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ON A CERTAIN CLASS OF p-VALENT
UNIFORMLY CONVEX FUNCTIONS
USING DIFFERENTIAL OPERATOR

S. K. LEE, S. M. KHAIRNAR AND S. M. RAJAS

ABSTRACT. In this paper, using differential operator, we have in-
troduce new class of p-valent uniformly convex functions in the unit
disc U = {z: |z] < 1} and obtain the coefficient bounds, extreme
bounds and radius of starlikeness for the functions belonging to this
generalized class. Furthermore, partial sums fx(z) of functions f(z)
in the class S* (), «, 8) are considered. The various results obtained
in this paper are sharp.

1. Introduction

Let S denote the class of functions of the form

[e.9]

(1.1) f)=2"+ > anz", an >0, (peN)
n=p+1

which are analytic and p-valent in the unit disc U = {z : |z| < 1}. Also
S* denote the subclass of S consisting of functions of the form

[&.9]

(1.2) f(z)=2P — Z anz", an, >0, (peN).
n=p+1
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G. Murugusundaramoorthy([1]), Goodman([3], [4]) and Ronning([5],
[6]) have studied the following subclasses

i) A function f(z) € S is said to be in the class S, («, 8) of uniformly
[-starlike function if it satisfies the condition

(1.3) Re{l+%—a}>5

where —1 <a<1,6>0and p e N.
ii) A function f(z) € S is said to be in the class UCV (a, 8) of
uniformly S-convex function if it satisfies the condition

2f"(2) . 2f"(2)
(1.4) Re{l + 702) } > f3 702)

where —1 < a < 1,8 >0 and p € N. It follows from (1.3) and (1.4)
that f(z) € UCV(«, B) is equivalent to

(1.5) 2f'(z) € Sp(a, B).

2f'(2)
f(z)

—1‘ (z€U),

(z€U),

For the function f(z) € S is given by (1.1) and g(z) € S is given by,

g(z) = 2P+ Z b, z". We define the Hadamard product(convolution)
n=p-+1
of f(z) and g(2) given by,

(1.6) (fxg)(z) =2+ Z anbnz" (z€U, peN).
n=p+1
For the function f(z) € S, we define the following,

1+p
zDb

I°f(2) = f(2), I'f(z)=2f'(2) +

and for k=2,3,---

o0

= 2P+ Z n(k)a,z" (p € N),

n=p-+1

1+p
zb

(1L.7) I°f(2) = 2(I" 1 f(2))'+
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where I* is called as differential operator. Ghanim and Darus([2]) have
studied this operator extensively.

Let S*(a, 8) be the subclass of S consisting of the functions of the
form (1.1) and satisfying the condition

2(I°f(2)

> P
(1.8) 20N <u (z€U, peN),
EEOLIIC)
77 (2) p

where —1 <a < f<1land0< pu<1.Also let S**(a, ) = S*(a, ) N
S*.

The main object of this paper is to study the coefficient estimates,
extreme points and radius of starlikeness for the functions belonging
to the generalized class S**(a, 8). Furthermore, partial sums fi(2)
of functions f(z) in the class S*(a, B) are considered and sharp lower
bounds for the ratios of real part of f(z) to fix(z) and f'(2) to fi.(2)
are determined.

In this paper, all the investigated results are motivated by Ron-
ning([5], [6]), K. G. Subramanian ([10], [11]).

2. Basic properties

In this we obtain a necessary and sufficient condition for functions
f(2) in the classes S*(«, 8) and S**(«, B).

THEOREM 2.1. A function f(z) of the form (1.1) is in S*(c, 3) if

oo

(2.1) Y [(n=p) + u(ns — ap)n(k) laa| < pp(8 — @),

n=p-+1

where —1 < a< <1,0<pu<1andpé€ N.

proof. Since f(z) € S*(a, ), it is sufficient to show that

215 f(2)
Ffz) P <u
B=(I* f(2)) :
Fizy P
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We have
(1% (=) pzP+3 0 i n(k)annz"
7 f(z) b . zP—Q—Zz":p_‘_l n(k)anz™
Bz(Ikf(2)) o B{pzp—i—zzoz n(k)annz"}
Ik f(z) ap zp_y_z;’f::jlln(k)anz" —ap
_ pzP + Z;O:pﬂ n(k)apnz" —pzP —p Z;’Lo:pﬂ n(k)a,z"

B {pzp + ZZOZPH n(k)annz”} — ap[zP + Zzozpﬂ n(k)an2"

Zzo:pﬂ (n —p)n(k)ann

= B —ap+ 2o, 1 (0B — ap)n(k)an

< p.

