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STABLE INDEX PAIRS FOR DISPERSIVE
DYNAMICAL SYSTEMS

YooN HOE GOO AND JONG-SUH PARK

ABSTRACT. We construct the index pairs of an isolated neighborhood for
a dispersive dynamical system and investigate the existence of an index
pair which is stable under small perturbations of the dispersive dynamical
systems.

1. Introduction

The Conley index theory, the origin of which goes back to the famous
Wazewski Retract Theorem [9], has become an important tool in the quali-
tative study of differential equations. The theory provides cohomological or
homotopic invariants of isolated invariant sets of flows and yields existence
results in differential equation. The foundations of the theory, in a locally
compact setting, were established by R. Churchil [1], J. Montgomery [11], C.
Conley [2], and by H. Kurland [9]. K. Rybakowski [13] extended the theory to
the case of non-locally compact spaces. The theory is now designated as the
Conley index theory because of the significant role played by C. Conley in its
development.

There is a formal similarity between the above indices of the isolated invari-
ant set and the fixed point index [4] of a continuous map. Recently the fixed
point index has been extended to the case of a multi-valued admissible map
[8]. Thus there is a question if a similar generalization is also possible in case
of a general dynamical system.

Such a generalization would be useful in direct applications to differential
equation without uniqueness as well as in situations where the classical Conley
index is used in course of a proof but extra assumptions or extra verifications
are needed to ensure uniqueness [10].
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E. Dancer mentioned in [3] that an approximation technique could provide a
partial extension of the Conley theory to the case of general dynamical systems
defined by differential equations without uniqueness.

In this paper we construct the index pairs of an isolated invariant set of a
dispersive dynamical system on a metric space. Such a topological approach,
contrary to the approximation technique, seems to be closer in spirit to the
original Conley index. Additionally it allows applications to differential inclu-
sions.

Our work is organized as follows. In Section 2, we study some properties
of I-solution for dispersive dynamical systems. In the following section we
investigate the existence and properties of index pairs. In the last section
we provide that the index pairs are stable under small perturbations of the
dispersive dynamical system.

2. General dynamical systems

Let X be a topological space. We will denote by 2% the set of all nonempty
compact subsets of X.

Definition 2.1. Let (X,d) and (Y, p) be metric spaces and let f : X — 2V.
The map f is said to be (1) upper semicontinuous (usc) at x € X if for each
€ > 0, there exists § > 0 such that

d(z,z) < ¢ implies f(z) C B,(f(x),¢),

(2) lower semicontinuous (Isc) at z if for each € > 0, there exists § > 0 such
that

d(z,z) < ¢ implies f(z) C B,(f(2),¢).

The map f is said to be continuous at x if f is upper and lower semicontinuous
at .

It is easy to prove the following proposition.

Proposition 2.2. Let (X,d) and (Y, p) be metric spaces and let f: X — 2V
Then
(1) f is usc at x € X if and only if for any open neighborhood U of f(x),
there exists an open neighborhood V of x such that f(z) C U for all z € X.
(2) f is isc at x € X if and only if for any open set U with f(z) NU # 0,
there exists an open neighborhood V' of x such that f(z) U #£ 0 for all z € V.

Proposition 2.3. Let (X,d) and (Y, p) be metric spaces and let f : X — 2V
(1) If f is usc at © € X, then xz, — z,y, € f(z,) and y, — y implies
y € f(a).
(2) If X is compact, then the inverse of (1) holds.

Proof. (1) Suppose f is usc at x € X and let € > 0. Then there exists § > 0
such that d(z,z) < 0 implies f(z) C B,(f(z), 5). Also, there exists a positive

).
integer n such that d(z,z,) < § and d(y,y,) < 5. Therefore we have y, €
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f(zn) C B,(f(),5) and so there exists z € f(x) such that p(y,,z) < §. Since
p(y,2) < p(Y,yn) +p(Yn,2) < 5+ 5 =¢, we have z € B,(y,e) N f(x). Hence it
follows that y € f(z) = f(z).

(2) Suppose f is not usc at « € X. Then there exists € > 0 such that for any
§ > 0, there exists z € By(z,0) such that f(z) € B,(f(z),e). Therefore for any
positive integer n, there exists z, € By(w, ) such that f(z,) € B,(f(z),¢).
Also there exists y, € f(xn) — B,(f(x),€). Since X is compact, (y,) has a
convergent subsequence. Let y, — y. Since x,, — z, we have y € f(x). But
since p(yn, f(x)) > € for all n, we have p(y, f(x)) > €. This is a contradiction.
Hence f is usc at « € X. This completes the proof. O

Continuing on in the same vein, we state another condition that is equivalent
to upper semicontinuity.

Proposition 2.4. Let (X,d) and (Y, p) be metric spaces and let f: X — 2V,
Then f is usc if and only if for any open setU C Y, f~Y({U)={zx € X | f(z) C
U} is open in X.

