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AT LEAST TWO SOLUTIONS FOR THE ASYMMETRIC
BEAM SYSTEM WITH CRITICAL GROWTH

TACKSUN JUNG AND Q-HEUNG CHOI*

ABSTRACT. We consider the multiplicity of the solutions for a class
of a system of critical growth beam equations with periodic condition
on t and Dirichlet boundary condition

Utt + Uggge = QU + %uiflvﬁ + S¢00 in (_gv %) X R,

Vit + Vaaaw = bu + %uiviil + t¢00 in (7g7 g) X Ra
where o, 8 > 1 are real constants, u; = max{u, 0}, ¢go is the eigen-
function corresponding to the positive eigenvalue A\gg = 1 of the

eigenvalue problem s + Ugpre = Amnu. We show that the system
has a positive solution under suitable conditions on the matrix

b 0
another solution for the same conditions on A by the linking argu-
ments.

A= ( 0 a ), s > 0,t > 0, and next show that the system has

1. Introduction

McKenna and Walter [4] found the physical model of jumping prob-
lem from a bridge suspended by cables under a load. The nonlinear
suspension bridge equation (with length 7) is as follows

(1.1) Ut + Uppge + bu™ = f(2,1) in(—g,g)xR,
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(1.2) u(£=

™
oo t) = Ugp(E5,1) =0,

(1.3) wis m—periodicin ¢t andeven in z and ¢,

where the nonlinearity —(bu™) crosses an eigenvalue Ajg. This equation
represents a bending beam supported by cables under a load f. The
constant b represents the restoring force if the cables stretch. The non-
linearity ™ models the fact that cables resist expansion but do not resist
compression.
Let L be the differential operator, Lu = uy + Uzze. Then the eigen-
value problem for u(z,t)
T
Lu=\ in(——, =) xR
u=A\u in ( 5 2)
with (1.2) and (1.3) has infinitely many eigenvalues
Aon = (2n + 1)* — 4m? (m,n=0,1,2,---)
and corresponding eigenfunctions ¢,,,(m,n > 0) given by
Gmn = cos2mit cos(2n + 1)x.
We note that all eigenvalues in the interval (—19,45) are given by
)\20:—15<)\10:—3<)\00:1<>\41:17.

Let @ be the square [—7, 7] x [=F, §] and H the Hilbert space defined

by
H = {u € L*(Q)| u is even in z and t}.

Then the set of eigenfunctions {¢,,, } is an orthonormal base in H. Hence
equation (1.1) with (1.2) and (1.3) is equivalent to
(1.4) Lu+but = f in H.
McKenna and Walter [4] showed by degree theory that equation (1.4)
with constant load 1+ eh ( h is bounded ) has at least two solutions.

Choi, Jung and McKenna [1] showed by a variational reduction method

that equation (1.4) with constant load 1+ eh ( h is bounded ) has at
least three solutions when condition (1.3) is replaced by

w is m — periodic in ¢ and even in z. (1.3)

Liu [3] consider the semilinear beam equation where the nonlinear
term is a function with different powers.
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A typical example is

s>0
s <0.

Y

f(l‘,t, 5) = { 227

Nam and Choi [5] considered the following beam equation
(1)
Ugy + Uz + bu™ = f(2,t,u) in (—3,%) xR,
u(£5,t) = Uy (£75,1) =0,
u is m-periodic in t and even in x and t,

where f is defined by
(2)

|s[P~2s, s>0

f(x7t7 8) = { |5‘q_287 s <_O7

where p,q > 2 and p # q.
We denote by (A;);>1 the sequence of the negative eigenvalues of
eigenvalue problem Lu = Au, by (A]);>1 the sequence of the positive

ones, so that
<A = -3< A =1< A =1T< -

We consider an orthonormal system of eigenfunctions {e;,ef,i > 1}
associated with the eigenvalues {A;, A ,i > 1}.

Nam and Choi [5] show by linking theorem that if A; < —b then
problem (1) has at least one nontrivial solution. They [5] also show by
category theory that problem (1) has at least three nontrivial solutions
if i > 2.

In this paper we consider the multiplicity of the solutions for a class
of a system of critical growth beam equations, with periodic condition
on t and Dirichlet boundary condition

(Uit + Ugoaw = a0+ 22505 v+ +5¢0 In (-3, 3) xR,
Vi + Vggaw = bUu + 3 28 U+U+ '+ tooo in (— o %) X R7
(L5) u(£Z,t) = um(i t) = v(£2,t) = vp(£2,8) =
u(z,t +7) =u(x,t) =u(—x,t) =u(x,—t),
\v(x,t +7) =ov(x,t) =v(—xt) =v(z, 1),
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where a;, § > 1 are real constants, u, = max{u, 0}, ¢gg is the eigen-
function corresponding to the positive eigenvalue \og = 1 of the eigen-
value problem uy + Ugppr = Appu with (1.2), (1.3).
The system can be rewritten by

ots = V($(AU,U) + Z5usv?) + (320),
(1.6) U(:i:%,t) = Uxx(igat) = (g)’

Ulx,t+7) =U(z,t)=U(—xa,t)=U(x,—t),

where V is the gradient operator, U = (:}‘), LU = (QZ), Lu = uy — Ugy,
0 a

A:<b O)GM@AM.

