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ASYMPTOTIC EQUIVALENCE FOR LINEAR
DIFFERENTIAL SYSTEMS

SuNG Kyu CHoi, NamJjip Koo, AND KEONHEE LEE

ABSTRACT. We investigate the asymptotic equivalence for linear differen-
tial systems by means of the notions of t-similarity and strong stability.

1. Introduction and preliminaries

Let 9t be the set of all n x n real matrix functions defined and continuous
on Ry =[0,00) and & be the subset of M consisting of invertible matrices S(¢)
that are of class C! with the property that S(t) and S~!(¢) are bounded. A
matrix function A € M is said to be to.-similar to a matrix function B € 9N if
there exists an n x n matrix F'(t) absolutely integrable over R, i.e.,

/000 |F(s)|ds < o0,
such that
(1.1) S'(t)+ S(t)B(t) — A(t)S(t) = F(t), ' = —

for some matrix function S € G.

The notion of t,.-similarity in the set of n X n continuous matrix functions
defined on Ry was introduced by Conti [9]. It is deeply related to stability prob-
lems and is an equivalence relation. Also, it preserves strict, uniform and expo-
nential stability of linear homogeneous differential systems. Hewer [12] studied
the stability properties of the variational equation. Trench [15] weakened the
condition of ¢,,-similarity and introduced the notion of ¢,,-quasisimilarity that
is not symmetric or transitive, but still preserves stability properties. Also, in
[16] he gave analogs of some of the results in [9, 15] for systems of difference
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equations. Choi et al. investigated h-stability of the differential systems via
too-similarity in [8].

Trench [16] introduced the notion of summable similarity which is a discrete
analog of ¢s-similarity of matrix functions. Also, Choi and Koo [3] studied the
stability properties for variational difference systems by means of the notion of
Noo-similarity which is quite different from Trench’s definition in [16].

Let z(t) be a solution of the differential system

(1.2) '(t) = h(t, (1)), z(to) = o,

where h : Ry x R™ — R” is continuous. The solution z(t) is said to be strongly
stable [11] if for each € > 0 there is a corresponding 6 = é(¢) > 0 such that any
solution Z(t) of (1.2) which satisfies the inequality |Z(t1) — x(¢1)] < ¢ for some
t1 > to satisfies the inequality |Z(¢t) — z(t)| < € for all ¢ > tg.

This notion of strong stability was introduced by Ascoli [1]. Obviously,
strong stability implies uniform stability, which in turn implies ordinary sta-
bility. For the linear system

(1.3) 2/ (t) = C(t)x(t),

where C' € M, the system (1.3) is strongly stable if and only if there exists a
positive constant M such that

(1.4) IX()] <M, |X't)| < M for allt > tg,

where X (¢) is a fundamental matrix of (1.3) [11, Theorem 1, p. 54].
Two systems

(1.5) 2'(t) = f(t,z(t)), z(to) = w0
and
(1.6) y'(t) = g(t,y(t)), y(to) = yo

are said to be asymptotically equivalent if, for every solution z(¢) of (1.5), there
exists a solution y(t) of (1.6) such that

(1.7) z(t) =y(t) + o(1) as t — oo

and conversely, for every solution y(t) of (1.6), there exists a solution x(¢) of
(1.5) satisfying (1.7).

If we know that two systems are asymptotically equivalent, and if we also
know the asymptotic behavior of the solutions of one of the systems, then it is
clear that we can obtain information about the asymptotic behavior of the so-
lutions of the other systems. Choi et al. [5] studied the asymptotic equivalence
for the nonlinear differential systems through their variational systems. Also,
for the asymptotic equivalence between Volterra difference systems, see [4, 6].

In this paper we investigate the asymptotic equivalence between linear dif-
ferential systems by means of t,-similarity and strong stability, and give the
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several illustrative examples. Throughout this paper R™ is the n-dimensional
real Fuclidean space with norm

n
|x| = Z|acl|7 z=(r1,...,2,) ER"
i=1
and for an n x n matrix A = (a;;), we define its norm |A| by

n

A= max Y lai].

Jj=1,....n %

i=1

2. Main results

We consider two linear differential systems

(2.1) 2/ (t) = A(t)x(t)
and
(2:2) y'(t) = B(t)y(t),

where A, B € M. Firstly, we investigate stability properties between (2.1) and
its adjoint system

(2.3) w'(t) = —AT (w(t),

where A7 is the transpose of A.

