Commun. Korean Math. Soc. 26 (2011), No. 1, pp. 67-77
DOI 10.4134/CKMS.2011.26.1.067

SOME EISENSTEIN SERIES IDENTITIES RELATED TO
MODULAR EQUATION OF THE FOURTH ORDER

BHASKAR SRIVASTAVA

ABSTRACT. We find some Eisenstein series related to modulus 4 using a
theta function identity of McCullough and Shen and residue theorem for
elliptic functions.

1. Introduction

The Eisenstein series P(q), Q(¢q) and R(q) are defined for |¢| < 1 by

0 nqn
1.1 P =1-—-24 ,
(1) (@ S

e n3qn
1.2 =14 240 ,
(1.2) Q) ; T
and

0 nSqn
1.3 R :=1—504
(13 (@ S

This is the notation used by Ramanujan in his lost notebook [8, pp. 136-
162], but in his ordinary notebooks, P, @ and R are replaced by L, M and N
respectively. We shall be using L, M and N, respectively, for P, @ and R.
We studied the continued fraction of Ramanujan
(l+q) ¢ (a+d* & ()%
I+ 1+ 4+ 1+ (0@ e
and called this continued fraction analogous to the celebrated Rogers-Ramanu-
jan continued fraction R(q)
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(14)  Clg) =1+
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(1.5) R(q) =
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Since the continued fraction C'(q) sums to ¢-hypergeometric series on base 4,

motivated me to study Eisenstein series identities related to modular equations
of order 4. In this paper we will prove the following identities:

(1.6) 2 (2) (%\q) + (2) (g\q) = é (L(r) — 4*L(47)),
an2(3) () (9) (271) = 2 (1) - a02ram).

(1.8) L4 i (4m + 1)%g*m 1 ~ (4m+ 3)2gim+3 _ n*(T)n°(27)
' 1- q‘””“ 1 — gim+3 n(dr)nd(4r)’
gt g3 2
1+4Z< 4n+1_1_q4n+3)
(19) n=0
> nqn > 4nqn
=1+8 -
and
(1.10)
(o)
(4Tl—|— 1)4q4n+1 (4n+3)4q4n+3
160 + 128 ( . -
— An+1 _ _dn+3
n=0 1 4q 1 q
an+1 An+3 1
_ 5 q q
= =2 1+4Z< 4n+1_1q4n+3)
gt An+3
q 16 2 .,
+10 1+4Z< 4n+1_1q4n+3> (15M(7')+154 M(4r)
4n+1 4n—+3 2
q 4 16
+1011 +4Z (1 T T q4n+3> (3L(T) - 3L(47’)> :

The identlty (1.10) is very interesting.

2. Preliminaries

Throughout the paper ¢ = €2™", Im(7) > 0 and the standard g-notaions are
used:

(1 - aqk)7

3

k=0
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(2.2) H 1—ag" ),

and
(a)o = (a;q)o = 1.
The Dedekind eta-function is defined by
1
(2.3) (1) = 42 (¢ @)oo
Jacobi theta function is defined as follows, see [9, p. 464]

(24) 91(Z|Q) — _Zqé Z (_l)nqn(n2+1) e(2n+1)iz
(2.5) = 2¢5 Z(—l)"qn(n’;l) sin(2n 4+ 1)z.
n=0
In terms of infinite products
1. iz —2iz
(2.6) 01(2]q) = 24 sin 2(q; 0)so (7€*"%; @)oo (7€ >"%; @)oo
R S iz —2iz
(2.7) =ig5e " (q: @)oo (€¥%: @) oc (7€ @)oo

Differentiating partially with respect to z and then putting z = 0, we have
the identity

(28) 01(a) = 010la) = 247 (¢:0)%.
From the definition of 6, (z|q),
(2.9) 01(z + nrlq) = (=1)"01(z]q),
and
(2.10) 1(= + nrlg) = (~1)"q % e 261 (2]g).

In this paper we shall be using the following residue theorem of elliptic
functions:
Theorem. The sum of all the residues of an elliptic function in the period
parallelogram is zero.

3. The proofs of (1.6) and (1.7)

By infinite product expansion for 6;(z|q) given in (2.7) and by simple com-
putation, we have

(4% 9" oo U ™ ™
3.1 M54 Joo _r il ~ T,
(31)  6i(4zl¢") = @ =01(21q)01 (= 11001z + 71a)01(2 — 5 g)
Taking logarithmic derivative of both the sides of (3.1), we obtain
0, 0, 0, T 0, 0, T
3.2 Ligy|q* Z Z Lo — 2.
(42 agaelt) - el = g - Tl + e+ Tl + 5z - o)
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We now use the following identity, [6, eq.(2.10), p. 109] to simplify the left
hand side:

0, 11 1 ) 5
—= =-—=-L - —M - —N
Sl = 5 = 5Lz — M (D) = SN ()2
(33) 1 0 n7qn
—— (144 T4
4725< + sogl_qn>z +
So (3.2) can be written as
9,1 s 0/1 m 0,1 0
(3.4) g, F g+ Gt gldt g (25l

= % (L(1) —4°L(47)) 2 + 4—15 (M(r) —4*M(47)) 2% + O(2°).

