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NORMALITY OF FUZZY TOPOLOGICAL SPACES
IN KUBIAK-SOSTAK’S SENSE

M. AzaB ABD-ALLAH

ABSTRACT. The aim of this paper is to study the normality of fuzzy
topological spaces in Kubiak-Sostak’s sense. Also, some characterizations
and the effects of some types of functions on these types of normality are
studied.

1. Introduction

The study of fuzzy sets was initiated with the famous paper of Zadeh [8], and
thereafter Chang [1] paved the way for the subsequent tremendous growth of the
numerous fuzzy topological concepts. In Chang’s definition, a fuzzy topology
is a crisp subfamily of family of fuzzy subsets, and fuzziness in the openness
of a fuzzy subset has not been considered. An essentially more general notion
of fuzzy topology, in which each fuzzy subset has a certain degree of openness,
was introduced by Kubiak [5] and Sostak [8].

In [4], Krsteska and Kim defined the concepts of fuzzy generalized a-closed
sets and fuzzy generalized regular a-closed sets in Chang’s fuzzy topological
space. By using the above mentioned classes of generalized fuzzy closed sets,
they introduced and studied the concepts of fuzzy normal space, fuzzy almost
normal space, and fuzzy mildly normal space.

In this paper, we introduce the concepts of fuzzy almost normal, fuzzy nor-
mal, fuzzy mildly normal spaces in fuzzy topological spaces in Kubiak-Sostak’s
sense and then, we investigate some of their characteristic properties. Our
results here represent a generalization of Krsteska and Kim’s study. We can
simply obtain their results by taking the r-cut to min.

2. Preliminaries

Throughout this paper, let X be a nonempty set and I is the closed unit
interval [0,1], I, = (0,1] and I; = [0,1). The family of all fuzzy subsets
on X denoted by IX. 0 and 1 denote the smallest and the greatest fuzzy
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subsets on X, respectively. For a fuzzy subset A € IX, 1 — X\ denotes its
complement. Given a function f : X — Y, f(\) and f~!(v) define the direct
image and the inverse image of f, defined by f(A)(y) = V)=, A(z) and
1) (x) = v(f(x)), Vv eI¥, z € X, respectively. For fuzzy subsets A and u
in X, we write Agu to mean that X is quasi-coincident (g-coincident, for short)
with p, i.e., there exists at least one point € X such that A\(z) + p(z) > 1.
Negation of such a statement is denoted as AGu. Notions and notations not
described in this paper are standard and usual.
Definition ([5, 7]). A function 7 : IX — I is called a fuzzy topology on X if
it satisfies the following conditions:

(01) 7(0) =7(1) = L.

(02) 7(A1 A X2) > 7(A1) AT(A2) for each A\, Ay € IX.

(03) 7(Vier Ai) > Nier 7(N;) for any {\;}ier C Ix.

The pair (X, 7) is called a fuzzy topological spaces (fts, for short). 7(\) may
be interpreted as a gradation of openness for A. A function f : (X, 71) — (Y, 72)
is said to be a fuzzy continuous if 71 (f~!(v)) > m(v) for each v € IY.

Theorem 2.1 ([2]). Let (X,7) be an fts. Then for each r € Iy, A € IX, one
defines an operator Cy : IX x Iy — IX as follows:

Crnr) = Npe XN <p, () >}

For \, p € I and r,s € Iy, the operator C, satisfies the following statements:

(C1) C7(0,r) =0.

(C2) A< Cr(A 7).

(C3) C-(\, r)\/C( r)=C.(AVpu,r).
(C )C’TE r) < (/\s)zfr<5

(C5) Cr(Cr(Asr),1) = Cr (A ).
Theorem 2.2 ([3]). Let (X,7) be an fts. Then for each r € Iy and X € I,
one defines an operator I. : IX x I — IX as follows:

L) =\/{pe X p<x7(w) >}

For A\, p € IX and r, s € Iy, the operator I, satisfies the following statements:
—Ar)=1-C(\1).
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[6]). Let (X, 7) be an fts, A € IX and r € Io.

