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ALMOST SPLITTING SETS S OF AN INTEGRAL
DOMAIN D SUCH THAT Dg IS A PID

GYU WHAN CHANG

ABSTRACT. Let D be an integral domain, S be a multiplicative
subset of D such that Dg is a PID, and D[X] be the polynomial
ring over D. We show that S is an almost splitting set in D if and
only if every nonzero prime ideal of D disjoint from S contains a
primary element. We use this result to give a simple proof of the
known result that D is a UMT-domain and Cl(D[X]) is torsion if
and only if each upper to zero in D[X] contains a primary element.

1. Introduction

Let D be an integral domain with quotient field K, D* = D \ {0},
S be a multiplicative subset of D, X be an indeterminate over D, and
D[X] be the polynomial ring over D. For a polynomial h € K[X], we
denote by c(h) the fractional ideal of D generated by the coefficients of
h.

As in [12], we say that D is an almost GCD-domain (AGCD-domain)
if for each 0 # a,b € D, there is an integer n > 1 such that a"D N "D
is principal. Clearly, GCD-domains are AGCD-domains, but not vice
versa (for example, if F is a field of characteristic 2, then F[X?, X?] is an
AGCD-domains but not a GCD-domain (cf. [6, Lemma 3.2])). An upper
to zero in D[X] is a nonzero prime ideal @ of D[X] with @ N D = (0),
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while D is called a UMT-domain if each upper to zero in D[X] is a
maximal t-ideal of D[X]. (Definitions related to the t-operation will be
reviewed in the sequel.) D is a Prifer v-multiplication domain (PvMD) if
each nonzero finitely generated ideal of D is t-invertible. It is known that
AGCD-domains are UMT-domains with torsion class group [4, Lemma
3.1], and D is a PuMD if and only if D is an integrally closed UMT-
domain [10, Proposition 3.2]; so D is an integrally closed AGCD-domain
if and only if D is a PuMD with torsion class group. We say that a
multiplicative subset S of D is an almost splitting set of D if for each
0 # d € D, there is an integer n > 1 such that d" = sa for some s € §
and a € N(5), where N(S) = {0 # = € D|(x,s'), = D for all & € S}.
It is known that D* is an almost splitting set of D[X] if and only if D
is a UMT-domain and C1(D[X]) is torsion [4, Theorem 2.4]; which also
implies that if D is integrally closed, then D* is an almost splitting set
of D[X] if and only if D is an AGCD-domain.

In this paper, we show that if Dg is a principal ideal domain (PID),
then S is an almost splitting set of D if and only if each nonzero prime
ideal of D disjoint from S contains a primary element. (A nonzero
element a € D is said to be primary if aD is a primary ideal.) We use
this result to recover [4, Theorem 2.4] that D* is an almost splitting set
of D[X] if and only if D is a UMT-domain and CI(D[X]) is torsion,
if and only if each upper to zero in D[X]| contains a primary element.
We also show that D[X] is an AGCD-domain if and only if D[X]x,
is an AGCD-domain and D* is an almost splitting set of D[X], where
N, = {f € DIX] | e(f), = D}.

We first review some definitions related to the v- and t-operations. Let
F(D) be the set of nonzero fractional ideals of D. For each I € F(D),
let "' ={xe K |2l CD}, I,=IY and I, =J{J, | J C I and
J is a nonzero finitely generated fractional ideal of D}. Clearly, if I is
finitely generated, then I, = I;. An I € F(D) is called a t-ideal if I, = I,
and an integral ideal is a maximal t-ideal if it is maximal among proper
integral t-ideals. Let t-Max(D) be the set of maximal ¢-ideals of D. Tt is
well known that t--Max (D) # 0 if D is not a field; a prime ideal minimal
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over a t-ideal is a t-ideal (hence an upper to zero in D[X] is a t-ideal);
each proper integral t-ideal is contained in a maximal ¢-ideal; and each
maximal t-ideal is a prime ideal.

We say that an I € F(D) is t-invertible if (II™1), = D; equivalently,
if 1171 ¢ P for all P € t-Max(D). Let T(D) be the group of t-invertible
fractional ¢-ideals of D under the ¢-multiplication A x B = (AB);, and
let Prin(D) be its subgroup of principal fractional ideals. The (¢-)class
group of D is an abelian group Cl(D) = T'(D)/Prin(D). It is well known
that D is a GCD-domain if and only if D is a PuMD and C1(D) = 0 [5,
Corollary 1.5]. The readers can refer to [9] for any undefined notation
or terminology.

2. Results

Let D be an integral domain with quotient field K, D* = D\ {0}, X
be an indeterminate over D, and D[X] be the polynomial ring over D.