We assume that
A —ab # 0 for all m,n with (m,n) # (0,0), (A)
a >0, b>0, (B)
Vab < 1. (©)

Our main result is the following;:

THEOREM 1.1. Assume that the conditions (A), (B) and (C) hold.
Then for (s,t) with s > 0 and t > 0 system (1.5) has at least two
solutions, one of which is a positive solution Uy = (7:3) with ug > 0 and
v > 0.

In section 2, we show that system (1.5) has a negative solution. In sec-
tion 3, we approach the variational method and recall the critical point
theorem which is the linking theorem for the strongly indefinite func-
tional to find the second solution. In section 4, we prove the existence
of the second solution of (1.5).

2. Linear problem

The eigenvalue problem Lu = Au with (1.2), (1.3) has infinitely many
eigenvalues

Aom = (2n+ 1D —4m?  (m,n=0,1,2,...)

and corresponding normalized eigenfunctions ¢,,,, (m,n > 0) given by

2
Pon = V2 cos(2n+ 1)z for n >0,
m
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2
Gmn = — cos2mt - cos(2n + 1)z for m > 0,n>0.
T

Let @ be the square [-7, 7] x [~F, 7] and H, the Hilbert space defined
by
Hy = {u € L*(Q)| u is even in z and t}.

The set of functions {¢,,} is an orthonormal basis in H,. Let us denote
an element u in Hy by

We define a Hilbert space D as follows
D={u€Y hpnbmnl Y Mohi, <+oo}.

Then this space is a Banach space with norm
lull = 2 Al =
Let us set £ =D x D. We endow the Hilbert space E with the norm
1w, 0) 1 = [lull® + [l

We are looking for the weak solutions of (1.5) in D x D. We have some
properties. Since |\,,| > 1 for all m, n, we have the following lemma

(cf. [2]).
LEMMA 2.1. (i) ||u|| > ||ullz2(q), where |lu|;2q) denotes the L?
norm of u.

(ii) ||u|l = 0 if and only if ||u||r2(q) = 0.

(ill) wy + Ugzae € D implies u € D.

LEMMA 2.2. Suppose that c is not an eigenvalue of L : D — H,,
Lu = us — Ugy, and let f € Hy. Then we have (L —c¢)~'f € D.

Proof. Let A\, is an eigenvalue of L. We notice that {\,,| | Ama| <
lc|} is finite. Let

f = Z hmn¢mn-
Then

1
1,
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Hence we have the inequality

||< _C lfH2 Z)\ 2 mnSCZh
for some C', which means that
I(L =o' Il < Cillfllz@  Crv=VC.
O

LEMMA 2.3. Assume that the conditions (A), (B) and (C) hold. Then
the system

(Ut + Upgzz = QU + SPoo in (—%,5) X R,
Vgt + Vggaw = bU + 10 in (—§> %) X R,
(21) Su(£Z,t) = ug(£3,t) = v(£Z,1) = v (£3,1) =0,
w(z, t+m) =u(zr,t) =u(—z,t) =u(x,—1),
(v(z, t+7) =wo(r,t) =v(—x,t) =v(x,—t)

has a unique solution (u.,v,) € E =D x D, which is of the form

s+ atg bs + tAgo
2.2 * y U =
( ) u [ )\(2)0 _ b ]QSOO [)\%0 _ b ]¢OO
Proof. We note that (u.,v,) is a solution of system (2.1) and the
uniqueness is the consequence of Lemma 2.4 and Lemma 2.5. L]

We need to find a spectral analysis for the linear operator LU — AU.
The following lemma need a simple ‘Fourier Series’ argument(cf. [2]).

LEMMA 2.4. Let a, b € R and let Ly, : D x D — Hy x Hy be defined
by Lap(u,v) = (Lu — av, Lv — bu). For p € R we have
(a) if (Apn — p)* # ab for every m, n, then

(Lap — pI)™"| Ho x Hy — Hy x Hy

is well defined and continuous;
(b) if (A\pn — p)? = ab for some m, n, then

Ker(Lq — pl) = span{dmm| (Amn — p)* = ab};
moreover if X,, = span{¢m,| (Amn — p)? # ab}, then
(Lap —pD)7' X x X, — X, x X,

is well defined and continuous.
Notice that if ab < 0, the second alternative can never occur.
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Using Lemma 2.4 with the case p = 0 we can easily derive Lemma
2.5.