Allowing value of z tends to 1 minus on the real axis, we get

oo

> [(n=p)+ p(nB — ap)n(k) lan| < up(5 - ).

n=p+1

O

THEOREM 2.2. A necessary and sufficient condition for f(z) of the
form (1.2) to be in the S**(a, B)

oo

(2.2) Y [(n=p) + u(nB — ap)ln(k)lan| < up(5 — a),

n=p+1
where —1 < a< <1,0<pu<1andpé€ N.

Proof. Inview of theorem (2.1), we need only to prove that necessity.
If f(z) € S**(«, 8) and z is real then

2(I*f(z)"
"z P <u
Bz(I* f(2)) )
¥z P
We have
2(I* f(2))’ pzP—=370° i n(k)apnz"
iz P oS n(R)an "
BzUkf(2)) ap| ~ p{P2r =32 1y n(k)annan}

1% f(z2) 2P =307 iy n(k)anz™ ap
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The above expression is bounded by p then we obtain the inequality

> ln—p) + png — ap)ln(k)lan| < pp(8 — @),
n=p+1
where —1 <a<f<1,0<pu<1andpe N. OJ

In the following theorem we show that the class S**(a, 3) is closed
under convex linear combination.

THEOREM 2.3. Let f(z) defined by (1.2) and g(z) = 2P — Z bp 2"

n=p+1
be in the class S**(«, ). Then the function

h(z) = (1= &) f(2) + &9(2) Z 2"

n=p-+1
is also in the class S**(«, B), where n, = (1 — &)a, + &b, 0<E < 1.

Proof. Since the function f(z) and g(z) belongs to S**(«, ), we
have

(2.3) > [(n—p) + p(nB — ap)n(k) an| < pp(8 — a)
n=p+1
and
(2.4) > (0= p) + unB — ap)ln(k) [ba| < pp(8 — a).
n=p+1
Clea,rly,
§)f(z) +&g(z
( Z an? ) (zp - Z bnz”)
n=p+1 n=p+1
= 2P — f)an + Sb ]
n= p+1
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where ¢, = (1 — §)a, + £by,. Using (2.3) and (2.4),

Y [(n=p)+ pnB - ap)n(k)en
n=p+1
= > [(n—p) + p(nB — ap)ln(k)[(1 — O)an + &byl
n=p+1
=(1-¢) Y_ [(n—p)+pns - ap)n(k)an
n=p-+1
+§§: n—p) + pu(ns — ap)n(k)by
n=p-+1
= (1 =&up(B —a) +&Eup(B — &)
< pup(B — ).
Thus we have Z [(n —p) + p(np — ap)|n(k)e, < up(B — «). Hence
n=p+1
h(z) € 5 (a, B). O

THEOREM 2.4(EXTREME POINTS). Let f1(z) = 2P and for n =
27 37 47 Ce

_ P pp(b — o) 2"
(2.5) fn(2) = [(n —p) + p(nB — ap)n(k)

Then f(z) € S**(«, ) if and only if f(z) can be expressed in the form
— Zinfn(z), where &, > 0 and an =1.
n=1

n=1

Proof. Suppose that f(z Z &nfn(2), then

¥ pp(B — a) S 3
R P RS T AP T A
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— pp(B—a)
where en = [ utnp—apnte o Thus

> [(n=p) + u(nB — ap)n(k)]en
n=p-+1
n(k)ﬂp(ﬁ'_'a)fn
[(n —p) + p(nB — ap)n(k)

= Y [(n—p)+pns —ap)]

n=p+1

<pp(B—a) Y & <up(B-a),

n=p+1

since 0 < Z &, < 1. Hence f(z) € S**(«, 5).

n=p-+1

Conversly, suppose that f(z) = 2P — Z anz™ € S**(a, B). There-

n=p-+1
fore we have, for n = 2,3,4,---

W < up(f — )
" (n—p)+ pns —ap)n(k)’

Setting &, = [(”_p)t’;((gﬁ_;?p)]n(k)an forn =2,3,4,--- and §& =1 —

> &, we find that &, > 0 for n=1,2,3,--

n=p+1

Y

S o 3 nmp) b —apn),

W W pp(B — ) -

since f(z) € S**(«,8). And so & =1 — an > 0. Thus &, > 0 for

n=1
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n=123,--- and Z{nzl. Now

n=1

flz)=2P — Z anz"

n=p+1
P - pp(B — ) n
N n;l (0 =) + (0B — ap)in(k) "

= Z gnfn(z)
n=1
O

Hence we complete the proof of theorem. The proof of the Theorem
2.4 follows on lines similar to the proof of theorem on extreme points
given in Silverman([8]).