System (2.1) is said to be restrictively stable [2] if (2.1) is stable and its
adjoint system (2.3) is stable. Restrictive stability implies uniform stability,
and this, in turn, implies ordinary stability. The converses are not true [2]. We
note that for linear system (2.1), restrictive stability and strong stability are
equivalent.

Also, (2.1) is said to be reducible (reducible to zero, respectively) [2] if there
exists an n X n absolutely continuous matrix function L(¢) which, together with
its inverse L~!(t), is defined and bounded such that

LY B A()L() — LT (1)L (1)
is a constant matrix (the zero matrix, respectively) on R.

Theorem 2.1. The following statements are equivalent:

(i) System (2.1) is strongly stable.

(ii) Adjoint system (2.3) is strongly stable.

(iii) System (2.1) is stable and f:ﬂ trA(s)ds is bounded from below, where
trA(t) is the trace of A(t).

(iv) System (2.1) is reducible to zero.

Proof. Let X (t) be a fundamental matrix of (2.1). Then a fundamental matrix
W (t) of (2.3) is given by W (t) = (X~1(¢))T. Thus (2.1) is strongly stable if
and only if there exists a positive constant M such that

(X(#)] <M, |[X7'(t)| <M for allt € Ry,
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by (1.4), if and only if there exists a positive constant M such that
W) =X )T =X <M
and
W) = [XT(@1)] = |X(0)] < M,

by the property of |[X~1(¢)] = [(X~1(¢))T] for each t € Ry, if and only if the
adjoint system (2.3) is strongly stable. The remaining part of proof follows
from [2, (3.9.iii), p. 45], [2, (3.9.v), p. 46] and [11, p. 57]. O

We say that linear system (2.1) has linear asymptotic equilibrium if for every
vector £ € R™ there exists a solution x(t) = x(t,tg, o) of (2.1) such that

(2.4) tlirgo x(t) = €.
Lemma 2.2 ([7, Theorem 3.2]). (2.1) has linear asymptotic equilibrium if and

only if (2.1) has a fundamental matriz X (t) such that lim;_,o X (t) exists and
1s invertible.

Corollary 2.3. System (2.1) has linear asymptotic equilibrium if and only if
its adjoint system (2.3) has linear asymptotic equilibrium.

Proof. We easily see that

lim W) = [(lim X~'(1)]"
= [XJ =W,

where lim;_, oo X (t) = X exists and it is invertible. Thus lim;—, o X (¢) = Xoo
exists, and X, is invertible if and only if lim;_, o, W (t) = W, exists and W
is invertible. The result follows from Lemma 2.2. [l

We can easily obtain the following asymptotic relation between solutions of
(2.1) and (2.3).

Theorem 2.4. Assume that (2.1) is strongly stable. Then for any solution
x(t,to,xo) of (2.1) there exists a solution w(t,to,wo) of the adjoint system
(2.3) such that the following asymptotic relationship holds:

z(t) =w(t) + O(M) as t — oo
for some positive constant M, where O is the “ big oh”.

In view of Corollary 2.3, we obtain the following:

Corollary 2.5. Assume that (2.1) has linear asymptotic equilibrium. Then
(2.1) and (2.3) are asymptotically equivalent.

Lemma 2.6 ([14, Theorem 21, p. 497]). For systems (2.1) and (2.2) assume
that a matriz function A € M is to-similar to a matriz function B € M. Then
(2.1) is strongly stable if and only if (2.2) is also strongly stable.
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Note that Lemma 2.6 can be easily proved by using the notion of reducibility.
The following theorem shows that the asymptotic property between two
linear systems is preserved under strong stability and ¢..-similarity.

Theorem 2.7. Suppose that a matriz function A € M is teo-similar to a
matriz function B € M and (2.1) is strongly stable. Let X(t) and Y (t) be
fundamental matrices of (2.1) and (2.2), and choose S € & so that (1.1) holds
with [ |F(s)|ds < oo. Then we have

Y(t) =S (t)X(t)[D(to) + o(1)] as t — oo,
where D(tg) = X‘l(to)S(to)Y(to)—Fftzo X~Ys)F(s)Y(s)ds for eacht >ty > 0,
and o is the “little oh”.

Proof. From [14, pp. 492-493], we have
s S0=XOX (S (1) + / XTFEY (sl )
t>ty > 0.

Thus we have
t
Y(t) = STHOX®)X T (t0)S(to)Y (to) + [ X1 (s)F(s)Y (s)ds].
to
It follows from Lemma 2.6 that (2.2) is also strongly stable. Thus there exists
a positive constant M such that
X< M, |[XH0)] <M,
Y()| <M, |[Y't) <M forallt>to.