LEMMA 2.5. Assume that the conditions (A), (B) and (C) hold. Then
the system

LU — AU =0, U:COEE,
v

(uig¢):(@4ig¢):o,

Ulx,t +7)=U(z,t) =U(—x,t) = U(z, —t)

has only the trivial solution U(z,t) = (8).

3. Variational approach

In this section we suppose that s > 0,¢ > 0. Then (1.5) has a positive
solution (ug,vy) with ug > 0,99 > 0. To find the second solution of
system (1.5) we approach the variational method and recall the linking
theorem for the strongly indefinite functional. Now we are looking for
the weak solutions of system (1.5). We observe that the weak solutions
of (1.5) coincide with the critical points of the corresponding functional
I:E— Re(CY,

1 1
(M)Hm:—/ﬁUUMﬁ—i/MMmmMﬁ
2 Jq 2 Jq

2
o, B
— uS vl dxdt —
a+5Q++ /Q

We notice that the solution (u, v) of system (1.5) is of the form (u,v) =
(u,v) + (ug,vo), where (u,v) is a nontrivial solution of the system

sgbooudxdt—/tgboovdxdt.
Q

Up — Uypy = AV + %(u + uo)ﬁ‘_’l(v + Ug)f_

n (_%7 %) X (_%7 %)a
Vit — Vg = b+ 22 (1 4 1) % (v + v0) S
(3:2) in (—3,3) x (-5, 3),
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Thus it suffices to find the nontrivial solution of system (3.2). We observe
that the weak solutions of (3.2) are the critical points of the functional
J:E— ReCY,

1 1
(3.3)  JU) = = / CU - Udadt — » / (AU, U) pedadt
2 Jq 2 Jq
2 6%
_a+ﬁ/Q(u+uo)+(v+vo)'idxdt.

Thus we shall find the critical points for J. Now we recall the linking
theorem for strongly indefinite functional (cf. [6]).

LEMMA 3.1. (Linking Theorem)
Let E be a real Hilbert space with E = Ey @ E, and Ey = Ef-. We

suppose that
(J1) J € CY(E, R) satisfies (P.S.) condition,

(J2) J(u) = &(Lu,u)+bu, where Lu = Ly Piu+ LyPyu and L; : E; — E;
is bounded and selfadjoint, i = 1,2,

(J3) V' is compact,

(J4) there exists a subspace E C E and sets S C¢ E, T C E and
constants v > w such that
(i) S C Ey and J|g > 7,
(ii) T is bounded and J|sr < w,
(iii) S and OT link.
Then J possesses a critical value ¢ > 7.

Let £, E°, E~ be the subspace of E/ on which the functional U
% /. 0 LU - U is positive definite, null, negative definite, respectively and
E*, E° and E~ are mutually orthogonal. Let PT be the projection for
E onto E*, PY the one from F onto E° and P~ the one from E onto E~.
Let (E,), be a sequence of closed subspaces of E with the conditions:

(34) E,=E, @ E°® E, where EY C ET, E, C E for all n,

(E} and E;, are subspaces of E)
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dim F,, < +o00, E, C Ep11,UpnenE, is dense in E.
Let Pg, be the orthogonal projections from E onto F,,.

Let us define
fQ LU -Udzxdt

= inf 2
(wEENO0) ( [ ful*|v|Pdzdt) =5

(3.5) Cop(@Q) for U = (u,v).

Let us prove that the functional J satisfies the linking geometry.

LEMMA 3.2. Assume that the conditions (A), (B) and (C) hold. Then

(i) there exist small numbers 6 > 0, p > 0 and a small ball B, C E*
with radius p such that if U € 0B, then

v=inf J(U) > 6 > 0,

(ii) there exist an e € ET, R > p and a large ball Dp C E° ® E~ with
radius R > 0 such that if

W= (DprN(E°® E"))® {re|] 0 <r < R},

then
sup J(U) <0.
Ueaw
Proof. (i) By (C) and (3.5), for U € E*
J(U)
—1/LUU—1/(AUU) _ 2 (u + uo)% (v + vo) L dadt
_2Q 2Q , R2 a+ﬁQu Up) L \V Vo)L ax
1, Vab 2 ats
> - 1 7 2 = —— Oé+ﬁ‘
z 50 = 3 NUlE = 5775 (Clan (@)= Ul

Since Vab < 1 = A\gp and a + 8 > 2, there exist a number § > 0, a
small number p > 0 and a small ball B, C E* with radius p such that
if U € 0B, C E*, then inf J(U) > § > 0.

