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SOME TOEPLITZ OPERATORS AND THEIR
DERIVATIVES

S1 Ho KaNGg*

ABSTRACT. We prove that Toeplitz operators with symbols in RW
are bounded and we calculate some upper bounds of the norm
of these Toeplitz operators. We also analyze mn-th derivative of
Toeplitz operators and get some local estimates.

1. Introduction

Let dA denote the normalized area measure on the unit disk . For
any real number a with a@ > —1, (1—|2")"dA(z) =
D o+ 1
hence dAq(z) = (o + 1)(1 — |2[)“dA(2) is a probability measure on
D. For p > 1, the weighted Bergman space L% consists of analytic
fuctions on D which are also in LP(ID, dA,). Since L? is a closed subspace
of L*(D,dA,), for each z € D, there exists a fuction K& in L2 such
that f(z) =< f, K >, for every f € L2. The function K2 is called
(0%

and

the Bergman kernel and we define k¢ = ———=— which is called the

12|20
normalized Bergman kernel, where || - ||, is the norm in the space
LP(D,dA,) and < -,- >, is the inner product in the space L?(ID, dA).
As is well known ([1],[5]),

(1—]25)" "2

1
K} (w) = ——— and kJ(w) = =

(1 —zw)**™ (1—zw

For a linear operator S on L2, S induces a function SonD given by

S(z) = <S8k kY >4, zeD.
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The function S is called the Berezin transform of .

For u € L'(D,dA), the Toeplitz operator T with symbol u is the
operator on L? defined by TS(f) = Py(uf), where P, is the orthogonal
projection from L?(D,dA,) onto L2.

Since L>®(D,dA) is dense in L'(D,dA) if the Toeplitz operator T
with symbol u in L*>°(ID,dA) is bounded, then the Toeplitz operator T.%
with symbol v in L!'(D,dA) is densely defined on L? and the Berezin
transform u of a function is defined to be the Berezin transform of 7).

Let Aut(ID) denote the set of all bianalytic maps of D onto D. By

Schwarz’s lemma, each element of Aut(ID) is a linear fractional transfor-
z—w

mation of the form Ap,, |A| =1, where ¢, (w) = TR—
— Zw

For z € D, let U® : L2 — L2 be defined by U%f = (f 0 ¢.)())' 2.
Since (go’z(goz(w)))H% goz(w)H% =1, U} oUY is the identity function on
L2. Since [y |f o ()]’ x
<l NP AN = fy 1F @) x(1 = ) dA@w) = [[fllpq, UL is
an isometry. Thus UY is a self-adjoint unitary operator.

We also define the conjugation operator S, given by S, = UXSUZ,
where S is an operator on L2.

We consider the problem to determine when a Toeplitz operator is
bounded on L2. Miao and Zheng ([2]) proved that Toeplitz operators
with symbols in BT are bounded. Let RW={f € L'(D,dA) : ||f||gw =

sup || fEkZ||s,, < +oo for some s € (2,00)}. Clearly RW is closed under
z€D ’
the formation of conjugations.

In this paper, we will show that Toeplitz operators with symbols in
RW are bounded and for v € RW, |u|dA, is a Carleson measure. In
Section 3, we evaluate some upper bounds for the Toeplitz operator
norm. Section 4 deals with n-th derivatives of Toeplitz operators and
we get some local estimates.

Throughout the paper, we use p’ to denote the conjugate of p, that
1 1

iS, -+ -~ =1.
Y2
2. Boundedness of some Toeplitz operators

Since dA, is a probability measure on D, whenever 0 < p < ¢ <
o0, L C L5. Thus for any f € RW, sup||fkllly. < Ifllzw-
z€D ’
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Since [TF(z)|=] < TPk, k2 >a |< |[TFRZ], < RS20 SEBIT?(Z)I
’ z

< fll gy and [£1(z) < |[f]| gw-

Let © be a finite positive Borel measure on D and let 1 < p < 4o00.
The closed Graph Theorem shows that L is contained in LP(D,dp) if
and only if the inclusion map i) : L — LP(D,du) is bounded. We say
that u is a Carleson measure for L% if the inclusion map from L% to
LP(D, du) is bounded. We notice that 1 is the Berezin symbol of u, that

i, i(2) = [ 1K ()Pduw), 2 € D.
D
The following lemma comes from [5].

