equality (2.16) and the above inequality,
we see that

flar+ oo,y o zn+22) — Y Fl@iyj,2)

1<i,j, k<2
_ g( 5 miyjzk)— S g
1<i g, k<2 1<i,j,k<2
3 0
SZQ Z |l‘iyjzk|§1 Z (’mi|3+|yi|3+|zi|3)
1<4,5,k<2 1<4,5,k<2

2
92 (fail® + |wil® + 12:]*)
i=1

for all x1,x2,y1, Y2, 21, 22 € R. By the same reason as Example 2.8, the
function f is a counterexample for the common singular case p = 3 of
Theorems 2.5 and 2.9.

THEOREM 2.11. Let p,q,r € (0,00) withp+q+1r > 3, s € (3,00)
and 0,n € (0,00), and let f: Ax Ax A — B be a mapping such that
(2.10), (2.11) and f(0,0,0) = 0. Then there exists a unique C*-ternary
algebra 3-homomorphism H : A x A x A — B such that

||f(93,y, Z) - H(ﬂ?,y, Z)HB

0 2n
< m”ﬂﬁﬂi Nyl - 1= + m(\lmlli + lylla + 1z0%)

for all x,y,z € A.

Proof. The proof is similar to the proof of Theorem 2.7. 0
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