Proof. Suppose f is usc. Then for any x € f~1(U), we have f(z) C U. By
Proposition 2.2, there exists a neighborhood V of = such that z € V implies
f(2) C U. Therefore we have V C f~1(U) and so f~1(U) is open in X.
Conversely, let z € X and let U be any open neighborhood of f(x). Then
V = f~YU) is a neighborhood of x and for any z € V we have f(z) C U. By
Proposition 2.2, f is usc at . Hence f is usc and so the proof is complete. [

Proposition 2.5. Let f : X — 2Y be usc. If K is a compact subset of X, then
f(K) is a compact subset of Y.

Proof. Let {U, | @ € A} be an open cover of f(K). For each z € K, since f(x) is
compact, there exists a finite subset A, of A such that f(z) C ,c, Ua- Since
f is usc, there exists a neighborhood V,, of « such that f(V,) C UaeAw U,. Since
K is compact, there are finitely many z1,...,z, € K such that K C U?Zl Vs -
Then

n n

rEcrJve)=Urvzocly U Ve

i=1 i=1 i=1a€A,,
Thus f(K) is compact. O

We denote the set of all real numbers, nonnegative real numbers, and non-
positive real numbers by R, R™ and R™, respectively.

Definition 2.6. An usc mapping f : X x R — 2% is called a dispersive
dynamical system if the following conditions are satisfied:

(1) For all x € X, f(x,0) = {z};

(2) For all s,t € R with st > 0 and all z € X, f(f(z,s),t) = f(x,s+1);

(3) For all z,y € X, if y € f(x,t), then z € f(y, —t).
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The sets f({z} x R), f({z} x R"), f({z} x R™) will be called the trajec-
tory, the positive trajectory and the negative trajectory of = and denoted by
f(x), fH(z), f~(x), respectively.

In the following argument, all of the notations and results are stated with
respect to a given dispersive dynamical system f defined on a metric space X.

Definition 2.7. Let I C R be an interval. By a I-solution of f in N C X we
mean a continuous map o : I — N such that

o(t) € f(o(s),t —s) for all s,tel.

We will say that the solution o originates at z € X if 0 € I and 0(0) = =.
A [0, t]-solution ([¢,0]-solution in case ¢ < 0) o of f in N will be called a t-
connection from x to y provided o(0) = z,0(t) = y. The set of all I-solution
of f in N and the set of all I-solutions originating at = will be denoted by
soln(I), soln(I,x), respectively. We will also write conny (¢, z,y) for the set
of all t-connections from z to y in N. In case N = X the subscripts N in soly
and conny will be omitted.

We have the following basic facts [3, 4, 6, 7, 8, 9, 10].

Proposition 2.8. If o1 and oy are solutions of f on [a,b] and [b,c|, respec-
tively, with o1(b) = o2(b), then the concatenation o of o1 and oo defined by

o Ul(t), t e [a,b]
o(t) { oa(t), te b

is a solution of f on [a,c].

Proposition 2.9. Let y € f(z,t1 — o), where tg < t1. Then there exists a
solution o : [to,t1] = X such that o(ty) = x,0(t1) = y.

Proposition 2.10 (Barbashin’s Theorem). Let (0,,) be a sequence of solutions
on : [to,t1] = X and let 0,(tg) — x. Then there exist a subsequence (o) of
(on) and a solution T : [to,t1] — X such that (o,,) converges uniformly to T
on [to, t1].

We shall investigative some properties of I-solution for a dispersive dynam-
ical system f which will be used in the next section.

Proposition 2.11. If I,J are compact intervals such that I C J, then for
every I-solution o there exists a J-solution T being an extension of o.
Proof. Let I = [b,c] and J = [a,d]. Put 29 = o(b) and 21 = o(c). Choose
Yo € f(xo,b—a) and y; € f(x1,d — ¢). Since 29 € f(yo,b — a), by Proposition
2.9, there exist solutions v; : [0,b —a] = X and 72 : [0,d — ¢] = X such that
71(0) = Yo, 71(b — a) = x0,72(0) = 21,72(d — ¢) = y1. Define 7 : [a,d] — X by

7t —a), t<b

T(t) =< o(t), b<t<e
Y(t—c), t>c.

Then 7 is a solution being an extension of o. (]
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Proposition 2.12. Assume N C X is compact, and sequences (x), (yn) C
N, (t,) C R are convergent: T, — T, Yy —> Yy, tn —> t. If conny (tn, Tn,Yn) # 0,
then conny (t,z,y) # 0.