Putting Q(t) = ftto X~1(s)F(s)Y (s)ds for any t # s (t > s), we have

Hence Q(t) is convergent from the absolute integral of fooo F(r)dr,ie., lim;_ o
Q(t) = Quo(to) exists. Therefore

Y(t) = STHH)X () [ X (to)S(to)Y (to) + tX_l(s)F(s)Y(s)ds]

to

= STHOX O 1)) (10) + [ T X () F(9)Y (s)ds

- XYs)F(s)Y (s)ds]

t

= ST t)X(t)[D(to) + o(1)] as t — oo,
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where D(tg) = X 1(t0)S(to)Y (to) + ftzo X~Y(s)F(s)Y(s)ds. This completes
the proof. O

Corollary 2.8. Assume that [;°|A(t) — B(t)|dt < oo and (2.1) is strongly
stable. Then we have the following asymptotic formula:
Y(t) = X(t)[D(to) + o(1)] ast — oo,

where X (t) and Y (t) are fundamental matrices of (2.1) and (2.2), respectively.
Moreover, (2.1) and (2.2) are asymptotically equivalent.

Proof. Let y(t) = y(t,t0,y0) be any solution of (2.2). Since strong stability
implies boundedness, the solution y(t) given by y(t) = Y ()Y "1(to)y(to) is
bounded. Putting F'(t) = B(t) — A(t) and S(t) = I, it follows from (2.5) that
there exists a solution x(t) = x(t, tg, zo) of (2.1) such that

y(t) = Y)Y (to)yo

= X)X (to)lyo + | X(to) X7 ()F(s)Y ()Y~ (to)yods]

()Jro ) as t — o0,

where zo = yo + [, X (to) X '(s)F(s)y(s)ds. Note that ["X(to)X ' (s)F(s)y(s)ds
exists by means of fooo |F(s)|ds < oo and boundedness of the solution y(t) of
(2.2).

Also, the converse holds. This completes the proof. O
Remark 2.9. In addition to the assumptions of Corollary 2.8, we assume that
|I — D(to)| < 1 with X(t9) = I = Y(tp). Then for any solution z(t) of (2.1)
there exists the unique solution y(t) of (2.2) such that

z(t) =y(t) + o(l) as t — oo,

and the converse similarly holds. Because we can choose a number ¢y so suffi-
ciently large that

- Dt0|f|/ X~ )Y (s)ds| < 1.
0

We easily see that D(tg) is invertible for sufficiently large number ¢ > ¢,. Hence
we have the following asymptotic formula

Y(t) = X(t)[D(to) +o(1)] as t — occ.

Theorem 2.10. Assume that [~ |A(t) — B(t)|dt < co and (2.1) has linear
asymptotic equilibrium. Then (2.2) has linear asymptotic equilibrium.
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Proof. For any t # s (t > s), it follows from [14, pp. 492-493] that we have
V() = Y (s)] < |X (1) = X(s)[|X ™" (t0)Y (to)]

LX) ||/ X Y (r)dr]
X ||/X ¥ (r)dr],

where F(t) = B(t) — A(t). Since lim;_, X (t) = Xoo exists and [, [F(7)|dr <
00, Y (t) has a Cauchy property, so lim; o, Y () = Yoo exists. Put

t) = /too X(to)X Y E(1)Y (r)Y " (to)dr.

Since P(to) exists for each ¢y, we can choose a number ¢ so sufficiently large
that

[P(to)] < 1.
It follows that I + P(to) has an invertible matrix [13].
Thus we obtain
: -1
Tim ()Y~ (t0)
t

— lim (X(t)X‘l(to) {I+ X(to)X_l(T)F(T)Y(T)Y_l(to)dT})

to

= Xoo X L(to)[I + P(to)].

Since I + P(tp) and X, are invertible, Yo is invertible. Hence (2.2) has linear
asymptotic equilibrium by Lemma 2.2. ([

We can obtain the following theorem by using the well-known variation of
constants formula.

Theorem 2.11. Assume that [° |A(t) — B(t)|dt < oo and (2.1) is strongly
stable. Then (2.1) and (2.2) are asymptotically equivalent.