LEMMA 2.1. Suppose p is a positive Borel measure on D and 1 < p <
+o00. Then the followings are equivalent :
(a) sup {%
(1 —1[2I%)
(b) sup{pi(z) : z € D} < +00 ;
(c) p is a Carleson measure on D ;

Pd
(d) SUP{M cfe Lz} < +o0.

Here, D(z,r) = {w € D : f(w,z) < r} is the Bergman disk.

:zE]D)}<+oo;

PROPOSITION 2.2. Suppose f € RW. Then

(1) | f|dAq is a Carleson measure on D ;

(2) for 1 < p < +oo, T is bounded on Ly and there is a constant C
such that T3] < CI|fl-

where ||T;3‘||p is the operator norm on L.

Proof. For 2 €D, [J]()=fp [K2 (@) 1 (1)|dAn(w) < [[FR2]l o This
implies that (b) in Lemma 2.1 is finite. Thus |f|dA, is a Carleson

measure. To show (2), suppose — + = =1, g € Lj and h € rr.
p p

-

Since |f|dAq is a Carleson measure, | < Tfg,h > | < (/ |g]p|f|dAO[)]D
D

1

( /D WP 1F1dAa)” < Cllflpwllall, o
811 < Cll Ly O

|hl[, o for some constant C. Thus

EXAMPLE 2.3. Suppose 2 < s < +oo. For 0 <z <1, let
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o1 12 1
flx) = 2 if 27‘(@) STS op
0 otherwise .

We define f(z) = f(|z|) for all z € D, that is, f is a radial function. Since
I (-l

klggo (27€ — (27) ):()7 f is not in L. Since k% (w)= T

1
k2 (w)] <

(1—-Zw

—22+O‘ for all |w| < andhence/ |f (w)kS (w)|*dAn(w)

2
1

(2+a)sta 2 s o :
<2 |f(t)]°dt < +o00. Thus L> is a proper subset of RW.
0

For f € L? and w € D, we have
(TiN(w) = <Tif, Ky >a
< [T KS >q

/D FTe ) (2)dA(2)
- /D FETOK) (w)dAq(2).

That is, T, is the integral operators with kernel 'K (w). Since for
any u € RW, |u|dA, is a Carleson measure on L, T is a bounded
linear operator on L%. In the following section, we will evaluate some
upper bounds of the Toeplitz operator norms.

3. Some upper bounds

In order to find some upper bounds, we need the following lemma
which is a special case of Lemma 3.10 in [5].

LEMMA 3.1. Supposea < a+ 1. If a+b— a < 2 then

/ dA,(w)
sup D T R—
2eD Jp (1 — |w|?) |1 — Zw|

PROPOSITION 3.2. Suppose u € L'(D,dA) and 0 < a < 1. Then
there exists t in (1, 525%) and there exists a constant C' such that

) 2—a+a
o fgar) C||(T) 1],
/|TK Aa(w)_ (T) Ay
(1= Jw[*)* (1—21%)"
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for all z € D and

| (T K2)(w) CIT) Ay
g dAa(z) £ ——— 55—
1—|Z\) (1 = [w]*)”
for all w € D.
Proof. Take any z in D. Since
pago _ _ TaeUSL _ (T):1op:())'E
u -tz T 2 1+ — 2 1+& ’
(27 =1) " * (7 =1)*
put w=p,(A) to obtain the following :
| T3 K2 (w)|
w
/ (1— |w| dAa(w)
’ 1+
(T, pz(w))[e, ()| * 2@
= 1—|w|?) dA(w
o ) DD oA

= I(T‘”) 1)
- ’Z\ ) /JD (1— D _*A‘2—2a+adAa()‘)

H<Tu°‘>zlllt/,a< / dAa(N) >1
R T R e

2

1&) so that at+ (2—2a+a)t—a < 2,
—a+a

by Lemma 3.1, the above integral is finite. Put

D (1 o |A|2)at‘1 o E>\|(272a+04)t

Then we get the first inequality. Since TOK(w) =< TOKY K§ >
=< K3 (T)*'K§ > =(T¢)*Ky(z) and (T%)"=T2, we obtain the second
inequality. O

Since we can pick ¢ in (1,

LEMMA 3.3. Suppose0 < a < 1 and v € RW, that is, sup Huk?”sa <
2+«

400 for some s > 2. If —— < s then there exists a constant C such
a
that
(TOKS)( Cllu
/ ’ Aa(w) S H HR2VVa
(1- IWI (1—1z%)

for all z € D and

(TOKY)( Cllu
/’ a(Z)S H ||R;/Va
1—| Z| (1= [wl%)
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for all w € D.