THEOREM 2.5(CLOSURE THEOREM). Let the function f;(z) de-
fined by

oo

fi(z) =2 — Z an 2", an; >0, j=1,2,3---m
n=p+1

be in the class S**(c, 8). Then the function

oo

h(z) = 2P — % Z ia”’j 2"

n=p+1 \ j=1

is in the class S**(«, B), where o = min {a;}, —1<a; <L
1<j<m

Proof. Since fj(z) € S**(«,B) for j =1,2,3---m, by Theorem 2.2
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we have
n;[(n — )+ (B — apln(h) | = i
- ﬁ; (2; —p) + u(nB — ap)n (k)aw)
% ZZ: —aj) < pp(B — o).
Hence h(z) € §**(a, B). O

Next we prove the theorem for the radius of starlikeness and con-
vexity.

THEOREM 2.6.
Let f(z) € S**(«, 8). Then
i) f(2) is starlike of order 6(0 < § < 1) in the disc

— in [(n—p)+ unp —ap)](2—p—0)n(k) e
|2 ST—nzpr{ up(B —a)(2 —n — ) } ,

ii) f(z) is convex of order §(0 < § < 1) in the disc

1
|Z| <r= inf p[(n—p) ‘I‘N(nﬂ—ap)](Q—p—é)n(k) n—p
o e nup(B — a)(2 —n — ) )
wheren = 2,3,--- ,p € N. These results are sharp for the function
f(Z):ZP_ :up(ﬁ_a) P (77,22,3,)

[(n —p) + p(nB — ap)n(k)
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Proof. 1) f(z) is starlike of order 6(0 < § < 1), we have Re { 2l )

f(2)

5. That is i%%ﬁ-1‘<1.—5.Now
zf'(2) B 1‘ < (p—1)zP — Zflo:p+1(n —1Da,z"
f(z) - 2P =3 an2"
<1-9
<|(p—1)2F — Z (n—1)a,z"
n=p+1
<(1=9)|zF = Z anz"
n=p+1
Hence
= 2—n—20 n—p
(2.7) > <2_p_5>an|z| <1
n=p+1

We note that f(z) € S**(a, 8) if and only if

i [(n = p) + p(nf — ap)in(k)an

(28) pp(B — )

<1

n=p+1

Using (2.7) and (2.8) we get

(2 —n-— 5) P < [(n —p) + p(nB — ap)n(k)

2-p=9 pup(B — o)
Thus
= in [(n —p) + punp — ap)](2 —p — §)n(k) =
|| Sr—nzpil{ up(B —a)(2 —n —9) }

forn=2,3,4,--- ,p € N, which proves starlikeness of family.

}>
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ii) f(z) is convex of order 6(0 < § < 1), we have Re {1 + zJ{,/ES)} >
0, that is

2"(2)
(2.9) 702) <1-0.
Thus ) )
— 1)zp 1 =5 a,n(n—1)z""
p(p ) — Zzo_p—|—1 ( — ) < 1 . 5’
pzP—1 — Zn:pH apnzt—1
that is
= n2—-n-9) n—
2.10 — a, |Z]"P < 1.
(2.10) P
We note that f(z) € S**(a, 8) if and only if

pp(B — a)

n=p+1

Using (2.10) and (2.11), we get

n(2=n=0\ np _ [(n=p)+puns—ap)nk)
p( >” = '

2-p-—9 1p(B, )
Thus
~ i pl(n—p) + p(nB — ap)|(2 — p — S)n(k) | ™7
|Z| ST_anil{ nﬂp(ﬂ_a)(Q_n_d) } )

forn=2,3,4,--- ,p € N which proves convex property of the family.[]

3. Partial sums

In this we consider partial sums of functions in the class S**(«, f3)
and obtain sharp lower bounds for the ratios of real part of f(2), fix(2)
and f'(z) to f.(z). Silverman([8]) and Silvia([9]) have studied the
partial sums of analytic functions.
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THEOREM 3.1. Let f(z) € S**(«, 8) be given by (1.1) and define
the partial sums of f1(z) to fi(z) by fi(z) = 2P and for k =2,3,---

k

(3.1) fre(z) =2 + Z anz".

n=p+1

If Z tn|an] <1 and

n=p+1
(3-2) ln = [(n — plzp—i(_ﬁuinf)_ ap)] n(k),
then f(z) € S**(a, B).
Furthermore,
f(2) 1
(3.3) Re{fk(z)}>1—m
and
fi(2) trt1
34 eSO

where z € U, k € N.

