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ALTERNATE SIGNS (A4;) PROPERTY IN BANACH
SPACES

KyUGEUN CHO* AND CHONGSUNG LEE

ABSTRACT. In this paper, we define the alternate forms of property
(Ag) and study their implications.

1. Introduction

The symbol X denotes a Banach space with closed unit ball Bx and
unit sphere Sx. X is said to be reflexive (Rf) if the natural embedding
maps X onto X*™*. (X,| -|) is called uniformly convex (UC) if for
all € > 0, there exists a 0 < d(¢) < 1 such that for z, y € By with
HJZ - y” =

560 <00,

A Banach space is said to have the Banach-Saks property (weak
Banach-Saks property) if any bounded (weakly convergent) sequence
in the space admits a subsequence whose arithmetic means converges in
norm. A Banach space X is said to have the alternate signs Banach-Saks
property (alternate signs weak Banach-Saks property) if any bounded
(weakly convergent) sequence {z,} in X, there exist a subsequence {z,, }
of {z,,} and an alternate signs sequence {¢,, } with ¢; € {1} such that
L €ny, is convergent in norm. T. Nishiura and D. Waterman
[6] proved that the Banach-Saks property implies reflexivity in Banach
spaces and S. Kakutani [4] showed that Uniform convexity implies the
Banach-Saks property.
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The natural questions are the followings : For a Banach space X
with the Banach-Saks property, is it uniformly convex? And does every
reflexive Banach space have the Banach-Saks property? In 1972, A.
Baernstein [1] gave an example of a reflexive Banach space which does
not have the Banach-Saks property. In 1978, C. J. Seifert [8] showed
that the dual of Baernstein space which is not uniformly convex has the
Banach-Saks property. We obtain the following strict implication.

(UC) = (BS) = (Rf)

If £ and F' are nonempty subsets of N, we write £ < F for max F <
min F. If (e,) is a basis for X, for x = Y~ | a,e,, we define the support
z, supp(z) = {n : a, # 0}. We write z < y for supp(z) <supp(y), where
x,y € X.

2. Alternate signs (A;) property

Let k£ be a natural number and a Banach space X is said to have
property (Ay) if it is reflexive and there exists 0 < a < 1 such that for a
weakly null sequence (z,,) in By, then there exist my, ma,--- , my with

%Zle me < a. We say that X has property (A) if it has (Ay) for

some k. J. R. Partington show that the following implications hold and
they are strict [7]:

(UC) = (A2) = (43) = --- = (Ax) = (BS)
We now define the alternating form of property (Ay).

DEFINITION 2.1. A Banach space X is said to have alternate signs
(Ax) property (AS-(Ag)) if it is reflexive and there exists 0 < o <
1 such that for a weakly null sequence (x,) in By, then there exist

my, Mo, , my and ¢; € {£1} with H% Zle elme < a. We say that
X has alternate signs (A.,) property (AS-(As)) if it has alternate signs
(Ag) property (AS-(Ayg)) for some k.

It is clear that property (Ag) implies alternate signs (Ay) property.
Using the Bessaga-Pelczynski method, we can get the following.

PROPOSITION 2.1. If a Banach space X has an unconditional basis
with unconditional basis constant 1, then property (Ay) is equivalent to
alternate signs (Ay) property.
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It is easy to see that alternate signs (Ay) property implies alternate
signs (Ayy1) property.

PROPOSITION 2.2. If X has alternate signs (Ay) property then it has
alternate signs (Ag.1) property.

Proof. Suppose that X has alternate signs (Ay) property. Then X
reflexive and there exists 0 < o < 1 such that for a weakly null sequence
(x,) in Bx there exist ny <ny < --- < ng and ¢; € {£1} with

1 k
E ; €iln,

Let ngi1 =nip + 1 and €41 = 1. Then

< a.

k+1

1 Eo1g 1
el ;61% < Pl E;Qﬂ?m + m”xnmﬂ
< ko 1
— k+1 k+1
Letting § = 35 (ka + 1), we get the result. O

Since Uniformly convexity implies property (As), we get the following
proposition.

PROPOSITION 2.3. If X is uniformly convex then it has alternate signs
(Ag) property.

We consider the converse of Proposition 2.3. The implication of
Proposition 2.3 is strict. There exists a non-uniformly convex Banach
space with alternate signs (As) property.

ExaMPLE 2.2. Consider (R? || - ||»). Let x = (1,1) and y = (1,0).
Then [|z]o = ||yl = 1 and ||z — y|loo = 1. But ||z + y[j = 1. This
means that (R?, ||-||) is not uniformly convex. Since weakly convergence
is equivalent to norm convergence in finite dimensional space, it is easy
to see that (R?, || - ||« ) has alternate signs (Ay) property.

We need the following Proposition 2.4 which is found in [2].

PROPOSITION 2.4. A Banach space has weak Banach-Saks property
if and only if it has alternate signs weak Banach-Saks property.
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Banach spaces with alternate signs (Aj) property have alternate signs
weak Banach-Saks property.

THEOREM 2.3. If X has alternate signs (Ay) property, it has alternate
signs weak Banach-Saks property.

Proof. Suppose that X has alternate signs (Ax) property. Then there
exists 0 < a < 1 such that for all weakly null sequence (z,) in Bx, there
exist n; < ng < --- <mny and ¢; € {£1} with

1 k
E ; €;ln,

Suppose that (z,) is a weakly null sequence in X. Without loss of
generality, we may assume that ||z, || < 1. Then there exist n; < ng <
.- < ng and ¢ € {£1} with

1 k
E ; €;ln,

Since (y)nsn, is weakly null and [|z|| < 1 for n > ny, there exist (ny <
) < Mgy < Mgy < -+ < ngg and €; € {£1} such that
2k

% Z Eixm

i=k+1

< a.