2 2
Proof. Since a < s, there exists ¢ in ( +a,s) such that 1 <
a
2 dAq (A
_cra . Put C* —/ ; a(Y)
2—a+« D (1— || )at‘l Z\| (2—2a+a)t’
a+a)t' —a < 2, Lemma 3.1 implies that C' is finite. By Proposition 3.2,

t <

. Since (2 —

TO‘Ka ClI(Ty) 1]
[ ) < = Since ¢ < s, (170,11, <
(1w (1—12]%) ’
HuHRW Thus we get the results. O

We notice that for every v € RW, T is the integral operator with
kernel T¢ K¢ (w). In order to find an upper bound of the operator norm
|3 |p, we need Schur’s theorem ([5]).

THEOREM 3.4. Suppose K is a nonnegative measurable function on
X x X, T is the integral operator with kernel K and 1 < p < +o0.
If there exist positive constants C7 and Co and a positive measurable
function h on X such that

/ K (z,y)h(y)P du(y) < Crh(z)?

for almost every x in X and

/ K(z,y)h(x)Pdu(x) < Coh(y)”
for almost every y in X, then T is a bounded linear operator on LP (X, du)
11
with norm less than or equal to C1?" Car.
THEOREM 3.5. Suppose 1 < p < +oo and sup ||[ukZ|[,, < +oo for
z

some 2 < s, where u € L'(D,dA). If ¢(2+ «) < s, where ¢ = max{p,p’}
then there is a constant C' such that |[T}}|[, < Cllul| gy

1
1 oy
Proof. Let h(z) = (1‘2> " Since q(2 + ) < s, there is ¢
— |z

2 /
such that ¢q(2+a) < t < sand 1 < ' < % Let Ct =
g
dAs (A 2 t/
/ = a(Y) - .Since1<t'<%,—+(2—
D(1— AP 7|1 — 2@t —gta 4

=+ a)t! < 24 o and hence C is finite. Since t < s, [[(T$),1]],,,
q k)
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and |[(T%),1]], , are less than or equal to |[u[|gy,. This completes the
proof. O

4. Some operators

In this section, we will assume that u is an element of RW. Since
Il ew=If| gw» RW is closed under the formation of conjugations. For
any f € LY(D,dA), (TJ‘?‘)* = Tfa and hence one has the following :

PROPOSITION 4.1. For any u € RW, the commutator (T%)*"T> —
THTH)* =TTy — TYTY is a bounded linear operator.

Let 1 < p < +oo. If f € L then P,(f) = f and hence for u €
RW and h € L2, TPTh = fT7h. Since H™ is dense in L2, given a
function f in L?(D, dA,). H$ is densely defined which is given by H{g
= (I — P,)(fg) for all g € L2.

By the definitions of Hankel and Toeplitz operators, we get the fol-
lowing identity

(HZ)Hy = T —ToTS.

Suppose \u!Q and u are in RW. Since TIZIQ and TXTY* are bounded,
(H3)"Hyg is also bounded. If f € H> then |[HZ(f)|ly, < [lufllyq +
1P (f) e < 11l (lully.q + [ul]gyyr) and hence HE i bounded.

PROPOSITION 4.2. If u € RW then

o 1
(T h)(w)| < w”hHg,aHUHRW

(1 —fw[%)

for every h € L2 and every w € D.
Proof. Since uw € RW, ||ul|zy = sup|uk?||,, < +oo for some s €
zeD ’

(2,00). Suppose w 16 D and h € L2. Then (T2h)(w)=< T2h, K& >,=<

h,uKS$ >,= o X

(1= fwp) "
X < h,uk§ >,. Holder’s inequality implies that | < h,uk$ >, | <
1By o 1uKS ] - Since [[1]], o < [[h],. one has the resuls =

For real numbers a, b, ¢, we define integral operators as following :

Supcf(w) = (= o) [ EZELE ‘)c ()dA(2),
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and
Toel(w) = (= lwf)’ [ GZEL faa0)
This is Theorem 3.11 of Zhul[5].

PROPOSITION 4.3. Suppose p > 1. If ¢ is nether 0 nor a negative
integer, then the following are equivalent.

(a) Sapc is bounded on LP(D,dA,).

(b) Tap,c is bounded on LP(D,dA,).

(c)e<2+a+band —pa<a+1<pb+1).