Proof. Let x(t) = x(t,to, o) be any solution of (2.1). Since (2.2) can be written
as

y'(t) = B(t)y(t) = A(t)y(t) + (B(t) — A(t)y(?),
the solution y(t, to, yo) of (2.2) is given by

y(t) = X(t)Xfl(to)[IJr/t X (to) X () F ()Y (1)Y " (to)dr]yo,

where F(t) = B(t) — A(t). Thus we can find the unique solution yg of the linear
system (I + P(to))yo = xo such that the solution of the linear system is given
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by yo = (I + P(to)) 'zo. Hence there exists a solution y(t,to, yo) of (2.2) with
yo = (I + P(to)) 'zo such that the following asymptotic formula holds:
y(t) = X ()X~ (to) (I + P(to) — P(t)) yo
= a(t,to, w0) — X (t)X ™" (to) P()(I + P(to)) ™ zo
= z(t) + o(1) as t — oo,
since |P(t)] — 0 as t — oco. Also, the converse similarly holds. O

Corollary 2.12. Assume that fooo |A(t) — B(t)|dt < oo and (2.1) has linear
asymptotic equilibrium. Then (2.1) and (2.2) are asymptotically equivalent.

Conti [10] showed that linear asymptotic equilibrium for linear differen-
tial systems is preserved by the notion of ¢..-similarity under condition that
lim; 0 S(t) and lim;_,, S™1() both exist. Also, we can prove that (2.1) and
(2.2) are asymptotically equivalent under the some conditions.

Lemma 2.13 ([7, Theorem 2.3]). Suppose that a fundamental matriz X (t) of
(2.1) is bounded for each t >ty and |det(X(¢))| > o > 0 for each t > ty and
some positive constant a. Then (2.1) is strongly stable.

Corollary 2.14. Assume that a matriz function A € M is ts-similar to a
matric function B € MM with S(t) = I. Suppose that limy_, o X (t) exists and
|det(X (¢))] > a > 0 for each t >ty and some positive constant c. Then (2.1)
and (2.2) are asymptotically equivalent.

Proof. Tt follows from Lemma 2.2 that (2.1) has linear asymptotic equilibrium,
and so (2.1) and (2.2) are asymptotically equivalent by Theorem 2.11. O

Now, we consider the nonhomogenous differential system of (2.1)

(2.6) y'(t) = A()y(t) + 9(t),
where ¢(t) is a continuous function on Ry.

We prove that (2.1) and (2.6) are asymptotically equivalent when the con-
dition on linear asymptotic equilibrium is replaced by the condition on strong
stability.

Theorem 2.15. Assume that (2.1) is strongly stable and [;° |g(t)|dt < oc.
Then (2.1) and (2.6) are asymptotically equivalent.

Proof. Let x(t,t, xo) be any solution (2.1). Put p(t) = f:ﬂ X(to)X (s)g(s)ds.
Then we easily see that p(t) is convergent because ft:o lg(t)|dt < oo and X ~1(¢)
is bounded. Thus there exists the solution y(¢, %o, yo) of (2.6) with the initial
value yo = To — pPoo(to) satisfying

u(t) = X (X (to)yo + X (1) / XY(s)g(s)ds

= (t,to, 20) + X () X~ (to)[~Pec (to) + p(t)]
= xz(t) + o(1) as t — oo,
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where lim;_, oo p(t) = poo(to).
Conversely, letting o = yo + Poo (to), the similar asymptotic formula holds.
This completes the proof. (I

Corollary 2.16. Suppose that (2.1) has linear asymptotic equilibrium and
J57 lg(t)|dt < o0o. Then (2.1) and (2.6) are asymptotically equivalent.
3. Examples
In this section we give several examples as the illustrations of Section 2.

Example 3.1. Let us consider linear differential system

(3.1) () = A(t)z(t) = (2+5t 8) 2(t)
and its adjoint system
l T Lﬁ—t 0
(3.2) w'(t) = —A" (Hw(t) = (2+6 0) w(t).
Then (3.1) and its adjoint system (3.2) are asymptotically equivalent.
Proof. Note that a fundamental matrix X(¢) of (3.1) is given by X () =
(% (1)) Thus lim; 00 X (t) =X exists and is invertible. Hence (3.1) has

0
linear asymptotic equilibrium, and (3.1) and (3.2) are asymptotically equivalent
by Corollary 2.5. O

However we note that linear differential system (2.1) and its adjoint system
(2.3) are not asymptotically equivalent in general under the assumption of
strong stability of (2.1). The following example shows this fact.