Proof. For the coefficient ¢,, given by (3.2), it is not difficult to verify
that,

(3.5) b1 >ty > 1.

Therefore we have

(3.6) S anl +trar Y lanl < > talan| < 1.
n=p+1 n=k+1 n=p-+1

By using (3.2) and by setting

(3.7) 91(2) = tip {ﬁ(?) N <1 - ﬁ)}

o
tht1 D gy @n2"

k
2P+ i Gn 2"

=1+
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and using (3.6), we find that for z € U,

(3.8)
gi(z) —1 ‘ < eyt Zf:kﬂ anz"
g1(2) + 1| 7 220 42 Zﬁ:pﬂ 2™ + ki1 Y pyq Gn 2"
< Tk+1 Eiikﬂ |an|
= k
2 + 2 Zn:p—l—l |aTL| + tk-‘rl Z;.Lozk—‘,—l ‘a’n|
<1
which really gives the assertion (3.3) of Theorem 3.1. O

In order to see that f(z) = 2P + i’:% gives sharp result, we observe
that for z = reim/k, LGl — 14 28 1 1 a9, Similarly if we

talk ' fr(2) - tet1 tet1
ake
fu(2) tht1 }
3.10 =(1+1¢ —
310) ()= () {2

k
(1 + thrl) Zn:p—l—l anzn

oo n
zP + Zn:p—i—l anz

and making use of (3.6), we can deduce that

(3.11)
k
g2(z) — 1 ‘ < (L4 trg1) Dopepis @n2"
ga(2) +1| 7 220 42 Do 1 @n 2™ A+ (1 tgn) Zﬁ:pﬂ an 2"

k
< (1 + tht1) Zn:erl |y
— k
242 Z;O:p+1 |an| + (1 + tht1) Zn:p—i—l |ay|

which leads us to the assertion (3.4) of Theorem 3.1. The bound in
(3.4) is sharp for each k € N with the extremal function f(z) given.

THEOREM 3.2. If f(z) of the form (1.1) satisfies the condition (2.1)
then,

(3.12) Re{f/(z)}21—k+1

fi(2) thr1
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C. onsider
f'(2) < k + 1) }
z) =1 [ 1-
) =t | e A
t _
—14 kk—?——ll Zf:kﬂ apnz"!
— - - —.
pzP—1 + Zn:p+1 apnzn—1
Now
t [e’e)
) < - - )
92+ 7 —2p—23r nfan] — EEI L lan]
If , -
kkﬁ Zn:k—H nlan| <1
k t (e —
—2p—2 Zn:p+1 nlan| — ﬁ n=k+1 " |an|
then
T —— i I —
k+1 Z n‘an’§_2p_2 Zn‘an’_k+1 Zn’an|ﬂ
n=k-+1 n=p+1 n=p+1
that is
1¢ >0 1 &
k+1
(3.14) —oror 2o a2 Y mla <1
p n=k+1 pn:p+1

k
Since the left hand size of (3.14) is bounded above by Z tn |an], if

n=p-+1
1 tk+1 o0 1 k k
—— Z nla,| — - Z nla,| < Z tn |an|
p k +1 n=k+1 p n=p+1 n=p-+1
then

k

315 > (t"+g) an| + i [tn+ 1

— L1 g,| > 0.
n=p+1 n=k+1 p(k: - 1)1

The result is sharp for the extremal function f(z).
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THEOREM 3.3. If f(z) of the form (1.1) satisfies the condition (2.1)

then,
PREAC) S

f1(2) ] — k+1+tkyr

Proof. By setting

9(z) = (k+1+tgq1) {?%((j)) Tk +ikjrltk+1}

tet1 o] n—1
k+1 2un=k+1 dnNZ

p—1 o0 n—1"
RS ST

Making use of (3.13), we deduce that

‘g(z) -1 ‘ - tkkﬁ ZZO:;CH a,nz""1
g(z)+1 2p2P 1+ 23707 L apnzn Tt — iﬁ; mept1 @nnz" 1
igkii fzo:k:+1 nlan|
T 2p23007 L nan] — Zkﬁ k1 ™ an]
<1
The result is sharp for the function f(z). O
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