< a.

< a.

Continue this process, we obtain a subsequence (z,,,) and ¢ € {£1}
which given any k£ € N

| Uk
P Z €iln, || < a,
i=7k+1
for all j € N. Thus we have a block of z; and ¢; € {£1},
i.e, {Tn, 0, TGk}, for j =0,1,--- such that

< a,

k

1

E § :Eixnjk+i
=1

for all £ € N. Now by applying Kakutani’s method (see [4] and [5]), we
obtain a subsequence (z/,) of (x,) such that

n

1 2 : /
E €T,

i=1

—0 asn— oo.
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This completes our proof. O

Alternate signs (Ag) property implies weak Banach-Saks property,
by Proposition 2.4 and Theorem 2.3. Since Banach-Saks property is
equivalent to weak Banach-Saks property in reflexive Banach space, we
get the following corollary.

COROLLARY 2.4. Alternate signs (Ay) property implies Banach-Saks
property.

By Proposition 2.2, Proposition 2.3 and Corollary 2.4, we get the
following implications.

(UC) = AS-(A2) = AS-(A3) = -+ = AS-(A) = (BS).

We now show that the implications are not reversible. The following can
be found in [7].

EXAMPLE 2.5. For x = (a,,) € l5, we define a norm |||/ by

1

s 2 2
x|y = sup <Z|ani|> + > el
i=1

ni<nz<---<n
12 k n#ENL,N2 - N

Then ||zfl2 < ||zl < VElalz. Let Xy = (o || - ls))-
The following can be found in [3].

LEMMA 2.6. If X is a Banach space with basis (e,) and (x,) is a
weakly null sequence in X, then for all ¢ > 0 there exists a subsequence
(7,,) of (v,,) and block sequence (u;) of (e,) such that ||z, — ;|| < 55

We need the following lemma.

LEMMA 2.7. Let X be the space defined by in Example 2.5. If
Ty, T, -+, Tk, Tp+1 € By, with 21 < 9 < -+ < 7} < Ty and
€; € {£1} then
k41

E €L

=1

<VkZ+1.

(k)
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Proof. This is proved by straightforward computation using the fol-
lowing inequality

(n—1) Za > 2 Z a;a;,

1<i<j<n

where (a;) is a real sequence. For simplicity, we give the proof in case
k = 2. Suppose that e;x = (a,), ey = (bn), €32 = (¢,) € By, for
¢ € {£1} and * < y < z. Without loss of generality, it suffices to
consider the following two cases.

Case 1:

|le1x + 2y + eng%Q)

2
= sup (|an, | + [an,|)” + Z |an|2+2|bn|2+2|0n|2'

ni,n
1,12 netnima

1 + €2y + 632”%2)

2
= sup ([an, | + an,|)” + Z |an|* + Z |0 |” + Z |cnl?

2 n#n1,na
< Nzl + llyllz + 1213 < Izl + lylliEy) + 120G =
Case 2:
|le1x + ey + eng%z)

= sup (|an, |+ |bn2 + Z |an|* + Z b |? +Z [

n,n2 n#ny n#na

|1z + €2y + 632”?2)

= sup (|an, |+ ’bnz + Z |an|* + Z | |* + Z leal?

ni,n2

n#ni n#ng
< 2sup (|an1|2 + |bn2| Z |an|* + Z | |* + Z leal?
n1,m2 n#ni n#Eng
< sup (|an, |? + |bny?) + Z |an)? + Z 1bn)? + Z lca|?
n1,n2

< llllz + llyllz + llzllz + ||y||2 +1l2]1z = 5.
This implies that ||z —y + 2|2 < V5. O
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By the above lemmas, we get the following.

PROPOSITION 2.5. Alternate signs (Ag.1) property does not imply
Alternate signs (Ay) property.

Proof. Since the space X}, is isomorphic to [y, unit vector basis (e,,)
is weakly null in Xj. But

k

E €:€n,;

i=1

=k

(k)
for all choice of n; and ¢; € {#1}. This means that X}, does not have
alternate signs (Ay) property.

Let (x,) be a weak null sequence in Bx,. By Lemma 2.6, for all ¢ > 0
there exists a subsequence (z,,) of (z,) and block sequence (u;) of (e,)
such that ||z,, — ;|| < 5%. We note that for all ¢; € {£1},

k+1

1Y euillgy < VE +1,
i=1
by Lemma 2.7. For some large i1 < 1o < -+ < i < tj11,
1
=t < —— (VIZ ¥ 2 - VR 1),
e, = | < o (V2= VI

where j =1,2,--- ,k+ 1. Then we have

k41 k41 k+1
g €;Tn, . < g ’ T, — Ui || + g €U,

25 25 J J
j=1 j=1 j=1

< VEk?+2.

Let a = —V,fif Then 0 < a < 1 and this leads that the space X} has

alternate signs (Ayy1) property. O

PROPOSITION 2.6. Banach-Saks property does not imply alternate
signs (As) property.
Proof. Consider (I],s, Xs)lz. Then ([T,s, Xs)12 has Banach-Saks

property [7].
Let £ € N. If 2™ = (0,0,---,0,¢e,,0,---) where usual unit vec-
tor e, in k-th coordinate is only nonzero element of 2™, then 2™ ¢
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(Hs22 XS)12 and Hx(")||(ns>2 X)), = 1. We note that 2(™ is weakly null
= 2

in (TT,=s XS)IQ. But for all ¢; € {£1},

k k

Z eix("") = Z €i€n,; =k.

7=l (Tas2 Xs) =1 (k)

lo
This means that (HS22 XS) , has no alternate signs (A.) property . [J

l
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