Proof. First consider the case t > 0. There exists a sequence (o) of solutions
on i [0,t,] = N such that 0,(0) = z,,0,(t,) = y, for all n. Choose a number
T > t. We may assume that t,, < T for all n. By Proposition 2.11, there exists
a sequence (7,) of solutions 7, : [0,7] — X being an extension of o, for all
n. By Proposition 2.10, there exist a subsequence (7,,,) of (7,) and a solution
v :[0,7] — X such that (7,,) converges uniformly to v on [0, T].
Let 0 < s < t. We may assume that s < ¢, for all 7. Since
~v(s) = lim 7,,,(s) = lim o,,(s),
1— 00 11— 00

we have 7(s) € N. Since 7 is continuous, y(t) = lim,_,;- v(s) € N. Thus we
have

Ylo,g : [0,] = N.

We have v(0) = lim; ;00 Ty, (0) = lim; 00 0, (0) = lim; o0 2, = 2. Given any
€ > 0, there exists 0 > 0 such that if [t — s| < 0, then d(v(t),7(s)) < §. Since
(Tn;) converges uniformly to v on [0,T],yn, — y and t,, — t, there exists k
such that

d(Tn, (s),7(s)) < % for all s €[0,T], d(yn,,y) < and [t —tp,| < 4.

<
37

Then we have

d(v(t),y) < d(y(t),¥(tn,) + d(y(Eni)s Toy (Eny.)) + d(Tny (i), y
= d(v(t),v(tn,)) + d(V(tny), Tny (tny,)) + d(on, (Eny), y)
d(y(£),7(tn, ) + d(y(Eni)s T (Eni)) + dYni> )
€L €, €
3 3 3 '
Thus (t) = y and so v|jo,q € conny (L, z,y).
The proof of the case t < 0 is similar. (I

We conclude the section with the following proposition.

Proposition 2.13. Assume N is compact, and (x,) C N is a sequence such
that x,, — x. Then

(a) Let (t,) C RY be a sequence such that soln([0,t,],z,) # O for all n. If
tn, — 00, then soly (RY,x) # .

(b) Let (tn,) C R™ be a sequence such that soln([tn,0],2n) # O for all n. If
t, — —oo, then soly(R™,x) # 0.

Proof. (a) We may assume that t,, < t,41 for all n. Let oy, € soln([0,t], ).
Since 0,,(0) = x,, — =, by Proposition 2.10, there exist a subsequence (o) of
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(0,,) and a solution 7 : [0,¢;] — X such that (o,,) converges uniformly to 7,
on [0,¢;]. We have

71(0) = lim 0,,(0) = lim z,, = lim z, = x.
i—oo i—oo ' m—oo

Since 71 (s) = lim;_,o0 0p,(s) € N for all s € [0,%1], we have 71 : [0,1] — N.
We may assume that ny > 2. Since o,, = x,, — x, by Proposition 2.10,
there exist a subsequence (o, ) of (0,,) and a solution 7 : [0,f2] — X such
that (op, ) converges uniformly to 75 on [0,ts]. Clearly 72 : [0,%2] — N. Since
T2(8) = limg— oo Ons, (8) = lim;—y 00 0y, (s) = 71(s) for all s € [0,¢1], we have
T = 71 on [0,¢;]. Repeating this process, we obtain a sequence (7,,) of solutions
Tn : [0,t,] = N such that 7,41 = 7, on [0,¢,] for all n. Define v : Rt — N by
Y0(0,6n] = Tn- Then 7 € soly (R, z).

(b) Tt is similar to the proof of (a). O

3. Existence of index pairs and their properties

In this section we investigate the existence of an index pair for an isolating
neighborhood and its properties. Let N be a compact subset of X. Define a
map fy: N xR — 2V by

In(z,t) ={y € N | conny(t,z,y) # 0}.
Proposition 3.1. The mapping fn is a dispersive dynamical system.

Proof. Let (z,t) € N x R. We may assume that ¢ > 0. Let (y,) be a sequence
in fy(z,t). For each positive integer n, there exists a solution o, : [0,¢] —
N such that ¢,(0) = z and 0,(t) = y,. Since N is compact, (y,) has a
convergent subsequence. Let y, — y € N. By Barbashin’s Theorem, there
exist a subsequence (o,,) of (¢,) and a solution o : [0,t] — X such that (o,,)
converges uniformly to o on [0,t]. Since o(s) = lim; o0 0y, ($) € N, we have
o :[0,t] — N. Since
0(0) = lim 0y,,(0) =z and o(t) = lim oy, (t) = lim y,, =y,
11— 00 1—00 1—00

we have y € fy(x,t). Thus f(x,t) is compact.

Assume that fy is not usc at (x,t). There exists ¢ > 0 such that for any
0 > 0 there exist y € N, s € R such that

d(z,y) <0, [t—s| <6, fn(y,s) € B(fn(x,t),e).

For each positive integer n, there exist z,, € N,t,, € R such that

d(z,z,) < %, [t —s] < %, In(zn,tn) € B(fn(z,1),¢).