(1) A fuzzy set A is called r-regular fuzzy open (for short, r-rfo) if A =
L(Cr-(\r),r).
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(2) A fuzzy set A is called r-regular fuzzy closed (for short, r-rfc) if A =
C (I (M), 7).
(3) A fuzzy set A is called r-fuzzy a-open (for short, r-fao) if

AL L(CA(L(N\r),7), 7).

A is called r-fuzzy a-closed (for short, r-fac) if and only if 1—\ is r-fao.
The r-fuzzy a-closure and r-fuzzy a-interior of A is defined by

aC-(\r) = /\{u eI | A< p, pis r-afc},
ol (A1) = \/{,u eI | p <\ pis r-afo}.

Definition. Let (X, 7) be an fts, A\, u € I and r € I,.

(1) A fuzzy set )\ is called r-generalized fuzzy closed (for short, r-gfc) if
C-(A,r) < g whenever A < pand 7(u) > r. A is called r-generalized
fuzzy open (for short, r-gfo) if 1 — A is r-generalized fuzzy closed.

(2) A fuzzy set A is called r-generalized regular fuzzy closed (for short,
r-grfc) if C-(A,r) < p whenever A < p and p is r-rfo. X is called r-
generalized regular fuzzy open (for short, r-grfo) if and only if 1 — A is
r-grfc.

(3) A fuzzy set A is called r-generalized fuzzy a-closed (for short, r-gfac) if
aCr(A, 1) < p whenever A < g and 7(u) > r. A is called r-generalized
fuzzy a-open (for short, r-gfao) if and only if 1 — A is r-gfac.

(4) A fuzzy set A is called r-generalized regular fuzzy a-closed (for short,
r-grfac) if aCr (A7) < p whenever A < g and p is r-rfo. A is called
r-generalized regular fuzzy a-open (for short, r-grfeo) if and only if
1— )\ is r-griac.

Remark 2.3. From the above definitions it is not difficult to conclude that the
following diagram of implications is true:

r-gfc set = r-grfc set
4 4
r-gfac set = r-griac set

Counter example 2.1. Let X = {a, b} and let Ay, py1 and v 1 are fuzzy
sets defined by

)\1(@) = 0.2, )\1([)) =0 47
pi(a) =09,  pi(b) = 0.4;
vi(a) =0.1, 141(b)=0.4
Define 71 and m on X as follows:
v 1, iA=0,1;
Ti(A) = N b To(A) = 1 if A= pq;
2, if A=y 2 :
3 : 0, otherwise.
0, otherwise,
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(1) In 7y, it can be shown that 14 is an i—gfozc set, but it is not an i—gfc
set. Also, v is an é—grfac set, but it is not an %—grfc set.

(2) In 7, v is an %-grfac set, but it is not an %—gfac set. Also, vp is an
%—grfc set, but it is not an %—gfc set.

Definition. Let f : (X, 1) — (Y, 72) be a function between fts’s (X, 71) and
(Y, 72). Then the function f is called:

(1) fuzzy regular continuous if f~1(v) is r-rfo for each v € I and r € I
such that 7o(v) > 7.

(2) fuzzy regular irresolute if f~1(v) is r-rfo for each v € IV, r € I such
that v is r-rfo.

(3) fuzzy almost regular generalized continuous if f~1(v) is r-grfo for each
v € IV and r € I such that m(v) > r.

(4) fuzzy almost continuous if 71 (f~1(v)) > r for each v € IV, r € I such
that v is r-rfo.

Definition. Let f : (X,71) — (Y, 72) be a function between fts’s (X, ) and
(Y, 72). Then the function f is called:

(1) fuzzy regular closed if f()) is r-rfc for each A € IX, r € Iy such that
T (N) > .

(2) fuzzy almost closed if 72(f(\)’) > r for each A € IX, r € Iy such that
A is r-rfc.

(3) fuzzy almost generalized closed if f()) is r-gfc for each A € IX, r € I
such that X is r-rfc.