We begin this section with a nice characterization of almost splitting
sets, which appears in [2, Proposition 2.7].

LEMMA 1. Let S be a multiplicative subset of D. Then S is an almost
splitting set of D if and only if, for each 0 # d € D, there is a positive
integer n = n(d) such that d"Dg N D is principal.

As in [1], we say that a multiplicative subset S of D is a t-splitting
setif each 0 # d € D, we have dD = (AB), for some integral ideals A, B
of D, where A; NsD = sA; for all s € S and B, NS # (). An almost
splitting set is t-splitting [6, Proposition 2.3|, and if C1(D) is torsion, a
t-splitting set is almost splitting [6, Corollary 2.4]. It is known that if
Dyg is a PID, then S is a t-splitting set of D if and only if each nonzero
prime ideal of D disjoint from S is t-invertible [7, Theorem 2.8|, which
was used to show that D* is a t-splitting set in D[X] if and only if D
is a UMT-domain [7, Corollary 2.9]. Our next result, which is the main
result of this paper, is an almost splitting set analog of [7, Theorem 2.8].
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THEOREM 2. Let S be a multiplicative subset of D such that Dg is a
PID. Then S is an almost splitting set in D if and only if every nonzero
prime ideal of D disjoint from S contains a primary element.

Proof. (=) Assume that S is an almost splitting set of D, and let
P be a nonzero prime ideal of D disjoint from S. Then PDg = pDg
for some p € P, because Dg is a PID. By Lemma 1, there is a positive
integer n such that P = PDgND 2O P"DsND =p"DsN D = qD for
some ¢ € D. Note that ¢ is a primary element, because p" Dg is primary.
Thus, P contains a primary element q.

(<) Let 0 # d € D. Then since Dg is a PID, we have dDg =
pit -+ - pif Dg for some p; € D and positive integers e; such that p;’s are
distinct prime elements in Dg. Let P; be the prime ideal of D such that
P;Ds = p;Dg. Since p;Dg is minimal over dDg, P; is minimal over dD.
Moreover, P, NS = (B, and so P; contains a primary element ¢;. Since
P,Dg = p;Dg, there is a positive integer n; for which ¢;Dg = p;" Ds.
Let n = ny---n, and m; = nﬂiei. Then d"Dg = (pi'---p,"*)Ds =
(pi*Ds)N---N(pp*Dg) = (¢7" Ds) N---N (g * Ds), whence

d"Ds N D
= (" Ds)N---N(g*Ds)) N D
=(@"DsnD)N---N(g*DsN D)= (¢ D)N---N (g™ D)
= (¢ qz*)D,
where the last equality follows from the fact that each ¢;** is a primary

element, so [3, Corollary 2| applies. Therefore, S is an almost splitting
set by Lemma 1. O]

Let N, = {f € D[X] | ¢(f)o = D} and N(D*) = {f € D[X] | f #0
and (f,d), = D[X] for all d € D*}. Obviously, N, = N(D*), and thus
CU(D[X]nm+)) = 0 [11, Theorems 2.4 and 2.14]. The next result is
already known, but we use Theorem 2 to give another simple proof.

COROLLARY 3. ([4, Theorem 2.4]) The following statements are equiv-
alent.

(1) D* is an almost splitting set in D[ X].



Almost splitting sets 167

(2) D is a UMT-domain and Cl(D[X]) is torsion.
(3) Each upper to zero in D|X]| contains a primary element.

Proof. (1) = (2) Suppose that D* is an almost splitting set in D[X].
Then CI(D[X]|p-) = CI((D[X])np+)) = 0, and thus CI(D[X]) is torsion
[4, Lemma 2.3]. Also, if @ is an upper to zero in D[X], then QN D* = ),
and hence () contains a primary element f by Theorem 2. For g €
D[X]\ Q, if u € (g,f)7", then uf - g = ug - f € fD[X], and since
g € Q, we have uf € fD[X]. Hence, u € D[X], which means that
(f,9)7' = (f,9), = D[X]. Thus, Q is a maximal ¢-ideal.

(2) = (3) Assume that D is a UMT-domain and CI(D[X]) is torsion,
and let @ be an upper to zero in D[X]|. Then @ is a maximal t-ideal
of D[X], and hence @ is t-invertible [10, Theorem 1.4]. Also, since
Cl(D[X]) is torsion, there is an integer n > 1 such that (Q"); = fD[X]
for some f € D[X]. If g,h € D[X] such that gh € fD[X] and g ¢ Q,
then (Q",g); = D[X], because @ is a maximal t-ideal. Hence @ 2
fD[X] D h(Q™, g): = hD[X] > h. Thus, f is a primary element such
that f € Q.