Let y, € fn(Tn,tn) — B(fn(x,t),e). Since N is compact, (y,) has a conver-
gent subsequence. Let y, — y € N. Since z, — =z,t, — t,y, — vy, and
conny (tn, Tn, yn) 7 0 for all n, by Proposition 2.12, we have conny (¢, z,y) # 0.
Thus y € fy(x,t). This is a contradiction. Hence fy is usc.
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The verification of properties (1) to (3) of Definition 2.6 is straightforward.

O
Given a subset N C X, we introduce the following notation
inv™N = {x € N |solnR", z)# 0},
inv” N = {xz €N |soly(R™,z)# 0},
inuN = {z € N|soln(R,z)# 0}.

By Proposition 2.8, we have invN = invt N Ninv™ N.

Let diamyf = sup{diamf(z,t) | x € N, 0 < t < 1} and dist(A,B) =
inf{d(z,y) |z € A, y€ B}, A,B C X.If A C X, we denote the boundary of A
by OA, its interior by intA, and let B(A,¢) = {x € X | d(z, A) < &} for € > 0.

Definition 3.2. A compact set N C X is called an isolating neighborhood for
a dispersive dynamical system f if

B(invN,diamy f) C intN,

or equivalently
dist(invN,0ON) > diamy f.

Definition 3.3. Let IV be an isolating neighborhood for a dispersive dynamical
system f. A pair P = (Py, P2) of compact subsets P, C P, C N is called an
index pair if the following conditions are satisfied

i) f(Pyt)NNC P, i=1,2, 0<t<1;

(11) f(Pl_PQ,t) CN, 0<t<1;

(iii) invN C int(Py — Ps).

Our first aim is to prove the following result.

Theorem 3.4. Let N be an isolating neighborhood for a dispersive dynamical
system f and W a neighborhood of inuN. Then there exists an inder pair
P = (P, P,) for N with P, — P, C W.

The proof is based on several lemmas. First, given N C X,s € N,7 € RT,
the following notation will be used

In-(x) = {y€N|connn(t,z,y) # 0},
fN7_7—(93) = {y eEN ‘ connN(—T,x,y) 7£ @},
i@ = U fve@), fx@) = fa-r(@).
reR+ reR+

Lemma 3.5. If N C X is compact, then the map fy. : N — 2V is usc for
any T € R.

Proof. Tt is enough to prove that the assertion for 7 € R since the case of a
negative 7 is analogous. Suppose that fy . is not usc at & € IN. There exists
€ > 0 such that for each § > 0 there exists y € N such that d(z,y) < ¢
and fn r(y) € B(fn,-(z),€). For each positive integer n, there exists x,, € N



42 YOON HOE GOO AND JONG-SUH PARK

such that d(x,x,) < % and fnr(z,) € B(fn-(x),€). Let yn € fnr(z,) —
B(fwn,-(z),e). There exists a solution o, : [0,7] — N such that ¢,(0) = z,,
and o, (7) = yp. Since 0,(0) = z, — z, by Barbashin’s Theorem, there exist
a subsequence (o,,) of (0,) and a solution « : [0,7] — X such that (o,,)
converges uniformly to v on [0, 7]. Clearly « : [0,7] — N. Since N is compact,
(yn,) has a convergent subsequence. Let y,, — y € N. We have

~(0) = lim 0,,(0) = lim z,, = lim «, = z,
11— 00 71— 00 n—oQ

v(7) = lim oy, (1) = lim y,, = y.
71— 00 11— 00

Thus y € fn,-(x). Since d(yn, fn-(z)) > € for all ¢, we have d(y, fv -(x)) > €.
This is a contradiction. Hence fy , is usc. O

Lemma 3.6. Suppose that D(fn,.) = {x € N | fn.(x) # 0} are nonempty
for all 7 € R. Then invN is nonempty. Moreover, invt N = (| _cp+ D(fn,r)

and inv™ N =\ cp- D(fn.7).

Proof. Since {D(fn,) | 7 € RT} is a family of nonempty closed sets with
finite intersection property, K = N,;ecr+D(fn,-) is nonempty. We prove that
invT N = K. The proof for inv™ N is analogous and the conclusion for inv N
follows from Proposition 2.8. The inclusion invt N C K is obvious. Let x € K.
For each positive integer n, there exists a solution oy, : [0,n] — N such that
0,(0) = x. By Proposition 2.13, there exists a solution o : R* — N such that
o(0) = z. Thus z € invt N. O

Lemma 3.7. If N C X is compact, then
(a) the sets invT™ N, inv™ N and invN are compact,
(b) if A is compact with inv™N C A C N, then f(A) is compact.

Proof. (a) Obvious.

