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STABILITY OF THE JENSEN TYPE FUNCTIONAL
EQUATION IN BANACH ALGEBRAS: A FIXED POINT
APPROACH

CHOONKIL PARK, WON-GIL PARK*, JUNG RYE LEE AND
THEMISTOCLES M. RASSIAS

ABSTRACT. Using fixed point methods, we prove the generalized
Hyers-Ulam stability of homomorphisms in Banach algebras and of
derivations on Banach algebras for the following Jensen type func-
tional equation:

F(Z) 4 (552) -

1. Introduction and preliminaries

The stability problem of functional equations was originated from a
question of Ulam [30] concerning the stability of group homomorphisms:
Let (G1,*) be a group and let (Gg,¢,d) be a metric group with the
metric d(-,-). Given ¢ > 0, does there exist a d(¢) > 0 such that if a
mapping h : G; — G, satisfies the inequality

d(h(z *y), h(z) o h(y)) <6
for all x,y € G, then there is a homomorphism H : G; — G5 with
d(h(z),H(x)) < ¢
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for all x € G;7 If the answer is affirmative, we would say that the
equation of homomorphism H(z xy) = H(z) ¢ H(y) is stable. The
concept of stability for a functional equation arises when we replace the
functional equation by an inequality which acts as a perturbation of the
equation. Thus the stability question of functional equations is that how
do the solutions of the inequality differ from those of the given functional
equation?

Hyers [8] gave a first affirmative partial answer to the question of
Ulam for Banach spaces. Let X and Y be Banach spaces. Assume that
f X — Y satisfies

1f(x+y) = flz) = fy)ll <e

for all z,y € X and some ¢ > 0. Then there exists a unique additive
mapping 7' : X — Y such that

If(z) = T(z)]| <e
for all z € X.
Th.M. Rassias [20] provided a generalization of Hyers’ Theorem which
allows the Cauchy difference to be unbounded.

THEOREM 1.1. (Th.M. Rassias). Let f: E — E’ be a mapping from
a normed vector space E into a Banach space E' subject to the inequality

(1.1) 1f(z+y) = flz) = fW)l < ez’ + [[y]l")
for all x,y € E, where € and p are constants with e > 0 and p < 1. Then

the limit on
L(z) = lim f(2")

n—o00 on
exists for all x € E and L : E — FE’ is the unique additive mapping
which satisfies

2e
() = L&) € 5=

for all z € E. Also, if for each x € E the mapping f(tz) is continuous
int € R, then L is R-linear.

[

The above inequality (1.1) that was introduced for the first time by
Th.M. Rassias [20] for the proof of the stability of the linear mapping
between Banach spaces has provided a lot of influence in the develop-
ment of what is now known as generalized Hyers-Ulam stability or as
Hyers-Ulam-Rassias stability of functional equations. Beginning around
the year 1980 the topic of approximate homomorphisms, or the stability
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of the equation of homomorphism, was studied by a number of math-
ematicians. Gavruta [7] extended the Hyers-Ulam stability by proving
the following theorem in the spirit of Th.M. Rassias’ approach.

THEOREM 1.2. [7] Let f : E — E’ be a mapping for which there
exists a function ¢ : E x E' — [0, 00) such that

Plx,y) = 2702z, 2y) < oo,
=0

1f(x+y) = flx) = fl < olx,y)

forall x,y € E. Then there exists a unique additive mappingT : E — E’
such that

Pz, )

N | —

[f(z) = T(2)]| <
for all x € E.

The stability problems of several functional equations have been ex-
tensively investigated by a number of authors and there are many inter-
esting results concerning this problem (see [1, 2, 4, 5, 10, 11, 13, 14, 15,
16, 17, 18, 19, 21, 22, 23, 24, 25, 26, 27, 28, 29]).

We recall the following theorem by Diaz and Margolis. The reader is
referred to the book of D.H. Hyers, G. Isac and Th.M. Rassias [9] for an
extensive account of fixed point theory with several applications.