Differentiate both side of (3.4) with respect to z and then put z =0 to get

/

53 2 (z) (Zia) + (g) (Z10) = L (1) - #2208,

which proves (1.6).
Differentiate thrice both side of (3.4) with respect to z and then put z =0
to get

" 1"

(4) G+ (3) (G- B,

which proves (1.7).

4. The proof of (1.8)
Recall the following identity [6, eq.(8.1), p. 117]

n

ngq
cot2y—cot2x+82 T
(4.1) n=1

— 0, (0] 01 (x — ylg)b: (z + ylg)

0% (x]q)0% (ylq)
There is a slight misprint which has been corrected.
Differentiate (4.1) partially with respect to = then putting y = x to obtain
n?q" 0, (019)6: (2x]q)

sin 2nx =
1—qn 01 (zlq)

cos 2nx — cos 2ny
n

(4.2) 2 cot zcosec’ s — 16 Z
n=1

s

Putting z = Z in (4.2), we have

4
00 n2q" nt , 0, (z
4—16 sin — = 6,(0]¢)® | 2=~
; 1—-¢g» 2 o1 (%
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or
— n2q" onm 4g9)i (¢ )5
4_162 n S5 = 4. 4\4 )
—l—gq 2 (¢*a")%
SO

L4 4m + 1)2 L @m 3% (@93 (6% a?)e
- Z gimtl ] — gAmt3 - (g% ¢
Using the definition of Dedekind eta-function defined in (2.3), we have

. Z 4m+ )2 (Am+3)%¢" 3Nt (n)n°(2r)
4m+1 1 —gtm+s n(4r)n?(47)’

which proves (1.8).

5. The proof of (1.9)

For proving (1.9) we first construct the following elliptic function:

07 (2 + §19)0:1(z + 5lq)
03 (zlq)
and use residue theorem of elliptic functions.
It is easy to see that f(z) is an elliptic function of periods 7 and 77, and

has a pole of order 3 at z = 0. We now compute residue of f(z) at z = 0.
Now

(5.1) flz) =

)= 1 d—Q 2f(z
652 (0= [ )]
Let
(53) F(2) = 1) and () = 55
By logarithmic differentiation
64 (0 =3 |55 (BAE)| =3O [A0r 45 0)].
Now
32 () +25f () 3 f(2)
=0 T
) = 28000 + 25+ Tl + L+ 3 la)

/

0
= L(1)z+ 22 (2 + %|q) +

™ 3
o, + 2Iq)wLO(z ).

71
5, *
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Now
0/1 s 0 > " nm
e gl t= +4 -z
91(4|q) cot + Z:l g sin
(5.6) ~ dn+1 4n+3
- " "
= 1+4; (1_q4n+1 - 1_q4n+3>
and
7 AT =43 L s =0
. —(— = mnm = u.
(5:7) 6 2 T T
So
0’ - 6’ 4n+1 q4n+3
) 2L 1+4 - )
(58) 25 (Gl + 5 Gl + Z( e 1_q4n+3>

Putting z = 0 in (5.5) and using (5.8), we have

B 0, 0, ™
©(0) = 29*(Z|CI) + 0*(5 q)
(5.9) it

q4n+3
1+4Z< 4n+1_1_q4n+3) :

Differentiating (5.5) with respect to z and then putting z = 0 and using
(3.5), we have

2(0) = L<>+2<"’>/(|) (") (1)

= < (4L(r) ~ 161(47))
1 [ (1—242 nq" ) —16 (1—242 1”_(1(]4”)]
n=1
= —4-— 322
Also
_ 01(F19)01(519)
FO="g0pe 7

Now by the residue theorem and using (5.4), we obtain

(5.11) #(0)2 = —¢'(0).
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Hence from (5.9) and (5.10)
0 q4n+1 q4n+3 2
1 +4Z (1 — gintl 1 _q4n+3)
n=0

= ng" = 4dng"
Zl_qn_21_q4n]’

n=1 n=1

(5.12)
=1+8

which is (1.9).

6. The proof of (1.10)

For proving (1.10) we construct the following elliptic function and use the
residue theorem of elliptic functions.
Let

_ 1(22]9)0% (= + §l9)01 (= + §la)
07 (z|q) '

By (2.9) it is easily seen that f(z) is an elliptic function of periods 7 and 77
with only one pole at z = 0 of order 6.