(ii) Let us choose an element e € Et. Let us fix U = (@, 9) # (0,0) €
E°® E~ @ {re|] 0 <r < R} such that

(3.6) /Q(a — 10 —1)" > 0.
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We note that

if Uc E*, then /(cU-U— (AU, U)o )ddt > || U2,
Q

if U e E™, then /(EU U — (AU, U) g2 )dwdt < —1||U||3,
Q
for some 7 > 0, 7, > 0. For s > 0 we have

J(sU)

2 ~ ~
=2 / LU - Udzdt — / (AU, U)dzdt)

2 Jq Q

2
_ 2 ats / (i + 2005+ Y0P azar
a+p 0 s s

s 77112

< S I1£ = APl

2 +ﬁ/~ U\ ~ , Vo\p 8 e
——s“ —)° —)Pdxdt — o—|| P U||%.
o [ By ot PO

Choosing s; > 0 such that %ﬁc’t), %Tt) > —1, Y(x,t) € Q, we get,
by (3.6) that the last integral in the equality above is positive for s > s;
since vab < 1 = Ao and o + 3 > 2. Hence J(sU) — —oo as s — oo0.
Therefore we can choose a large number R > 0 and a large ball Dg C
E°@ E~ with radius R > 0 such that if W = (DpN(E°@E7))®{re| 0 <
r < R}, then supyegy J(U) < 0. So the assertion (ii) hold. So the
lemma is proved. [

Jung and Choi [2] proved that the functional J satisfies the (P.S.):
condition for any ¢ € R.

LEMMA 3.3. Assume that the conditions (A), (B) and (C) hold. Then
the functional J satisfies the (P.S.)% condition with respect to (E,,), for
any real number c.

4. Main result

In this section we prove the main result of this paper.
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THEOREM3.1. Assume that the conditions (A), (B) and (C) hold.
Then for (s,t) with s > 0 and t > 0 system (1.5) has at least two
solutions, one of which is a positive solution Uy = (Zg) with ug > 0 and
Vg > 0.

Proof. We note that J(0,0) = 0 and (u,v) — grad(a—iﬁ fQ(u—i-uo)ﬁ‘r(v—i-

vo)’idxdt) is a compact mapping. By Lemma 3.2, there exist a small
number § > 0, p > 0 and a small ball B, C E* with radius p such that
if U € 0B,, then v = inf J(U) > ¢§ > 0, and there is an e € ET,
R > p > 0 and a large ball Dr with radius R > 0 such that if
W = (DrN(E°®E7))® {re| 0 <r < R}, then supycay J(U) < 0. Let
us set 7 = supy, J. We note that 7 < +oo. Let (E,), be a sequence of
subspaces of E satisfying (3.4). Clearly E° C E,, for all n, and B, and
OW link. We have, for all n € N,

< sup J < inf J
7= GWQ%,L 0ByNEn
Moreover, by Lemma 3.3, J,, = J|g, satisfies the (P.S.)! condition for
any ¢ € R. Thus by Lemma 3.1 (Linking Theorem), there exists a critical
point (u,,v,) for J, with

< inf J < J(up,v,) < sup J <7
7_aB,,mEn < J(un ")_ngn -

Since J,, satisfies the (P.S.)% condition, we obtain that, up to a subse-
quence, (Uy,v,) — (4,0), with (u,v) a critical point for J such that
v < J(@,v) < 7. Hence (u,v) # (0,0). Thus the functional I has two
nontrivial solutions, one of which is a positive solution (ug,vy) and the
second solution of which is (@ + ug, v + vg). Thus system (1.5) has at

least two solutions. O

Acknowledgements The authors appreciate very much for the referee’s
corrections.

References

[1] Q.H. Choi, T. Jung, and P.J. McKenna, The study of a nonlinear suspension
bridge equation by a variational reduction method, Appl. Anal. 50 (1993), 71—
90.

[2] T. Jung and Q.H. Choi, Multiple solutions for a class of the systems of the
critical growth suspension bridge equations, Korean J. Math. 16 (2008), 377—
389.



342 Tacksun Jung and Q-Heung Choi

[3] J.Q. Liu, Free vibrations for an asymmetric beam equation, Nonlinear Anal.
51 (2002), 487-497.

[4] P.J. McKenna and W. Walter, Nonlinear oscillations in a suspension bridge,
Arch. Ration. Mech. Anal. 98 (1987), no. 2, 167-177.

[5] H. Nam and Q.H. Choi, The investigation of free vibrations for an asymmetric
beam equation using category theory, J. Math. Anal. Appl. 318 (2006), 552—
563.

Department of Mathematics
Kunsan National University

Kunsan 573-701, Korea
E-mail: tsjung@kunsan.ac.kr

Department of Mathematics Education
Inha University

Incheon 402-751, Korea

E-mail: gheung@inha.ac.kr