(4) fuzzy almost regular generalized closed if f()\) is r-grfc for each A € IX,
r € Iy such that X is r-rfc.

3. Fuzzy normal spaces

Definition. An fts (X, 7) is said to be:

(1) fuzzy almost normal space if for each A1, Ao € I and r € I such that
(X)) > 7, Ay is r-rfc set and A;gAg, there exist u1, gs € IX such that
A1 < pr, Ag < po with piquo.

(2) fuzzy normal space if for each A1, Ao € I and r € Iy such that 7(\}) >
7, T(Ny) > 7 and \;@)\e, there exists pq, o € IX such that 7(uy) > 7,
T(p2) =7, A1 < pir, g < g and paqpa.

(3) fuzzy mildly normal space if for each A1, Ay € I and r € I such that
A1 and Ay are r-rfc sets and AjGAg, there exists py, pe € IX such that

T(pr) =7, T(p2) =7, A < pa, Ao < pg and py Guo.

Clearly, every fuzzy normal space is almost fuzzy normal space and every
fuzzy almost normal space is fuzzy mildly normal space, but the converse is
not true in general as the following example shows:
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Example 3.1. Let X = {z} and define the fuzzy sets u, v, p, v and w as
follows:

wx) =04, v(x)=07 px)=08, () =06, w(x)=0.2.

Define the fuzzy topologies 71, 75 as follows:

L ifA=0,L
o ifA=p;
n={ & I
0, otherwise.
L ifA=0L
%, ifA=v;
s, ifA=p;
SORS S
%, ifA=w;
0, otherwise.

(1) (X, ) is fuzzy mildly normal space but not fuzzy almost normal space.
(2) (X, 7o) is fuzzy almost normal space but not fuzzy normal space.

Theorem 3.1. Let (X, 7) be an fts. Then the following statements are equi-
valent:
(1) (X,7) is a fuzzy mildly normal space;
(2) For each pair of r-rfc sets A1, Ay € IX and r € Iy such that A\1G\a,
there exist r-rfo sets p1, po such that \y < p1, Ao < uo and w1 qus;
(3) For each pair of r-rfc sets A1, Ay € IX and v € Iy such that A\1G\a,
there exist T-gfo sets p1, pa such that A\ < p1, Ao < ps and piqus;
(4) For each pair of r-rfc sets A1, Ay € IX and v € Iy such that A\1G\a,
there exist r-gfaco sets py and pg, such that Ay < p1, Ay < po and

H1qpee;
(5) For each r-rfc set A € IX and each r-rfo set p € IX such that A < p,
there exists p € IX such that T(p) > r and

A< p < Crlp,r) <

(6) For each r-rfc set A € IX and each r-rfo set u € I such that A < p,
there an r-rfo set p € I such that

ASp<Crlpr) < s

(7) For each r-rfc set A € I and r-rfo set y € I such that A < yu, there
exists an r-gfo set p € IX such that

A<p<Crlp,r) < 3

(8) For each r-rfc set A € I and each r-rfo set u € I such that A < p,
there exists an r-gfoco set p € IX such that

A< p<aCr(pr) < p;
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(9) For each r-rfc set A € IX and each r-rfo set u € I such that A\ < u,
there exists an r-fao set p € IX such that
A< p<alr(pr) < g

(10) For each r-rfc sets A1, Ao € I and r € Iy such that A\1G\a, there exist
r-fao sets py and pa, such that Ay < py, Ao < ug and piqus.

Proof. (1) = (5) For each r € Iy, let A be r-rfc set and let 1 be an r-rfo set
such that A < p. Then Agl — p. By (1), there exist an r-rfo sets A\; and pq,
such that A < Ay, 1 — u < A; such that A1gu;. Thus

A<A <Cr(A,r) <1 —p < p

(5) = (2) Let Ay and A2 be an r-rfc set such that Ajgha. Then Ay <1 —XAs.