Example 3.2. Let us consider the linear differential system
P _ (—sint 0
(3.3) x'(t) = A(t)x(t) = ( 0 cos t> x(t)
and its adjoint system
1N AT __ (sint 0
(3.4) w'(t) = —A" (H)w(t) = ( 0 —cost

where A(t)= ("%t 0 ) is a continuous 2x 2 matrix and —A"(t)= (st _ 0 ,).

0 cost —cost

Then (3.3) and (3.4) are not asymptotically equivalent.
Proof. Note that X (t) and X ~1(¢) of (3.3) are given by

_ (exp(cost —1) 0 -
X(t) = ( 0 exp(sint) )’ t 210 =0,

1.,y _ [exp(l —cost) 0 -
X7 = ( 0 exp(— Sint)> =W,

)w(t), t >ty >0,
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respectively, where W (t) is a fundamental matrix of (3.4). Then there exists a
positive constant M > e such that

(X)) <M, [XTH <M, t>0.

Thus (3.3) is strongly stable.
Suppose that for the solution z(t, o, zo) of (3.3) with the initial value x4 (¢o)
# 0 there exists a solution w(t, g, wg) of (3.4) such that the following asymp-
totic relationship holds:
x(t) = w(t) + o(1) as t — oco.

Then we obtain

3(to
(6_;;:&((30)) , t=(2k— D
: (ilgg;) , t=(2k)m, keZ
o= ()

Thus we have

(3.5) 2(t) = (e_;f;i’;())) - <e;1;’zzf§;’>> t=(2k—
(3.6) = ( Etog = (““E“;) ,t=(2k)m, kel
From (3.5) and (3.6) we obtain

xl(to) = e4w1(t0) = €4$1 (to), k € 7.

Thus we have z1(tg) = 0. This contradicts the fact z1(t9) # 0. Hence (3.3)
and (3.4) are not asymptotically equivalent. O

Example 3.3. To illustrate Corollary 2.8, we consider two linear systems

):z:(t),tZtO:O

—sint 0

(3.7) 2'(t) = A(t)z(t) = ( 0 cost
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and

38 0= B0 = (

—sint + 2+eat 0
0 cost

)y(t), t>to=0,

_ — Qi _ —_ ae® 0 . .
where A(t) = (7%t 0 ) and B(t) = ( Smt‘(‘)‘pr cat COSt) with a negative

constant a. Then (3.7) and (3.8) are asymptotically equivalent.
Proof. We note that A(t) and B(t) are teo-similar with S(¢) = I and F(t) =
(z+eat 8). Also, since fundamental matrices X (t) of (3.7) and Y (¢) of (3.8)

0
are given by

X(t) = (exp(cost—l) 0 )

0 exp(sint)

Y(t) = %exp(cost -1 0
0 exp(sint)

respectively, both (3.7) and (3.8) are strongly stable. Then we obtain the
asymptotic formula

where P(t) = (ff’o(%)ds 0

Furthermore, we have

)
i

. fg(a%as)ds 0 L gess
1PO)] = t—o0 0 0 _tlggo o 3 ds

_ 1 _ 1

| 3] 3

Since |P(0)| < 1, I + P(0) is invertible, and so, for any solution x(¢,0,zq) of
(3.7), there exists the unique solution y(¢, 0, yo) of (3.8) with yo = [I+P(0)]'zg
such that the asymptotic formula holds. Also, the converse holds by letting
xzo = [I 4+ P(0)]yo. O

We give an example to illustrate Theorem 2.15.

Example 3.4. Consider the homogeneous differential system

(3.9) 2 () = A(t)a(t) = (‘ st Y )x(t)

cost
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and nonhomogeneous differential system

R R O ICE U R G PORS (R

cost

Then (3.9) and (3.10) are asymptotically equivalent.

Proof. Since a fundamental matrix X (¢) of (3.9) is given by

(cost—1)
X(t) = <e 0

0 esint)a thOZO’

(3.9) is strongly stable. Also, the solution y(¢,to,yo) of (3.10) is given by

y(t) = X (t,0)yo + / X(t, 5)g(s)ds

(cost—1) 0 t (1—cos s) 0 —s
e e €
< 0 esint) |:y0 + /to < 0 e~ sin s) (e—s) d8:|

(cost—1) 0 ft (7cossfs)d
e e e S
= < 0 esint) Yo + ffe(* sins—s) o , t 210 =0.

Note that [ e(~“**=*)ds < 0o and [, e(~5"¢~%)ds < co. Since f:}o e *ds <
oo and (3.9) is strongly stable, (3.9) and (3.10) are asymptotically equivalent
by Theorem 2.15. O
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