THEOREM 1.3. [6] Let (X,d) be a complete generalized metric space
and let J : X — X be a strictly contractive mapping with Lipschitz
constant L < 1. Then for each given element x € X, either

d(J"z, J"z) = 0o

for all nonnegative integers n or there exists a positive integer ng such
that

(1) d(J"z, J"Tz) < oo for all n > ny;
(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in the set Y = {y € X |
d(J™w,y) < oo};

(4) d(y,y*) < T5d(y, Jy) for ally € Y.

This paper is organized as follows: In Section 2, using the fixed point
method, we prove the generalized Hyers-Ulam stability of homomor-
phisms in Banach algebras for the Jensen type functional equation.
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In Section 3, using the fixed point method, we prove the generalized
Hyers-Ulam stability of derivations on Banach algebras for the Jensen
type functional equation.

In 1996, G. Isac and Th.M. Rassias [12] were the first to provide
applications of stability theory of functional equations for the proof of
new fixed point theorems with applications.

Throughout this paper, assume that A is a real Banach algebra with
norm || - ||4 and that B is a real Banach algebra with norm || - || 5.

2. Stability of homomorphisms in Banach algebras

For a given mapping f : A — B, we define

pien =1 (*52) + 1 (*5Y) - @)

for all z,y € A.

Note that an R-linear mapping H : A — B is called a homomorphism
in Banach algebras if H satisfies H(xy) = H(z)H (y) for all z,y € A.

Let X be a set. A function d : X x X — [0, 00] is called a generalized
metric on X if d satisfies

(1) d(x,y) = 0 if and only if z = y;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z,z) < d(z,y) +d(y, z) for all z,y,z € X.

We prove the generalized Hyers-Ulam stability of homomorphisms in
Banach algebras for the functional equation Df(x,y) = 0.

THEOREM 2.1. Let f : A — B be a mapping for which there exists a
function ¢ : A% — [0, 00) such that
(2'1) HDf<5U,Z/)HB < gO(iL‘,y),
(2.2) If(zy) = f@) fW)lls < @lz,y)

for all x,y € A. If for each x € A the mapping f(tz) is continuous in

t € R and if there exists an L < 1 such that o(z,y) < 2Lp(3,%) for all

x,y € A, then there exists a unique homomorphism H : A — B such
that

L
(23) I7@) ~ H@)lls < +2—(x,0)
for all x € A.
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Proof. Consider the set
X :={¢g: A— B}
and introduce the generalized metric on X:
d(g,h) =inf{C e Ry : ||g(x) — h(z)||s < Co(x,0) for all x € A}.

It is easy to show that (X, d) is complete.
Now we consider the linear mapping J : X — X such that
1

To(x) = S9(21)

for all x € A.
By Theorem 3.1 of [3],

d(Jg, Th) < Ld(g, h)
for all g, h € X.
Letting y = 0 in (2.1), we get

|27 (5) - @) < et.0)

B
forallz € A. So
<

|- 30| <

for all x € A. Hence d(f, Jf) < L.
By Theorem 1.3, there exists a mapping H : A — B such that
(1) H is a fixed point of J, i.e.,

(2.4) H(2x) = 2H (x)
for all z € A. The mapping H is a unique fixed point of J in the set
YV ={geX:d(f g) <oo}.

This implies that H is a unique mapping satisfying (2.4) such that there
exists C' € (0, 00) satisfying

[1H (z) — f(2)|ls < Cp(z,0)

1
59(22,0) < Ly(,0)

for all z € A.
(2) d(J"f,H) — 0 as n — oo. This implies the equality

(2.5) lim £2°%)

n—00 on

= H(x)

for all z € A.
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(3) d(f,H) < £2:d(f, J f), which implies the inequality
L
d(f,H) < ——.
This implies that the inequality (2.3) holds.
One can easily show that

1 . .
(2.6) lim 5(,0(231',233/) =0

j—00

for all z,y € A. It follows from (2.1), (2.5) and (2.6) that

() o (57) -

= lim in(Z’H(iC +y) + 2 @ —y) - f(2")B

n—oo 21

1
< lim —p(2"z,2"y) =0

n—oo 2N

for all x,y € A. So

H(x;y)JrH(x;y) — H(z)

x—;y and w = ¥ in the above equation, we

for all x,y € A. Letting z =
get
H(z)+ H(w) = H(z +w)

for all z,w € A. So the mapping H : A — B is Cauchy additive, i.e.,
H(z+w) =H(z)+ H(w) for all z,w € A.