By (5), there exists p € IX such that 7(p) > r and

M < p<Cr(pr) <1 =X
It follows that

A1 < I-,—(CT(p,’I“),T) <1l-X
and

Ap <1-— C—,—(p,T) = IT(l_p7r)'

Then puy = I (C-(p,7),r) and ps = I (1—p,r) are r-rfo sets such that Ay < pq,
A2 < g and pyqpue.

(2) = (6) Let A\; be any r-rfc set and let A2 be r-rfo set such that A\; < As.
Then A7l — Aa. According to (2), there exist r-rfo sets 1 and ps such that
A1 < pp, 1= Ao < o and pyque. Let p = I (Cr(u1,7),7). Then p is an r-rfo
set such that

MZp<Crlpr) S1—pp < Ao
(6) = (2) Let A1 and A2 be r-rfc sets such that A\;gAa. Then A; <1 — Ao.
By (6), there exists r-rfo set p such that
M <p<Cr(pr) <1 =
For C;(p,r) <1 — Ay, there exists r-rfo set p such that
CT(paT) S M S C‘f‘(/J'aT) S l_ )\2~
Then Ay < 1-Cr(p,7) =L (L—p,7r), I;(1—p,r) is r-rfo set and pgl, (1 —pu,r).

(4) = (8) Let A; be an r-rfc set and let Ay be r-rfo set such that A; < As.
Then A1gl — Ao. By (4), there exist r-gfao sets py and ps such that Ay < g,
1— X2 < po and pyque. Since po is r-gfao set and 1 — Ay is r-rfc set, from
1— Ay < o follows that 1 — Ay < al;(pe,r). Thus

11— <alr(pg,r) <pp <1 —p.
Since 1 — I (u2) is an r-gfac set, from py < 1 — ol (ug,r), we obtain that
aCr(pr,r) < 1—al(u2,7).
Hence
A < pr < alr(pa,r) < Ao
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(8) = (9) Let Ay be an r-rfc set and let Ay be an r-rfo set such that A; < As.
Then A;1gl — p. By (8), there exists an r-gfao set py such that

A < < alCr(pr,r) < Ao

Since pp is an r-gfao set, from A; < py follows that Ay < al-(p1,7). Then,
wo = al (p1,7) is an r-fao set and

A < po < aCr(p,r) < aCr(pr,r) < Ao

(9) = (10) Let A1 and A be are r-rfc sets such that A\;gA2. Then \; < 1—Xs.
By (9), there exists r-fao set p1 such that

A < pn < aCr(pg,7) < 1= Ag.

Then ps =1 — aCr(p1,7) is an r-fao set and pqgus.

(10) = (1) Let Ay and As be are r-rfc sets such that A\;gAs. Then Ay < 1—Xs.
By (10), there exist r-fao sets g1 and ps such that Ay < g, A2 < po and pqgus.
Let p1 = IT(CT(IT(:U'hT)ar)aT) and p2 = IT(CT(IT(:uQa 7‘),7”), T)' Then T(pl) 2T
and 7(p2) > r and p1gp2. Hence (X, 7) is a fuzzy normal space.

The implications (1) = (3) = (4), (3) = (7) = (8) and (2) = (1) are
trivial. O

Theorem 3.2. Let (X,7) be an fts. Then the following statements are equi-
valent:

(1) (X,7) is a fuzzy normal space (resp. fuzzy almost normal space);
(2) For each A1, Ao € IX and r € Iy such that T(\}) > 7, 7(\y) > 7 and
A1G N2, there exist r-rfo sets py, pe such that A\ < p1, Ao < uo and

H1qp;
(3) For each A1, Ao € I* and r € Iy such that T(\}) > r, T7(\y) > r and

A1G\2, there exist r-gfo sets uy, po such that Ay < p1, Ao < uo and

H1qhi2;
(4) For each A1, Ay € IX and r € Iy such that T(\}) > r, 7(\y) > r and

A1G e, there exist r-g fao sets py and pa, such that Ay < py, Ao < g

and p1qpa;
(5) For each A1, Ay € IX and r € Iy such that 7(\}) > r, 7(X2) > r and
A1 < \g, there exists p € I such that T(p) > r and