(3) = (1) This is an immediate consequence of Theorem 2, because
D[X]p- is a PID and each nonzero prime ideal of D[X] disjoint from D*
is an upper to zero in D[X]. O

It is known that D[X] is an AGCD-domain if and only if D is an
AGCD-domain and D[X] is a root extension of D[X], where D is the
integral closure of D [2, Theorem 3.4]. (Let A C B be an extension
of integral domains. Then B is said to be a root extension of A if for
each b € B, b" € A for some integer n > 1.) We next give another
characterization of D[X] being an AGCD-domain.

COROLLARY 4. D[X] is an AGCD-domain if and only if D[X]y, is
an AGCD-domain and D* is an almost splitting set of D[ X].

Proof. Assume that D[X] is an AGCD-domain. Then D[X]y, is an
AGCD-domain [6, Corollary 2.12], and since an AGCD-domain is a
UMT-domain with torsion class group, D* is an almost splitting set
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of D[X] by Corollary 3. Conversely, assume that D[X]y, is an AGCD-
domain and D* is an almost splitting set of D[X]|. Note that N(D*) =
N, and D[X]p- = K[X] is a PID (hence an AGCD-domain). Thus,
D[X] is an AGCD-domain [6, Corollary 2.12]. O

COROLLARY 5. If D is integrally closed, the following statements are
equivalent.

(1) D* is an almost splitting set in D[ X].

(2) D is an AGCD-domain.

(3) D is a PuMD and CI(D) is torsion.

(4) D[X] is an AGCD-domain.

(5) Each upper to zero in D|X]| contains a primary element.

Proof. (1) < (2) [6, Proposition 2.6]. (1) < (3) If D is integrally
closed, then CI(D[X]) = CI(D) [8, Theorem 3.6], and D is a UMT-
domain if and only if D is a PoMD [10, Proposition 3.2]. Thus, the
result follows from Corollary 3. (3) = (4) This follows, because D[X]
is a PuMD and CI(D[X]) = CI(D). (4) = (1) Corollary 4. (1) < (5)
Corollary 3. ]

We end this paper with an example of non-integrally closed AGCD-
domain. Let S be a multiplicative subset of D, and let R = D+ X Dg[X].
It is known that R is an AGCD-domain if and only if D is an AGCD-
domain and Dg[X] is a root extension of Dg[X] [2, Theorems 3.4 and
3.12]. Clearly, D* is an almost splitting set of D. Thus, D 4+ X K[X] is
an AGCD-domain if and only if D is an AGCD-domain. For example,
let F be a field of characteristic > 0, Z be an indeterminate over I, and
D = F[Z? Z%]. Then D + XK|[X] is a non-integrally closed AGCD-
domain.

Acknowledgement. The author would like to thank the referees for
several helpful comments.



Almost splitting sets 169

References

[1] D.D. Anderson, D.F. Anderson, and M. Zafrullah, The ring D + X Dg[X] and
t-splitting sets, Commutative Algebra Arab. J. Sci. Eng. Sect. C Theme Issues
26(1) (2001), 3-16.

[2] D.D. Anderson, T. Dumitrescu, and M. Zafrullah, Almost splitting sets and
AGCD domains, Comm. Algebra 32 (2004), 147-158.

[3] D.D. Anderson and L.A. Mahaney, On primary factorizations, J. Pure Appl.
Algebra 54 (1988), 141-154.

[4] D.F. Anderson and G.W. Chang, Almost splitting sets in integral domains, II,
J. Pure Appl. Algebra 208 (2007), 351-359.

[5] A. Bouvier and M. Zafrullah, On some class groups of an integral domain, Bull.
Soc. Math. Gréce (N.S.) 29 (1988), 45-59.

[6] G.W. Chang, Almost splitting sets in integral domains, J. Pure Appl. Algebra
197 (2005), 279-292.

[7] G.W. Chang, T. Dumitrescu, and M. Zafrullah, ¢-splitting sets in integral do-
mains, J. Pure Appl. Algebra 187 (2004), 71-86.

[8] S. Gabelli, On divisorial ideals in polynomial rings over Mori domains, Comm.
Algebra 15 (1987), 2349-2370.

[9] R. Gilmer, Multiplicative Ideal Theory, Dekker, New York, 1972.

[10] E. Houston and M. Zafrullah, On t-invertibility, II, Comm. Algebra 17 (1989),
1955-1969.

[11] B.G. Kang, Prifer v-multiplication domains and the ring R[X]n,, J. Algebra
123 (1989), 151-170.

[12] M. Zafrullah, A general theory of almost factoriality, Manuscripta Math. 51
(1985), 29-62.

Department of Mathematics
University of Incheon

Incheon 402-749, Korea
FE-mail: whan@incheon.ac.kr