(b) It is sufficient to show that f5 (A) is closed. Let y € f(A). There exists
a sequence (yy,) in f3(A) such that y,, — y. For each positive integer n, there
exist t, € RT and a solution o, : [0,t,] — N such that o,(t,) = y, and
o, (0) € A.

Case 1 : (t,) is bounded. (¢,) has a convergent subsequence. Let ¢, — ¢ €
R*. By Proposition 2.12, we have y € fn(A) C fi(A).

Case 2 : (ty,) is unbounded. We may assume that ¢,, — oo. For each positive
integer n, define 7y, : [—t,0] = N by v, (t) = on(t +1,,). Since 7, is a solution
and P)/n(o) = Jn(tn) = Yn, We have fN,ftn (yn) 7& @7 that is y, € D(fN,ftn)‘
Thus we have

y€ [ D(fn—t,) =inv"N C AC f}(A).

n=1

Hence f(A) is closed. O
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Lemma 3.8. If K C N is a compact subset of X with K NinvtN = {
(respectively, K Ninv™ N = (), then

(a) there exists T € R (respectively, R™) such that fn(K) = 0 for all
7 > T (respectively, T <T);

(b) the map fx (respectively fx) is usc on K;

(¢) fa(K)Ninvt N =0 (respectively, fy Ninv™ N = 0).

Proof. (a) Assume that K NinvtN = (). For each z € K, since x ¢ inv™ N,
by Lemma 3.6, there exists ¢, € R* such that fy ., (z) = 0. Since fn ., is usc,
there exists a neighborhood V;, of z such that fn ., (y) = 0 for all y € V,,. Then
the family {V, | x € K} is an open cover of K. Since K is compact, there
are finitely many z1,...,z, € K such that K C U}_;V,,. Let T = maxt,,. If
7 > T, then

fN,T(K) - fN,T(U V:vL) = U fNﬂ'(V:Ei) - U fN,twi (le) = (Z)
=1 =1

i=1

Thus fN,T (K) = @

(b) For any open subset U of X, (f5) Y(U) = U,ecgr+(fn,-)~1(U) is open.
Thus f; is usc.

(c) Let x € fi(K)NinvtN. Since x € f(K), there exist 7 € R* and a
solution oy : [0,7] — N such that o1(7) = z and 01(0) € K. Since = € inv™ N,
there exists a solution o5 : RT — N such that 2(0) = z. Define o : RT — N
by

] au(2), o<t<r
U(t){ oo(t—7), t>T.

Since o is a solution and o(0) = 01(0) € K, we have o(T) € fnr(K)Ninv" N.
This is a contradiction. Thus f3 (K) NinvT N = 0. O

Lemma 3.9. If N is a compact subset of X, then for any neighborhood V of
inv™ N there exists a compact neighborhood A of inv™ N such that fi(A) C V.

Proof. Since N —V is compact and (N —V)Ninv™ N = ), by Lemma 3.8, there
exists T € R* such that fN-r(N=V)= (. For each x € inv™ N, since fnr
is usc, there exists a compact neighborhood V, of x such that fyr(V;) C V.
Since inv~ N is compact, there are finitely many points z1,...,z, € inv™ N
such that K Cc U, V,,. Let A =U}_,V,,. Then A is a compact neighborhood
of inv™ N and

n

fna(A) C (| JVe) = fvr(Va,) C V.
i=1

i=1
Let y € f(A). Then there exist 7 € Rt and 2 € A such that y € fy,(z). If
7 < T, then

Yy € fnq-(z) C fn-(A) C fnr(A) CV.
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If 7 > T, then we have x € fn,_-(y) C fn,—r(y). Since fn_7(N —V) =0, we
have y € V. Thus f(A4) C V. O

Proof of Theorem 8.4. Since N is an isolating neighborhood, we have
invlN C B(invN, diamy f) C inuN.

Thus we may assume that W C intN. Choose 0 < ¢ < dist(invN,ON) —
diamy, f and let v = e4+diamy f. Since v < dist(invN,IN ), we have B(invN, )
C intN. Since the set {v € X | f(x,[0,1]) C B(invN,v)} is an open neigh-
borhood of invN, we may assume that f(W,¢) C intN for all 0 < ¢ < 1. Let
U and V be open neighborhoods of inv™ N and inv™N, respectively, such that
UNV c W. By Lemma 3.9, there exists a compact neighborhood A of inv™ N
such that f5(A) C V. We define

Py = fy(A), Po=fy(P—U).

Then P, C V and Py —U C P, which implies that Py — P, C U. Thus P, — P, C
UNV c W. We verify that (P, P2) is an index pair. By Lemma 3.7, P; is
compact. Since P; — U is compact, by Lemma 3.7, P, is compact. We have

Py = [ (P =U) C [x(P1) = [ (fx(A) = [ (A) = Pr.