A < p<Cr(pr) < Ag;

(6) For each A1, Ay € IX and r € Iy such that 7(\}) > r, 7(X2) > r and
A1 < Xo, there an r-rfo set p € IX such that

M <p<Cr(pr) < Ag;

(7) For each A1, Ay € IX and r € Iy such that 7(\}) > r, 7(X2) > r and
A1 < Xo, there exists an r-gfo set p € IX such that

M <p<Cr(pr) < Ag;
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(8) For each A1, Ao € IX and r € Iy such that T(\}) >, 7(\2) > 7 and
A1 < Ag, there exists an r-gfao set p € X such that

M < p < aCr(pr) < hu;

(9) For each A1, Ao € I* and r € Iy such that T(\}) > r, 7(A2) > 1 and
A1 < Ay, there exists an r-foco set p € IX such that

A< p<ali(pr) < Ay

(10) For each A1, Ay € I and r € Iy such that T(\}) > r, 7(\y) > r and
A1GNe, there exist r-fao sets p1 and pg, such that Ay < p1, Aa < g
and [y qpe.

Proof. Tt is clear from Theorem 3.1. O

Theorem 3.3. Let (X,71) and (Y, 72) be fts’s such that (X,71) is a fuzzy
normal space. If f : (X,71) — (Y,72) is a fuzzy almost continuous, fuzzy
almost closed and surjective function, then (Y,72) is a fuzzy mildly normal
space.

Proof. For each r € Iy, let vy, v € IY be r-rfc sets such that v;qus. Since f
is a fuzzy almost continuous function, 71(f~1(v1)") > r, 71(f~*(r»)) > r and
F~Y(v1)@f Y (v2). Since (X, 1) is a fuzzy normal space, there exist i1, ps € I
such that 71 (u1) > 7, 71 (p2) > r and f=1(vy) < py, f1Hve) < po with pyqus.
Since I, (Cy, (u1,7),r) and I (Cr, (u2,7),7) are r-rfo sets and

IT1 (CTl (,ul,’f’)77‘)(j17—1 (CTl (/JQ,T)7T).
Furthermore,
Y wi) < pi < I, (Cyy (i, 7), ) for each i € {1,2}.

Since f is fuzzy almost closed, there exist 71, 72 € IY such that mo(y1) > 7,
To(y2) > rand v; < p, Vo < 72 with

7 Hv) < I, (Cr, (pisr), ) for each i € {1,2}.
Moreover 71gv2. Hence (Y, 72) is a fuzzy mildly normal space. O

Corollary 3.4. Let (X, 71) and (Y, m2) be fuzzy topological spaces and let (X, 1)
be a fuzzy normal space. If f : (X, 71) = (Y, 72) is a fuzzy almost continuous
and fuzzy closed function, then (Y, 72) is a fuzzy mildly normal space.

Corollary 3.5. Let (X, 11) and (Y, 2) be fuzzy topological spaces and let (X, 11)
be fuzzy mildly normal space. If f : (X,71) — (Y, 72) is a fuzzy almost contin-
uous, fuzzy almost closed and fuzzy open (resp. fuzzy continuous, fuzzy closed,
fuzzy open) function, then (Y, 72) is a fuzzy mildly normal space.

Theorem 3.6. Let (X, 71) and (Y, 2) be fuzzy topological spaces and let (Y, T2)
be a fuzzy mildly normal space (resp. fuzzy normal space). If f: (X, 7)) —
(Y,72) is a fuzzy almost regular generalized continuous, fuzzy regular closed
(resp.  fuzzy almost closed) injective function, then (X,71) is a fuzzy mildly
normal space.
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Proof. For each r € I, let A1, Ay € IX be r-rfc sets such that A\;g\s. Since f is
a fuzzy regular closed (resp. fuzzy almost closed) injective function, f(A;) and
f(A2) are r-rfc sets (resp. 72(f(A1)") > r and 72(f(A2)") > 7). Since (Y, 72) is
a fuzzy mildly normal (resp. fuzzy normal) space, there exist vy, vo € IY such
that 7o(11) > 7, T2(v2) > r and f(A\) < v1, f(A2) < v with vy grse.