By the same reasoning as in the proof of Theorem 1.1 [20], one can
show that the mapping H : A — B is R-linear.

It follows from (2.2) that

|H(zy) — H(z)H(y)[[p = lim i||f(4"93y) — f(2"2)f(2 )|l

n—oo 4m

1 1
< lim 2e(2",27) < lim 22", 2y) = 0

T n—oo 47 n—00
for all x,y € A. So
H(xy) = H(x)H(y)
for all x,y € A.
Thus H : A — B is a homomorphism satisfying (2.3), as desired. [J
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COROLLARY 2.2. Let r < 1 and 6 be nonnegative real numbers, and
let f: A — B be a mapping such that
(2.7) IDf (@ y)llz < Ozl + llylla),

(2.8) 1f(zy) = f@) fWlle < 0lzls+lylla)

for all x,y € A. If for each x € A the mapping f(tz) is continuous in
t € R, then there exists a unique homomorphism H : A — B such that

270
I1£() - H@)l < s—llally

for all x € A.
Proof. The proof follows from Theorem 2.1 by taking

p(,y) =0zl + [lyll)
for all z,4y € A. Then we can choose L = 2"~! and we get the desired
result. 0

THEOREM 2.3. Let f : A — B be a mapping for which there exists
a function ¢ : A? — [0, 00) satisfying (2.1) and (2.2). If for each z € A
the mapping f(tx) is continuous in t € R and if there exists an L < 1
such that go("’“" y) < %gp(w, y) for all x,y € A, then there exists a unique

272
homomorphism H : A — B such that
1
(29) I7@) ~ H@)ls < (2, 0)
for all x € A.

Proof. Consider the complete generalized metric space (X, d) given in
the proof of Theorem 2.1.
Now we consider the linear mapping J : X — X such that

Jg(r) == 2g (g)

for all z € A.
By Theorem 3.1 of [3],

d(Jg,Jh) < Ld(g, h)
for all g, h € X.
Letting y = 0 in (2.1), we get

by (2) - 1], = 00
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forallz € A. So

|7 —25 ()], < o0 < 2220

for all x € A. Hence d(f, Jf) < 1.

By Theorem 1.3, there exists a mapping H : A — B such that

(1) H is a fixed point of J. This implies that H is a unique mapping
satisfying (2.4) such that there exists C' € (0, 00) satisfying

[1H(z) = f(z)][s < Cp(x,0)

for all z € A.
(2) d(J™f,H) — 0 as n — oo. This implies the equality

Jim 2°f () = H)

for all z € A.
(3) d(f, H) < t=d(f, Jf), which implies the inequality

A1) < T

This implies that the inequality (2.9) holds.
One can easily show that

lim 47¢ <£ E) =0

Jj—00

for all z,y € A. By (2.1), we see that
o (e52) n(52) o
2 B
Tty T
() v (550) - £ (50)

< lim 2" (ﬁ, i) < lim 4"p (2%, 2%) =0

= lim 2"
n—oo

B

for all z,y € A.

By the proof of Theorem 2.1, the mapping H : A — B is Cauchy
additive.

By the same reasoning as in the proof of Theorem 1.1 [20], one can
show that the mapping H : A — B is R-linear.
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It follows from (2.2) that

|H (xy) — H(x)H(y)|lp = lim 4

i x )
() -1 @) G,
. n xr Yy
< lim 4 g0<2—n,2—n> =0
for all x,y € A. So
H(xzy) = H(x)H(y)
for all x,y € A.
Thus H : A — B is a homomorphism satisfying (2.9), as desired. [

COROLLARY 2.4. Let r > 2 and 6 be nonnegative real numbers, and
let f: A — B be a mapping satisfying (2.7) and (2.8). If for each x € A
the mapping f(tx) is continuous in t € R, then there exists a unique
homomorphism H : A — B such that

2"0 ,
I£@) ~ H@)lls < ool

for all x € A.
Proof. The proof follows from Theorem 2.3 by taking

(e, y) = 0]’y +[lylla)

for all #,4 € A. Then we can choose L = 227" and we get the desired
result. O

3. Stability of derivations on Banach algebras

Note that an R-linear mapping 6 : A — A is called a derivation on A
if 0 satisfies §(zxy) = d(z)y + xd(y) for all z,y € A.