Suppose u € L'(D,dA). Then u(w) = T\g‘(w) = < T2k, kS,

uw7w>Oé:

(= ™™ x u(2)dAa(z) and if f,h € L2 then TOTh = fT%h
D 2o o ’ @ frum ST

|1 — wz]|

PROPOSITION 4.4. Suppose ||u|| gz, = sup ||uk?||, , < +oo for some
zeD ’

s€(3,00) and w € D. If b* € L? then

TRy (w)] < — T (B ) 1817,

S 21
for some constant c.
Proof. Since (T2h)(w) = / MCZA@(Z), (T2h) (w) = (24
D (1 —2w

a) /D gffm x (1 —zw)'™ dA,(z) and hence

s — |w 2\2+a s
enyw) < @+ o) [ PEHEZRE—da,0)

— Fw | 442

s =, (14a)s
X(/ A (2)[" [1 — Zuw| /dAa(Z))
D

’1 o Eu}|4-l-201(1 _ ‘w|2)(2+a)?
Since |1 —Zzw| and 1—|w|? are greater than 1—|w| and 24+a—(14a)s’ <

' =, (14a)s’
24+a—(1+a) ' [2(2)[” [1 — Zw| dAa(2) < c

s
PRI

/
1A% 2,0

O]

D ’1 _ fw’4+2a(1 _ ’w|2)(2+a)? (1 _ ‘w|)2+a+;
for some constant ¢;. This completes the proof.



Some Toeplitz operators and their derivatives 841

LEMMA 4.5. Suppose ||u||pyy = sup ||uks]], , for some s € (3,+00)
z€D ’

and w € D. If h¥" € L? then there is a constant C' such that ](Tﬂah)” (w)]

C 2 3 s 1 ’ i,
< CREAOBLD (5 w)” x 1115
(1= wl) 7+

Proof. Since (Tgh) (w) = (240 [ mdAa<z>, (T2h)"(w)

727
= (24-a)x(34«a) / %d/la(z) and hence |[(T2h)" (w)| < (2+a)(3+
D (1 —ZzZw)

2+0t s s’ — jas’
|u(z 1f|w\ ® / [h(2)|° |1 — Zw|
dAs FdAs
/ |1 — zw|*T* (Z)) ( D _ |w|2)(2+a)% (Z)>

11— zw|* (1

— Zw)

0 =

1

< (24 )3+ a)(jul ()’

<( = / [h(2)|" dAa(2) )
(1 B )2-&-044—%,-0—5’ D |1 24+a— (1+a)s’(1 . (1+Oé)s?

|wl zwy lw|?)

9 __
< c2+ a)2€i+ a) (Juf*(w)) " ||n* ||2a for some constant C.
(L~ ful) F 0

THEOREM 4.6. Suppose ||u|| gy = sup ||[ukf]|, , < 400 for some s €
zeD ’

(3,400) and w € D. If h' e L? and n > 3 then there is C' such that

" CT(n+2+a NI AT
@l < )(1( | DML N
« — |w

Z2u(2)h(z
Proof. Since (T2)"(w) = (2+a)(3+a)/ﬂ)(1_(zigi+)a a(2),
Zu(z

(Tgh)///(w)—(Q—l—a)><(3—i—a)(4+a)/D(1_(21)0};(5&)0@14 (z) and hence

o\ 2+)B+a)d+a) |u(z Hl—zwl A (2)]
gy < EEEPEEEE [ A )

C+a)B+a)d+a), 5, 1 C e
= (1 . ‘wD (|U‘ (w)) (1 B ‘wDQ;Li/aJr%Jrl ” ”2,04
C2+a)3+a)d+a)

2
= . ’>2+a+ - HhslHi'a for some constant C.
— |w
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This implies that for n > 3, |(T§h)(n) (w)| <

CT'(n+2+a) InrPINC -
zra 17 (el (@) IR 5
F2+a)(l—|wl) ¥ 7

O

COROLLARY 4.7. Suppose ||ul|pyy = sup |[ukZ||,,, < +oo for some
zeD ’

se(2,400),weDandl <p<s—1. Ifh* € LX and n > 3 then there
is a constant ¢ such that

](Tjj‘h)(")(w)\ < I'(n+2+a)

24a | 1 _
D2+ a)(1—[w|) " T+t

— 1 , %
(lul>(w)) " [1P7 1o

/

1
Proof. 1f follows from the fact that p(1 + a)s— =p(1+ «) [ <
s s—

1+ a < p(1+ «) and Theorem 4.6. O
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