(6.1) f(2)

Now
(6.2) res(f;0) = %0 [jzf’ (zﬁf(z))] N
To compute res(f;0), let
z) = 25f(2) an z :F,(Z)
(63) F(2) = 2f(2) and o(2) = 73

By logarithmic differentiation and elementary computation, we get

d5
EF(Z)

(6.4) = F(2)|¢(2)” + 100(2)>¢ (2) + 50(2)¢ " (2) + 100(2)%¢ " (2)
+50(2)¢ (2) + 104 ()" (2) + 6D (2)]

It is obvious that

F(0) = lim20f(z) = A D0E)

We now calculate ¢(0).



74 BHASKAR SRIVASTAVA

From (6.3)
(6.5)
C62°f(2)+2%f () 6 f(2)
=T e
L6 0, o O, Ty s, 7
3 0, 0,
= L(r)z — = M(7) + 222 (2 + ~|g) + 22 (2 + =|g) + O(z°) by (3.3).
5 0, 4 01 2
Putting z = 0, we have
0, w 0, w
6.6 —9 1 2z

Hence by (5.8)

(6.7) p(0) =2

o An+1 An+3
q q
1 +4; <1 —gintl 1 — q4n+3)] ‘

Diferentiating (6.5) with respect to z and then setting z = 0 and using (1.6),

we have
<P/(0)=L(T)+2<Zi> (Zq)+<§'1> (5l9)

4 16
(6.8) = 5 L(r) - 5 L(4r)

—4—32§: 1"5’
n=1

Diferentiating (6.5) twice with respect to z and setting z = 0, we have

n

' +128§: n )
——— by (1.1).
qn — 1— q4n

(6.9) ¢(0)=2 <Z> (5la) + (Z) (5l)-

Now for determining the right hand side of (6.9) we use the following identity
[9, p. 489]

0, = "
(6.10) é(zh) =cotz+4 Z 7 z pm sin 2nz.
n=1
Diferentiating (6.10) twice with respect to z, we get

1"

(6.11) ﬁ (2|7) = 2cosec?z cot z — 16 i n’
0

n
sin 2nz.

1 1—q"

n=1
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Setting z = T and z = 7, respectively in (6.11), we have

"

0/1 m
(01> (1T =4~ 162

24n+1 2 4n+3

si—

1— q4n+1 1— q4n+3
and
0, 0
<91> (5\7) =0
Hence
47l+1 2 4n+1 (4n+3)2q4n+3
(6.12) 2 [1 -4 Z ( 4n+1 1= gin+3 :

Differentiating (6.5) thrice with respect to z and then putting z = 0 and
using (1.7), we have

" 1"

(6.13) ¢ 0= - gM(T) 2 (&) (%q) * (Z’i) (;q)

16 2
= - —M(r)— —4*M4 1.
5 M(7) — 4" M(47) by (1.7)
and
g\ @ g\ @
@Wy=9(2L il 71 il
#7(0) 2<el> <4|q>+<91> (2|q)'
y (6.10)
@ (o) = () in T
0@ (0) = 2cot <4)+cot ( )+128Z _ sin
nm
(6.14) n—
n= 1 2
47”L+ )4 4dn+1 (4n+3>4q4n+3
_160+128nZO< T )
Now by (6.2) and (6.4) the res(f;0) is
(6.15)
]_ ’ 22 "
res(f;0) = 120F(0)[ (0)° +10p(0)*¢ (0) + 5¢(0)p (0) + 104(0)*¢ (0)

+5p(0)% (0)2 + 109 (0)¢ (0) + o (0)]
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We see that ¢(0) calculated in (5.9) is the same as in (6.7) and ¢ (0) calcu-
lated in (5.10) is the same as in (6.8). Hence by (5.11)

p(0)? = —¢'(0).
Putting this in (6.15), res(f;0) simplifies to

1"

res(£10) = 755 F(0) [0)° + 50(0)” (0) ~ 50(0)¢ (007 + 9 (0)].

Since res(f;0) = 0 by the residue theorem, we have

1" /

(6.16) #D(0) = = [(0)° + 5(0) " (0) — 52 (0) (0)%]

Using (6.7), (6.8), (6.13) and (6.14) the identity in (6.16) simplifies to

o0 4n+1)4 An+1 (4n+3)4q4n+3
160 + 128 Z < gintl 1 — gint3
gt 4n+3 1°
_ 5 q
= -2 1+4Z< gintl 1 — 4n+3>
n=0 q i
i g+l An+3 ]
q 16 2 4
+10 1+4n20 <1 e q4n+3> (15M(T) + 4 M (47)
4n+l 4An+3 2
q 4 16
+ 10 1+4Z< 4n+1_1_q4n+3> (3L(T)_3L(4T)> )

which is (1.10).
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