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DIFFEOMORPHISMS WITH ROBUSTLY AVERAGE
SHADOWING

KEONHEE LEE*, MANSEOB LEE**, AND GANG LuU***

ABSTRACT. In this paper, we prove that for C! generically, if ev-
ery hyperbolic periodic point in a chain component is uniformly
far away from being nonhyperbolic, and it is C'-robustly average
shadowable, then the chain component is hyperbolic.

1. Introduction

Let M be a closed manifold, and let Diff (M) be the space of dif-
feomorphisms of M endowed with the C'-topology. Denote by d the
distance on M induced from a Riemannian metric || - || on the tangent
bundle TM. Let f € Diff (M).

For § > 0 a sequence {x;}°__ in M is called a d-average pseudo
orbit of f € Diff(M) if there is a natural number N = N(J) > 0 such
that for allm > N, and k € Z,

n—1

> A f(@irk)s Tishar) < 6.

i=1

1
n
We say that f has the average- shadowing property if for every € > 0

there is a 6 > 0 such that every d-average pseudo orbit {z;}°__ is
e-shadowed in average by some z € M, that is,
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n—oo T %

L m
lim sup — Zd(f’(z),a:i) <.
i=1

Let A C M be a closed f-invariant set. We say that f|y has the

average shadowing property if for every € > 0 there is § > 0 such that
for any d-average pseudo orbit {x;}°_, C A(—o0 < a < b < o0) of f,
e-shadowed in average by some z € A.
For § > 0, a sequence of points {z;}?_ (—c0 < a < b < o0) in M is
called a 0-pseudo orbit of f if d(f(x;),xi41) < dforalla <i<b—1. We
say that f has the shadowing property if for any ¢ > 0 there is § > 0
such that for any d-pseudo orbit {x;};cz of f there is y € M such that
d(f'(y),z;) < ¢, for i € Z. For given x,y € M, we write z ~ y if for any
§ > 0, there is a d-pseudo orbit {z;}?_,(a < b) of f such that z, = = and
xp = y. The set of points {x € M : x «~ x} is called the chain recurrent
set of f and is denoted by R(f). The relation «~ induces on R(f) an
equivalence relation, whose classes are called chain components of f.
Denote by C¢(p) = {x € M :  ~» p and p ~ x}, where p is a hyperbolic
saddle. Note that if p is not hyperbolic saddle then Cf(p) = p. Thus in
this paper, we consider that p is a hyperbolic saddle.

It is well known that if p is a hyperbolic periodic point f with period
k then the sets

W(p) ={z e M : f*(z) - pasn — oo} and

Wep)={xeM: f*(z) - pasn — oo}
are Cl-injectively immersed submanifolds of M. Every point 2 € W*(p)
MW ¥(p) is called a homoclinic point of f. The closure of the homoclinic
points of f associated to p is called the homoclinic class of f and it is
denoted by Hy(p).

Let A C M be a f-invariant closed set. We say that A admits a
dominated splitting if the tangent bundle Ty M has a continuous D f-
invariant splitting £ @ F' and there exist constants C' > 0 and 0 < A < 1
such that

D2 f™ | E@) | - 1Daf ™" (gl < CA"
forall z € A and n > 0.

We say that A is hyperbolic if the tangent bundle Ty M has a D f-
invariant splitting E® @ E* and there exists constants C' > 0 and 0 <
A < 1 such that

D2 f"ms]] < CA™ and ||Dyf ™| pul < CAT"
for all x € A and n > 0.
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We say that a subset G C Diff(M) is residual if G contains the in-
tersection of a countable family of open and dense subsets of Diff (M),
and so G is dense in Diff(M). A property P is said to be generic (C!)
if P holds for all diffeomorphisms which belong to some residual subset
of Diff(M).

In this paper, we introduce the notion of C''-robustly average shadow-
ing property, and study the cases when the chain component C¢(p) of f
associated to a hyperbolic periodic point p has the C'-robustly average
shadowing property.

Now, we introduce the C'-interior average shadowing property.

DEFINITION 1.1. Let C(p) be the chain component having hyper-
bolic a hyperbolic periodic point p. We say that Cy(p) has the Cl-
robustly average shadowing property if there exists a C'-neighborhood
U(f) of f such that for any g € U(f), glc,(p,) has the average shadowing
property, where p, is called the continuation of p.

Let p be a hyperbolic periodic point of f. In [1], Bonatti and Cro-
visier proved that C' generically, a chain component C#(p) containing
a periodic point p is the homoclinic class H¢(p). Thus we get the the
following Theorem.

The following fact is the main Theorem in this paper.
Theorem A. For C'-generic f, assume the chain component Cy(p) is
locally mazimal and satisfies the following properties:

(a) for any g € Up(f), if ¢ € Cy(pg) N P(g) has minimum period
7(q) > m, then

k—1

. k
H |\ng(q)gm|Es‘gm(q)|| < KX\ and
7=

k-1

k
H 1Dg-im ()™ ] i, | < B,
Pl

where k = [r(q)/m], and py is the continuation of p.
(b) C¢(p) admits a dominated splitting To, ;)M = E@F with diimE =
index(p), for any x € Cy¢(p),

IDfl e /m(Dflrw) < A2
(c) f has the average shadowing property on Cy(p).
Then C¢(p) is hyperbolic for f.



634 Keonhee Lee, Manseob Lee, and Gang Lu
2. Proof of the Theorem A

Let M be as before, and let f € Diff(M).