We prove the generalized Hyers-Ulam stability of derivations on Ba-
nach algebras for the functional equation D f(x,y) = 0.

THEOREM 3.1. Let f : A — A be a mapping for which there exists a
function ¢ : A% — [0, 00) such that
(3.1) 1D f(z,y)|la
(32) 1f(zy) = f(x)y —2zf(y)]la

o(r,y),

<
< o(z,y)
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for all v,y € A. If there exists an L < 1 such that ¢(z,y) < 2L¢(5,%)
for all x,y € A. If for each x € A the mapping f(tz) is continuous in
t € R, then there exists a unique derivation 6 : A — A such that

L
(3.3 1£(&) = 0@)la € ——p(a.0)
for all x € A.

Proof. By the same reasoning as the proof of Theorem 2.1, there exists
a unique R-linear mapping § : A — A satisfying (3.3). The mapping
0:A— Ais given by
2n
d(z) = lim /(")
n—o00 on

for all x € A.
It follows from (3.2) that

16(ey) — 8(x)y — 26(y) |
— L (@) — f@) -2y — 2w (2

n—oo 4m
1 1
< i —_— n n < 1 —_— n n fry
< lim -2p(2"2,2") < lim —oe(2",2%) = 0

for all x,y € A. So
O(zy) = o(x)y + xo(y)
for all z,y € A. Thus § : A — A is a derivation satisfying (3.3). O
COROLLARY 3.2. Let r < 1 and 6 be nonnegative real numbers, and
let f: A — A be a mapping such that
(3.4) IDf(@,y)]a O([l1% + llyll%),

(3.5) | f(xy) = f(@)y — 2f(y)]a Oz’ + [lylla)

for all x,y € A. If for each x € A the mapping f(tz) is continuous in
t € R, then there exists a unique derivation § : A — A such that

270
I£@) = 6(@)la < 5

<
<

[l]1%
for all x € A.
Proof. The proof follows from Theorem 3.1 by taking

p(,y) =0zl + lyll)
for all #,4 € A. Then we can choose L = 2"~! and we get the desired
result. O
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THEOREM 3.3. Let f : A — A be a mapping for which there exists
a function ¢ : A* — [0, 00) satisfying (3.1) and (3.2). If there exists an
L < 1 such that @(2, 2) < %(p(:r,y) for all x,y € A. If for each x € A
the mapping f(tx) is continuous in t € R, then there exists a unique
derivation 6 : A — A such that

(36) 1£@) — 6() 4 < 1=, 0)
for all x € A.

Proof. By the same reasoning as the proof of Theorem 2.3, there exists
a unique R-linear mapping § : A — A satisfying (3.6). The mapping
0:A— Ais given by
§(z) = lim 2™ f (;7)

n—o0

for all z € A.
It follows from (3.2) that

16(zy) — 0(x)y — 20(y)]|

=t e (5) -1 () 5 - 57 ()],
< lim 4" (%,%) 0

n—oQ

for all x,y € A. So
o(zy) = d(x)y + x(y)
for all z,y € A. Thus § : A — A is a derivation satisfying (3.6). O

COROLLARY 3.4. Let r > 2 and 6 be nonnegative real numbers, and
let f: A — A be a mapping satisfying (3.4) and (3.5). If for each x € A
the mapping f(tz) is continuous in t € R, then there exists a unique
derivation § : A — A such that

270
- <
1£) = (@lla < 5o

211
for all x € A.
Proof. The proof follows from Theorem 3.3 by taking

pla,y) = 0]’ +[lylla)

for all #,4 € A. Then we can choose L = 227" and we get the desired
result. O
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