Now let v = I,(Cr,(v1,7),r) and let vo = I, (Cr,(v2,7),7). Then v1, v2
are r-rfo sets such that f(A1) < v, f(A2) < 72 and v1¢7y2. Since f is a fuzzy
almost regular generalized continuous function, then f=1(y1) and f~!(vy2) are
r-rgfo sets. Furthermore, A < f~1(71), da < £~ (12) and £~ (11)2f " (72)-
Hence by Theorem 3.1, (X, 1) is a fuzzy mildly normal space. O

Theorem 3.7. Let f: (X,71) = (Y, 72) be a fuzzy reqular continuous, fuzzy
almost generalized closed and surjective function. If (X,71) is a fuzzy mildly
normal space, then (Y, 72) is a fuzzy normal space.

Proof. For each r € Iy, let vy, va € IY such that 7(v]) > 7, 72(v4) > r and
v1que. Since f is fuzzy regular continuous, f~!(v1) and f~1(vy) are r-rfc sets
with f=1(11)@f~*(v2). Since (X,71) is fuzzy mildly normal, there exist Ay,
Xy € IX such that 71(\1) > r, 71(A2) > 7 and f~ (1) < Ay, f7He) < Ao
with Alqu.

Let py = I, (Cr, (A1, 7),7) and let ps = I, (Cr, (A2, 7),7). Then clearly 4
and po are r-rfo sets such that f=1(v1) < 1, f~1(v2) < o and pyqus. Since
f is fuzzy almost generalized closed, there exist v, y2 € IY such that v, ¥
are r-gfo sets and v; < y1, va < ¥, fH(71) < w1 and f7(y2) < po. Since
11qpe, then v1gye. But 41, v2 are r-gfo, vy < I, (y1,7) and vo < I, (y2,7).
Furthermore I.,(y1,7)dl, (v2,7). Hence (Y, 72) is a fuzzy normal space. O

Corollary 3.8. Let f: (X, 71) = (Y, 72) be a fuzzy regular continuous, fuzzy
closed and surjective function. If (X, 71) is a fuzzy mildly normal space, then
(Y, 12) is a fuzzy normal space.

Theorem 3.9. Let f : (X,71) = (Y,72) be a fuzzy regular irresolute (resp.
fuzzy almost continuous), fuzzy almost regular generalized closed and surjective
function. If (X, 11) is a fuzzy mildly normal space (resp. fuzzy normal space),
then (Y, 72) is a fuzzy mildly normal space.

Proof. For each r € Iy, let vy, vo € IV be r-rfc sets such that v1grs. Since f
is a fuzzy regular irresolute (resp. fuzzy almost closed ) function, f~!(v1) and
f~ () are rrfc sets (vesp. 71 (f (1)) > 7, 1 (f~(v2)’) > r ) such that
FY(n)gf(v2). Since (X, 7) is a fuzzy mildly normal space (resp. fuzzy
normal space), there exist A\;, Ay € I such that f=1(vy) < A, £~ Ha) < Ao
and )\1(})\2.

Let py = I, (Cr, (A1, 7),7) and let po = I, (Cr, (A2, 7),7). Then clearly puq,
po are r-rfo sets such that f=1(v1) < p1, f~1(v2) < 2 and pigus. Since f
is a fuzzy almost regular generalized closed function, there exist vi, v € IV
such that v and v are r-grfo sets, v1 < 71, va < 72, f (1) < py and
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F71(y2) < pa. Since ju1qua, then v1Gy2. Hence (Y, 73) is a fuzzy mildly normal
space. U

Corollary 3.10. Let f: (X, 1) — (Y, 72) be a fuzzy almost continuous, fuzzy
almost closed and surjective function. If (X,71) is a fuzzy normal space, then
(Y, 72) is a fuzzy mildly normal space.

Proof. The proof is determined straightforward. O
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