PropPOSITION 2.1 ([5]). Let A € (0,1) be given. Let A be a compact
f-invariant set with a continuous D f-invariant spitting TAM = E & F
such that ||D f|ge)ll/m(Df|p@)) < A2, for any x € A. Suppose there is
a point y € A satisfying

1 n—1
log A < log A; = limsup - Z log([Df|E(rigyll) <0,
and
n—1

.1
lim inf — Zolog(”DﬂE(fi(y))H) < log Ay.

Then for any Ay and A3 with A < A9 < A1 < A3 < 1, and any
neighborhood U of A, there exists a hyperbolic periodic point q of in-
dex dim(FE) such that its orbit O(q) is entirely contained in U and the
derivatives along O(q) satisfy

k1
LT IIDf 1B (rianll < 25,
i=0

m(q)—1

m(q)—k+1
H IDflEspi(qnll > Ay DT
i=k—1

for all k = 1,2,--- ,7(q). Furthermore, q can be chosen such that 7(q)

is arbitrarily large.

LEMMA 2.2 ([3]). Let A C M be a closed f-invariant set and p(z) be
a continuous function defined on A. For € > 0, there is § > 0 such that

for sequences {z;}ien, {yi tien if

1 n—1
li - d iy Yi) < 5’
1211_}851) " Z (w4, 94)
i=1
then
1 n—1
lim sup — Z lo(zs) — @y < e.
n—oo T

i=1
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LEMMA 2.3 ([3]). Let Cf(p) satisfy (a)-(c) of Theorem A. Suppose
that F is not contracting. Then for any A < 71 < 72 < 1, there exists
x € Cy(p) with O(x) such that

n—1

.1
lim inf ~ > 1og(IDf1 syl < logm
=0
1 n—1
< limsup — > 10g(IDfli(sigyll) < log7a.
n—ee i=0

The following lemmas are well known results [5].

LEMMA 2.4. Assume A has a dominated splitting E & F, and let
x € U be a point such that Of(x) C U, where U is an admissible
neighborhood of A. There is €; > 0 such that the local center unstable
manifold W' (x) is defined and is transverse to F. Such manifolds are of
class C''. Moreover, there is a N > 0 such that for any 0 < €5 < €1, there
exists § > 0 such that fN(W§(z)) ¢ W (fN(x)), and f~N(W§(z)) C
W (f~N ().

LEMMA 2.5. Let W& (x) and WS*(z) be as in Lemma2.4. For any
0 < A < 1, there is € > 0 such that:
(a) IFTT7 0 1D fl5(si@nll < A" for anyn > 1, then for any y € W (),
d(f"(x), f"(y)) — 0 as n — oo
(b) If [T |Dfp(p=iyll < A" for any n > 1, then for any y €
Wet(x), d(f™(x), f"(y)) — 0 as n — —oo.
Note that let A be a closed f-invariant set. Then if A is not hyper-
bolic then either E is not contracting or F' is not expanding.

LEMMA 2.6. Let A be a closed f-invariant set and let T\M = E® F.
Suppose that E is not contracting. Then there is y € Hy(p) such that

n—1
H IDflegipll =1
=0

for all n > 1.

Proof. Assume there is no y € H¢(p) such that

n—1
H IDflegipll =1
i=0
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for all n > 1. Then for any y € H(p) there is n(y) € N such that

n(y)—1
H IDflerigpl < 1.
i=0
Denote
n(y)—1
Aw) = T ISyl

=0

We can get a neighborhood U(y) of y such that

n(y)—1

14+ Ay
[T 10lsml < 20 <1
=0

for any x € U(y). By the compactness of Hy(p), we can find y1, y2, -+ , Yk
contained in H(p) such that

k
Hy(p) < | JU(ww)-

i=1

Let N = max{n(y1),n(y), - n(y)}, A = max{(FZLHIUN =

1,2,---,k}, C = X Nmax{||Df?|| : i = 0,1,2,--- ,N —1}. Then one
can check that

IDf" | p@ll < CA"

for any @ € H¢(p) and any n > 1. O

Proof of Proposition 2.3: Suppose that Cy(p) is not hyperbolic.
Then we may assume that E' is not contracting. Choose a neighborhood
{Wi}i>1 of C¢(p) such that for k > 1, W}, is decreasing, W), C U and
Ni>1 Wk = Cy(p). By [1], C! generically C¢(p) = Hy(p). Let p(z) =
log | Df|g(fi(aylls for € M. Then by Lemma 2.2 and Lemma 2.3, for
any A <1 <72 <1, there is a point € H(p) such that

n—1 n—1
1 . 1 .
lim inf ;0 P(f'(x)) <logm <limsup ;0 e(f'(z)) <loga,

and for any k, we can choose a hyperbolic periodic point ¢ € Wj. Then
we use Proposition 2.1, for any A < 71 < 72 < 1, there is a periodic
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point ¢ arbitrarily closed to Hy(p) such that

k—1
(2.1) LT 1IPf 15 rianll <5,

i=0

m(q)—1 N

—k+

(2:2) IT IDflriapl >~

i=k—1
Since a periodic point ¢ is arbitrarily close to Hf(p), we may assume
qr converge to a point z € Hy(p). Thus for every gy, it satisfies the
inequalities (2.1) and (2.2) By Lemma 2.4, there is € > 0 such that
WE(qr) € W*(qi) and WE(qx) C W"(gg). This means that there exists
N > 1 such that for any k, m > N, q; and g,,, are homoclinic related, i.e.,
W3 (qr) h W*(gm) and W"(qx) h W*(gm,). Therefore, z € H¢(O(qy)) for
all k > N. Thus ¢, € H(p) = C¢(p) for all k > N. Thus, due to (2.2),

m(q)—1
1T D15l > A @7k
i=k—1
of ¢ which contradicts the hypothesis (a). This ends the proof of propo-
sition. O
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