To verify (i), let z € P; and y € f(x,t) N N. Since = € P;, there exist 7 € R
and a solution o7 : [0,7] — N such that o1(7) = = and 01(0) € A in the case of
i =1, 01(0) € P — U in the case i = 2. There exists a solution o5 : [0,t] = N
such that 02(0) = = and o2(t) = y. Define v : [0,7 +t] — N by

(s) = o1(s), 0<s<r
NS = oo(s—7), T<s<T+t.

Then + is a solution and v(0) = 1(0),y(7 +t) = 02(t) = y. Thus y € P;. Since
Py — P, C W, we have f(P; — Py, t) C f(W,t) C N for all 0 < ¢ < 1. Thus (ii)
is verified. In order to verify (iii), observe that P; is a neighborhood of inv™N.
Since Py — U is compact and (P — U) Ninv™ N = @, by Lemma 3.8,

Pyninvt N = fi (P —U)Ninv™ N = 0.

Thus N — P, is a neighborhood of invtN. Hence P — P, = PLN (N — P,) is
a neighborhood of inv™ N Ninv™N = invN. O

We shall now discuss several properties of index pairs which will be used in
next section. In the remainder in this section, we denote f(z,1) by F(x).

Proposition 3.10. (a) If P is an index pair for N, then (P1 N F(Py)) — (PaN
F(P,)) = P, — P,.

(b) If P and Q are index pairs for N, then so is PN Q.

(¢) If P C Q are index pairs for N, then so are (P;, P N Q2) and (P, U
Q2, Q2).
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Proof. (a) We have (PLUF(P,))— (PUF(P)) = P, — (P,UF(P)) C P, — Ps.
Let x € P, — Py. If x € F(P,), then we have x € F(P,) NN C P,. This is a
contradiction. Thus z € (Py U F(Py)) — (P, U F(P2)).
(b) Verification of (i) and (ii) is obvious. For (iii), let us note that

int(P1 — Pg) N Z"I”Lt(Ql — QQ) C Z"/lt(Pl NQ1 — <P2 N QQ))

- int(P1 NQ1 — (P2 U Qg))
(¢) Obvious. O
Proposition 3.11. Let P C Q be index pairs for N such that P, = Q1 or
= Q2. Define a pair of sets G(P,Q) by
Gi(P,Q) =P U(F(Q)NN), i=12.

Then (a) if P, = Q;, then G;(P,Q) =P, =Q;, i=1,2;

(b) PCG(P,Q) CQ;

(¢) G(P,Q) is an index pair;

(d) F(Q:) NN C Gi(P,Q), i=1,2.
Proof. (a), (b) and (d) are clear. It remains to prove that (c). For (i), let
x € G( . Q),y € F(x)NN. If z € P;, then y € F(P,))NN C P, C G;(P,Q).
Ifz € F(Q;)NN C Q;, then y € F(Q;) NN C P, C G;(P,Q). For (ii), since

G1(P,Q)=PiU((F(Q1)NN)CPLUQL = Q1, P C Gz(P,Q), we have

Gl(PaQ) - GQ(PaQ) - Ql -
If P, = @1, we have F(G1(P,Q)—G2(P,Q)) C F(Q1—P,) = F(Pi—P,) C N.If
P, = QQ, we have F(Gl(P, Q) — GQ(P, Q)) C F(Ql — Pg) = F(Ql — Qg) C N.
For (iii), we show that (P — P3) N (Q1 — Q2) C G1(P,Q) — G2(P,Q). Let
AS (Plfpg)ﬂ(QlfQQ). Since P1 C Gl(P,Q) and GQ(P,Q) :PQU(F(QQ)Q
N) C P,UQ2 = Q2, we have y € G1(P,Q) and
inuN C mt(Pl — PQ) N Zﬂt(Ql — Qg)
C int((Pr— P2)N(Q1— Q2))
c nt(G1(P,Q) — G2(P,Q)) . O

Proposition 3.12. Let P C Q) be index pairs such that Py = Q1 or Py = Q.
Then there exists a sequence of pairs

P=Q"cQ"'c.--c'c@'=Q
with the following properties:
(a) if P =Q;, then Q¥ = P, =Q; forallk=1,2,...,n—1,i=1,2;
(b) QF is an index pair for all k =1,2,...,n — 1;
(c) FQH NN cCc Q¥ i=1,2,k=0,1,...,n— 1.

Proof. We denote Q° = Q, Q"' = G(P,Q*). By Proposition 3.11, (QF) is a
decreasing sequence of index pairs containing P and satisfying (a), (b) and
(¢). Tt remains to show that Q™ = P for some n. Suppose that the inclusion
P C Q% is strict for all k. We may assume that Q% # P, for all k. For any
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positive integer k, choose o (k) € Q5 — P». Since o(k) € F(Q5™1) N N, there
exists o(k — 1) € Q5! such that o(k) € F(o(k —1)). If o(k — 1) € Py, then
o(k) € F(P;) NN C P,. This is a contradiction. Thus o(k — 1) € Q5! — P,.
Repeating this process, we have solution oy : [0,k] — Q2 — intP, such that
o,(i) = 0(i),0 < i < k. Since D(fQ,—intp,, k) # 0 for all k, by Lemma 3.6,
we have () # inv(Qo — intP;) C invQs. On the other hand invQs C Q2 and
Qs C int(Q1 — Q2) C Q1 — Qo implies that invQs = 0, a contradiction. O

4. Existence of stable index pairs

Let (X, d) be a locally compact metric space and (X)) the set of all contin-
uous dispersive dynamical systems on X. Define a metric p : Q(X)xQ(X) - R
by

pU1.9) = sup { max{ D (2.).g(r.0) | = € X} | £ # 0}

for all f,g € Q(X), where D is the Hausdorff metric induced by d. Let A C R
be a compact interval.

Definition 4.1. A map ¢ : A — Q(X) will be called a parametrized family of
dispersive dynamical systems if the map (X, z,t) € Ax X xR + ¢(\)(z,t) € 2%
is usc.
Define a map ¥ : A x X x R — 28%X by (X, z,t) = {\} x ¢(A\)(z,t). Tt is
easy to show that v is a dispersive dynamical system on A x X.
Given a compact set N C X and A € A, the sets inv(®) N with respect to
#(\) are denoted by inv® (N, \).
We need the following propositions to prove the existence of an stable index
pair.
Proposition 4.2. Let N C X be compact. Then the mappings
AeA — invT(N,)) €2V,
AEA = dinv (N, €2V,
AEA = dinv(N,N) €2V

are usc.

Proof. We prove the assertion for the first map only, since the other two proofs
are by extending the same argument to negative numbers. Assume that the
map

A€ A invt (N, \) e 2V

is not usc at \g € A. Then there exist a neighborhood U of inv™ (N, )\g) and
a sequence (\,) in A such that A\, — Ao and inv™ (N, \,,) € for all n. Choose
xp, € invt (N, \,) — U and

on € s0ly(RT, 2, M) C solpsn(RY, (A, 20)).
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Since N is compact, (z,) has a convergent subsequence. Let z, — 2 € N —
U. By Proposition 2.12, there exists 0 € solpaxn(R™, (X, 2)). Since o(0) =
(Mo, z) € {Xo} X N, we have o € soly(R",x, \g). Thus = € invt (N, \g) C U,
which contradicts x ¢ U. O

Proposition 4.3. Let Ay € A and let N be an isolating neighborhood for ¢(Xo).
Then N is an isolating neighborhood for ¢p(X\) for all X sufficiently close to Ao.

Proof. Since dist(inv(N, Ao), ON) > diamy¢(Ao), choose € such that

0 < 3e < dist(inv(N, N\g),ON) — diampyd(Ag).
Then B(inv(N, \o), diampyd(Ao) + 3¢) C intN. Since the map

A z,t) € A x X xR p(N)(z,t) € 2%
is usc and N is compact, ¢(A)(x,t) C B(¢p(Xo)(x,t),¢e) for all X close to Ag, all
z € N and all 0 < ¢t < 1. By compactness of N, diampy¢(\) < diampyp(Ag) +2¢
for all A close to Ag. By Proposition 4.2, inv(N, A) C B(inv(N, Ag), ) for all A
close to A\g and we get
B(inv(N, ), diamyd())) < B(B(im}(M o), ), diamyd(No) + 25)

= B(inv(N, \g), diamno(Ag) + 3¢)

Proposition 4.4. Let f : X xR — 2% be a dispersive dynamical system, N an
isolating neighborhood for f and P an index pair for N and f. If g : X xR — 2%
is a dispersive dynamical system such that f(x,t) C f(xz,t) for all (x,t) € X xR,
then N is an isolating neighborhood for g, inv®) (N, g) C inv®) (N, f) and P
is also an index pair for N and g.

Proof. 1t is clear. O
The main result of this section is the following.

Theorem 4.5. Let f : X x R — 2% be a continuous dispersive dynamical
system, N an isolating neighborhood for f and W an open neighborhood of
invN. Then there exists an index pair P = (Py, Py) for N with P, — P, C W
which is stable under small continuous perturbations of f, i.e., there existse > 0
such that if g € B,(f,€), then P also is an index pair for g.

Proof. Define a family of dispersive dynamical systems ¢ : [0,1] — Q(X) by

éa(w,t) = B(f(z,t), M) for z € X,t € RT,
oa(z,t)={ye X |z € pr(y,—t)} for x € X,t € R™.

By Propositions 4.2 and 4.3, there exists 7 > 0 such that N is an isolating
neighborhood for ¢ and inv(N,\) C W provided 0 < A < 7. Define

Py =inv~ (N,7), P = P, —int(inv" (N,1)).
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Note that P, — P> = inv(N,7) C W. We shall verify below that P = (Py, P»)
is an index pair for all ¢, with 0 < A < 7. In particular, it is an index pair
for ¢(0) = f. Moreover, if g € B,(f,¢) for ¢ < 7, then g(z,t) C ¢,(z,t) for all
(z,t) € X xR. Thus the conclusion follows from Proposition 4.4. We will show
that P is an index pair for ¢ provided 0 < A < 7.

(i) NP, t)yNNC P, i=1,2 0<t<1.

Let y € ¢a(P1,t) N N. Then there exists © € P; such that y € ¢y(z,t).
Since P; = inv~ (N, 1), there exists a solution o; : R~ — N for ¢, such
that 01(0) = . Also there exists a solution o9 : [0,¢f] — N for ¢, such that
02(0) = z,02(t) = y. Since

o2(s) € dx(x,8) C dr(x,8)
for all 0 < s < t, 0 is a solution for ¢,. Define ¢ : R~ — N by

(s) = oa(s+1t), —t<s<0
o) = o1(s+1t), s<t.

Then o is a solution for ¢, and since o(0) = y, we have y € inv~ (N, 7) =
Py. Let y € ¢a(Po,t) N N. Then there exists * € P, such that y € ¢ (s,t).
Since x € Py, we have y € P;. In order to show that y ¢ int(inv™ (N, 7)),
suppose that y € int(inv* (N, 7)). Then there exists € > 0 such that B(y,e) C
invt (N, 7). Since ¢, € Q(X), if d(z,2) < €, then there exists § > 0 such that
¢ (x,t) C Blg-(2,1),€). Since y € ¢r(z,t) C ¢-(x,t) for z € B(z,d), there
exists p € ¢, (2,t) such that d(y,p) < €. Since p € B(y, ) C invt(N, 1), there
exists a solution o1 : R* — N for ¢, such that ¢1(0) = p. Since p € ¢,(z,1),
there exists a solution oy : [0,t] — N for ¢, such that 03(0) = z, o2(t) = p.
Define 0 : Rt — N by

o(s) = { o2(s), 0<s<t

o1(s—1t), s gt._

Then o is a solution for ¢,. Since (0) = 2, we have z € inv™ (N, 7), that is,
B(z,d) C inv™ (N, 7). Therefore we have x € int(invt (N, 7)). This contradicts
T € Ps.

(ii) or(Py — Pa,t) C N.

Since ¢ (P — P2, t) C ¢ (P; — Py, t) C N, it holds.

(iii) inv(N, A) C int(Py — Pa).

Since int(P; — P2) = int(inv(N, 7)), we show only that the following holds;

0 < X\ <7 implies invE(N,\) C int(inv(N,1)).
Since 7 — A > 0, if d(z,2) < ¢, then there exists § > 0 such that f(z,1) C
B(f(z,1),7 — A). We have
ox(@,1) = B(f(w,1),0) € B(B(f(2,1),7 = ), A) = B(F(2,1),7) = 6x (2, ).

Let « € inv™ (N, \). Then there exists a solution 1 : RT — N for ¢, such that
01(0) = z. For any z € B(x,0), let y € ¢x(x,1) C ¢-(2z,1). Then there exist a
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solution o3 : [0,1] = N for ¢, and a solution o3 : [0,1] = N for ¢, such that
02(0) = x,02(1) = y and 03(0) = 2,03(1) = y. Define o : R* — N by

o3(s), 0<s<1
o(s) =% 02(2—35), 1<s<2
o1(s—2), s>2.

Then o is a solution for ¢,. Since o(0) = z, we have z € inv™ (N, 7). Thus we
have

B(invT (N, \),6) C inv™ (N, 1)
and so it follows that inv™ (N, \) C int(inv™ (N, 1)).
Let « € inv~ (N, A). Then there exists a solution o1 : R~ — N for ¢, such
that 01(0) = z. Let 0(—1) = y. Then we have © = 0(0) € ¢r(o(—1),1) =
ox(y,1). For any z € B(z,7 — \), we have

2 € B(oa(y.1).m = N) = B(B(f(y. 1), 1) 7 = A) = B (5. 1),7) = éx (v, 1.

Therefore there exists a solution oy : [0,1] — N for ¢, such that o2(0) =
y,02(1) = z. Define o : R~ — N by

(s) = oa(s+1), -1<s<0
o\ = o1(s+1), s<-—1.

Then o is a solution for ¢,. Since o(0) = z, we have z € inv™ (N, 7). Hence we
have

B(inv™ (N, A), T — X) Cinv (N, 7).
It follows that inv™ (N, A) C int(inv~ (N, 1)). O
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